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Abstract

In this article we consider the existence of solution for the time scale
system y® = A(t)y(t) + F(t,y(t)) for t & [to,t1]r with

My(to) + Ny(t1) = a (%)

which can be extended to delta case and problem y® = A(t)y(t) +
F(t, p(y(t)) with the same conditions. Here A : [to,t1] — B(R"™) is
ld-continuous and regressive and M and N square matrix of order n.
We consider necessary and sufficient conditions for the existence of a
solution to y® = A(t)y(t) + f(t) with (*) is that if D = M® 4(t, to) +
N® 4(t1,t0) is nonsingular.
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1. Introduction

In recent years, a theory known as dynamic systems on time scales has been
built which incorporates both continuous and discrete times, namely, time
as an arbitrary closed set of reals, and permit us to handle both systems
simultaneously [1]. This theory allows one to get some insight into and better
understanding of subtle differences between discrete and continuous systems.
Two point boundary values problems (TPBVP) play an important role in the
theory of differential and difference equations and in the various applications
of this theory, in particular, in problems of optimal control [2,3]. Up to this
time, TPBVP for systems in sense of various forms of applications and several
computational methods have been developed for solving TPBVP’s [4,5,6].

In this article, we have mentioned the needed definitions and theorems, then
as a main of result, we obtain and prove solution of time varying dynamic
systems with TPBVP on arbitrary time scales which can be extended to multi
point BVP separated and non separated cases.

2. Preliminaries

First we give some aspects about Time Scales, then some needed lemmas and
theorems are mentioned. The material in this section is drawn mainly from [1]

and [6].

2.1 Time Scales
A time scale is any nonempty closed subset of the real numbers R. Thus time
scale can be any of the usual integer subsets (e.g. Z or N), the entire real line
R, or any combination of discrete points of union with continuous intervals.

The forward jump operator of T, o(t) : T — T, is given by o(t) =
infser{s > t}. The backward jump operator of T, p(t) : T — T, is given
by p(t) = supser{s < t}. The graininess function u(t) : T — T is given by
wu(t) = o(t) — t. Here we adopt the conventions inf ¢ = supT' (i.e. o(t) =t
if 7" has a maximum element t), and sup¢ = infT" (i.e. p(t) =t if T has a
minimum element ¢). For notational purpose, the intersection of a real interval
la, b] with a time scale T is denoted by [a,b] N'T := [a,b]r. A point ¢t € T is
right scattered if o(t) > t and right dense if o(t) = t. A point t € T is left
scattered if p(t) < t and left dense if p(t) = t. If t is both left scattered and
right scattered, we say t is isolated. If t is both left dense and right dense, we
say that t is dense. The set T*is defined as follows: if T has a left scattered
maximum m, then T% = T — {m}; otherwise T" = T. If f : T — R is a
function, then the composition f(o(t)) is often denoted by f7(t).

For f: T — R and t € T* define f2(¢) as the number (when it exists),
with the property that, for any € > 0, there exists a neighborhood U of ¢ such
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that

[f(a(t)) = F()]f2()[o(t) = s]| < elo(t) —s], for all s€ U.

The function f2 : T* — R is called the delta derivative or the Hilger derivative
of f on T*. We say f is delta differentiable on T* provided f(t) exists for all
teTk

The following theorem establishes several important observations regarding
delta derivatives.

Theorem 2.1 Suppose f : T — R and t € T*.
(i) If f is delta differentiable at t, then f is continuous at t.

(ii) If f is continuous at t and t is right scattered, then f is delta differentiable
at t and

(iii) If t is right dense, then f is delta differentiable at t if and only if
limg_,; %f(s) exists. In this case,
t —

s—t t—s

(iv) If f is delta differentiable at t, then f(o(t)) = f(t) + u(t)f2(t).

Note that f2(t) is precisely f'(t) from the usual calculus when 7' = R.
On the other hand, f& = Af = f(t + 1) — f(t) (i.e. the forward difference
operator) on the time scale ' = R. These are but two very special (and rather
simple) examples of time scales. Moreover, the realm of differential equations
and difference equations can now viewed as but special, particular cases of
more general dynamic equations on time scales, i.e. equations involving the
delta derivative(s) of some unknown function.

A function f : T — R is rd-continuous if f is continuous at every right
dense point t € T', and its left hand limit exists at each left dense point. The
set of rd-continuous functions f : T'— R will be denoted by C,q = Cq(T) =
Cra(T,R). A function f : T'— Ris called a (delta) antiderivativeof f : T'— R
provided F2(t) = f(t) holds for all + € T*. The Cauchy integral or definite
integral is given by fabf(t)At = F(b) — F(a), for all a,b € T, where F is any
(delta) antiderivative f. Suppose that sup T = oo. Then the improper integral
is defined to by [ f(t)At = limyo F(t) |5 for all a € T'.

Theorem 2.2 (Ezxistence of antiderivatives).
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(i) Every rd-continuous function has an antiderivative. If t, € T, then
F(t) = ft'; f(r)AT, 7 € T,is an antiderivative of f.

(i) If f € Crg and t € T*, then [7“ f(T)A(T) = f(t)u(t).

t

(iii) Suppose a,b € T and f € C.q.
(a) If T = R, then f; FHOA(L) = f; f(t)dt (the usual Riemann integral).
(b) If [a, b]r consists of only isolated points, then

b Diclap)y J (OR(E) ca<b
/ fOA() =<0 ca=b
‘ — D ictany, fOult) sa>0b

The last result above reveals that in the continuous case, T’ = R, definite
integrals are the usual Riemann integrals from calculus. When T = Z, definite
integrals correspond to definite sums from the difference calculus; see [8].

2.2. The Hilger’s complex plane
For h > 0, define the Hilger complex numbers, the Hilger real axis, the Hilger
alternating axis, and the Hilger imaginary circle by

1 1
Ch::{260227é—ﬁ}, Rh3:{Z€R:Z>_E}7

NI
TRl T RS
Respectively. For h =0, let Cy = C, Ry = R, Ay =0 and I, = iR.

Let h > 0 and z € C}. The Hilger real part of z is defined by Rey,(z2) := M,

R
and the Hilger imaginary part of z is defined by Imy(2) = %, where

Arg(z) denotes the principal argument of z (i.e. —m < Arg(z) < 7).

For h > 0, define the strip Z, :== {z€ C : — T <Im(z) < T}, and for
h =0, set Zy = C. Then we can define the cylinder transformation &, : C;, —
Zn by

1
Ah::{zeR:z<—E}, Ih::{ZEC:

&n(z) = %Log(l + zh), z >0, (1)

where Log is the principal logarithm function. When h = 0, we define &(z) =
z, for all z € C. It then follows that the inverse cylinder transformation
f,:l s Zy, — C}, is given by

zh_l

&) = —

Since the graininess may not be constant for a given time scale, we will in-
terchangeably subscript various quantities (such as ¢ and £7') with u = u(t)
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instead of h to reflect this.

2.3. Generalized exponential functions
The function p : T — R is regressive if 1+ pu(t)p(t) # 0 for all t € T*, and this
concept motivates the definition of the following sets:

R={p:T—R : peCry(T)and 1+ pu(t)pt) #0, Vt € T"},
Rt ={peR : 1+ ut)p(t) >0, vt T"}.

The function p : t — R is uniformly regressive on T' if there exists a positive
constant § such that 0 < 6= < |1+ u(t)p(t)|, t € T*. A matrix is regressive
if and only if all of its eigenvalues are in Equivalently, the matrix A(t) is
regressive if and only if I + u(t)A(t) is invertible for all t € T*.

If p € R, then we define the generalized time scale exponential function by

ep(t,s) = exp ( / tg,L(T)(p(T))A(T)) for all s,t € T.

The following theorem is a compilation of properties of e,(t, fy) (some of which
are counterintuitive) that we need in the main body of the paper.
Theorem 2.3 The function has the following properties:

(i) If p € R then ey(t,7)ey(r,s) = ey(t,s) for all v, s, t € T.
(i) eplo(t), ) = (1+ pOp(O)er(t,5).
(iii) If p € RY, then ey(t,ty) > 0 for allt € T.
(iv) If 1 + p(t)p(t) < 0 for some t € T* then e,(t, to)e,(a(t), to) < 0.

(v) If T = R then e,(t,s) = el p(r)dr, Moreover, if p is constant, then
ep(t, s) = ePt=s).

(vi) If T = Z, then ey(t,s) = [['_.(1 + p(7)). Moreover, if T = hZ, with

T=s

h > 0 and p is constant, then e,(t,s) = (1 + hp)t==)/h.
If p € R is rd-continuous, then the dynamic equation
v (t) = p(t)y(t) (2)

is called regressive.

Theorem 2.4 Let to = T and y(ty) = yo € R. Then the regressive IVP (2)
has a unique solution y : T" — R" given by

y(t) = ep(t, to)yo-
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If pe R and f : T — R is rd-continuous, then the dynamic equation

y=(t) = p(ty(t) + £(2) (3)

is called regressive.

Theorem 2.5 (Variation of constants). Let to =T and y(to) = yo € R. Then
the regressive IVP (3) has a unique solution y : T'— R" given by

o) = ot + [ et o)A (AT

to

We say the n x 1 -vector-valued system

yo(t) = Ayt + f(t) (4)

is regressive provided A € R and f : T"— R" is a rd-continuous vector-valued
function. Let to € T and assume that A is a n X n-matrix-valued function.
The unique matrix-valued solution to the IVP

Y2(t) = ABY (1), Y(to) =1, (5)

where [, is the n x n-identity matrix, is called the transition matrix and it is
denoted by ®4(t,ty). In this paper, we denote the solution to (5) as ®4(¢,to)
when A(t) is time varying and denoted the solution as ea(t,tg) = Pa(t,to)
(the matriz exponential), as in [1]) only when A(t) = A is a constant matrix.
Also, if A(t) is a function on 7" and the time scale matrix exponential function
is a function on some other time scale S, then A(t) is constant with respect
to eaw)(7,s), for all 7, s € S and t € T. The following theorem lists some
properties of the transition matrix.

Theorem 2.6 Suppose A, B € R are matrix-valued function on T.

(i) Then the semigroup property ®4(t,r)Pa(r,s) = Pa(t,s) is satistied for
allr,s,tel.

(ii) ®a(o(t),s) = (I + pt)A))Pa(t, s).
(iii) If T = R, then A is constant, then ®4(t,s) = e4(t,s) = e,

(iv) If T' = hZ, with h > 0 and A is constant, then ®4(t,s) = ea(t,s) =
(1 + hA)(t_S)/h.

We now present a theorem that guarantees a unique solution to the regres-
sive n x 1-vector-valued dynamic IVP (4).
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Theorem 2.7 (Variation of constants). Let to = T and y(to) = yo € R™.
Then the regressive IVP (4) has a unique solution y : T'— R™ given by

y(t) = Pa(t, to)yo + /t Da(t,o(7))f(T)AT.

to

3. Main results

In this section we consider the existence of solution for the time scale system

y¥ = AW)y(t)+ Ft,y(t)) for t € [to, o0)r. (6)
with My(to) + Ny(t1) = « (7)

which can be extended to delta case and problem
y¥ = A()y() + F(t,y(p(t) for t € [to,50)r. (®)

with the same conditions. Here A : [to,t;] — B(R") is ld-continuous and
regressive and M and N square matrix of order n. Here we consider necessary
and sufficient conditions for the existence of a solution to y=> = A(t)y(t) + f(t)
with (7) is that if
D:MCI)A(to,to)—i—NCI)A(tl,to) (9)

is nonsingular. In this case, the solution can be written as

) = Batt)D (0= N [ att o) S )BT + [ @t plr) )R

to

Above result together with a fixed point result of Lery-Schauder type can be
established existence results for the nonlinear system (6),(7). For this we state
here the fixed point result [8] which will use in this section.

Theorem 3.1 Let C' be a convex subset of a Banach space E, and let U
be an open subset of C' with 0 € U . Then every compact, continuous map
I': U — C has at least one of the following two properties:

(i) N has a fixed point in U .
(ii) There is a x € OU and X € (0, 1)with x = AI'(x).
Now we consider the system

yY = A(t)y(t)+ F(t,y(t) for t¢ [to,ti]r. (10)
with  My(ty) + Ny(t1) = « (11)

Here ;1 > 0 is a constant.

Theorem 3.2 Let A : [to,t1] — B(R"™) is ld-continuous and regressive , f :
[to, 1] x R" — R"™ be continuous. Assume supyciyo+,1||Pa(t, to)|| < oo and D =
M®4(to, to) + NP a(ty1,to) is nonsingular. Suppose the following conditions are
satisfied:
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(i) There exists a continuous, nondecreasing function v : [0,00) — [0, 00)
with [|f(s, 2(s))|| < r(s)¢(llz(s)l]) + g(s),7(s) = 0,4(s) = 0 for all x €
B[to,tl] and s € B[to,tl]

(i) supeion) fy, [@a(t, p(r))| 7(5)Vs = W < 00

(i) supieiior) [ 1alt, p(T))]| a(5)Vs = P < o0

(iv) po > 0 satisfies here supie(o,00)(
here
Ey=W +WQ|ID™ N, Ex = P+ PQ|D'[IN], B2 = Q|| D~ ||| |
and Q = || Pal| = suprefrot) [|Pa(t)]l

X
E0H0¢(I)+E1H0+E2> > 1

If 0 < p < po then (10),(11)(for every a € R"™) has a solution in Bltg,t1].
Proof. Fix 0 < pu < pgy . Let My > 0 satisfy

Mo ) > 1 (12)
Eopotp(Mo) + Erpo + Eo .

Consider the operator T : Dlto, t1] — Dlto, t1] defined by T'(Z)(t) = y(t)
(here T € Dlty,t1] ) where for t € [to, t1] ,

1) = Ralt 0D+ [ @l pl6)af (5, 7(5) .

to

@t ) DN / Dt p(s))uf (5, 7(s)) Vs

to

We wish to apply theorem 3.1. First we show T' : Dlto,t1] — Dlto,t1] is
continuous. To see this let Z,7,, € D[ty,t1] and define § = T'(Z(t)) and 7, =
T(Z,(t)). Then

IT(@) = T@a) o) = N7 = Fulloiosy = 17 = Full = suptegpo.nlly =

< usuzote[to,m/t [Pa(t, (IS (5,7 (s)) = f(s,Tal(s))IVs

+MQHD_1HHNHsupte[to,tl]/t 1At p()IIIf (5, 7(5)) = F (5, Tu(s)) [ Vs

It is also easy to see that |T — Zy || p,,) — 0 implies

p = SUPieftotn] /t [@a(t, p()IIIf (5, 7(s)) = f(s,Tn(s)IVs = 0
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as n — oo. This together with

t1
1T(@) = T(@n) || Ditots) < 1 p Supte[to,tl]/ [@a(t, p(s))[|Vs

to

ty
+ uQl DHIIN | psuprerso ) / [P, p(s))[[Vs

to
guarantees that T : Dl[to,t1] — Dlto,t1] is continuous. Next we show 7" is
completely continuous. Let 2 be a bounded subset of Dlty, t1], so there exists
ro > 0 with [Z]|p,,) < 7o for each T € 0. Let 7 = T'(7)(t) for each T € .
Then

1@l ooy = NFllogto.e) = 11l

< QHD_IHHQH+u8upte[to,t1]/l 1@ a(E, p()II]f (s, 7(s))[V's

to

+ MQHD_IHHNHsupte[to,tlJ/1H<I>A(t,p(S))HHf(Saf(S))HVS

to

< QUD M lllall + u[We(ro) + Pl + pQID | NI [W e (ro) + P

and for 21, z9 € [to, t1] we have

IT(@) (1) = T@) ()| < [F(21) = ()| = ly(z1) — y(2)]
< H[‘Pé(zl) — @4(22)]D" 0
+ | t Da(21, p(s))puf (5,7(5)) Vs

_ / " D4, pl3)f (5, 7(3) V|

to

+ [[®a(z1) - CPA(Zz)]D_lN[/tt AL, p(s))uf (s, T(s)) V]|

< [@a(z1) — Pa(z2)]D™

[ 10aCa ) = Btz ) Il (515 r0) + (5] V

£ 1 [ 1A o)l ()0r0) + a()] Vs
+ [[®az1) = a() [ DIV

X Supte[to,tﬂ/l 1A, p(s)) [ alr(s)¥(r0) + ()] Vs

to

The Arzela-Ascoli theorem [4] guarantees that T': D[tg, t1] — Dlto, t1] is com-
pletely continuous. Now assume the equation

7(t) = AT(F(t)) (13)
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has a solution in Dlty, t1] for some 0 < A < 1. Then

t1
1Z] ot = 1Z] < QHD_IHH@H+u8upte[to,t1]/ [@a(t, p(s)I[IIf (s, T(s))[[ Vs

to

MQHD_IHHNHsupte[tom/1Hq’A(t,p(S))HHf(S,f(S))HVS

to

QUD™ el + uW (|7l irg,) + P)
pQ[IDHIINNW (17 ieg ) + P
Ey+ Ejp+ EO,Uw(HED[to,h] H) )

+ A+

and so
HEHD[tth] <1
EoﬂoWHTHD[tO,tl]) + Eipg+ Ey”
This together with (12) implies
1Z] Dito,t) 7 Mo (14)

for any solution T € Dlt, t1] to (13). Apply theorem 3.1 with
U= {f € D[to,tl] : HEHD[tOJH] < Mo}, C=F= D[to,tl]

to deduce (note (ii) in theorem 3.1 can not occur because of (14)) that T has
a fixed point 7 i.e. Z(t) = T(Z(t)) with ||Z|| pp,.e,) < Mo . So for t € [to, t1] we
can have

Z(t) = Pa(t, to)D ' +/ D 4(t, p(s))pf(s,T(s))Vs.

to

t
= Ba(t.t)D V]| Balt p(s))uf(5,7(5)) V)
to

In this way the result follows.

If in (i),7 is at most linear growth, then we can obtain another result of theorem
3.2 type if we use Gronwall’s inequality [1].

Theorem 3.3 Let A : [to,t1] — B(R"™) is ld-continuous and regressive , f :
[to, 1] x R" — R"™ be continuous. Assume supyciyo+,1||Pa(t, to)|| < oo and D =
M®4(to, to) + NP a(t1,to) is nonsingular. Suppose the following conditions are
satisfied:

(i) There exists a continuous, nondecreasing function v : [0,00) — [0, 00)
with [|f(s, 2(s))|| < r(s)P(llz(s)]]) + (s),7(s) = 0,4(s) = 0 for all x €
B[to,tl] and s € B[to,tl]
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(ii)) {3b: [to,t1] — [0, 00) and K > 0 with for s € [ty,t1] ,
|Da(t, p(s))|| < Kb(s) for all t € [to, 1]}
(iii) ft r(s)Vs =Wy < o0

(iv) f s)Vs= Py < o0

(v) po > 0 satisfies pFEs(1 + K supsepeg 4] ft';l b(s)r(s)éc(t, p(s))Vs) <1

here C'= uKb(s)r(s), and E3 = Q|| D ||||N|| KW then (10),(11)(for every
a € R") has a solution in Bltg, t1].
Proof. Let T' : Dlto,t1] — DlJto,t1] be as in Theorem 3.2. Essentially the
same reasoning as in Theorem 3.2. guarantees that T": D[tg,t1| — Dlto, 1] is
continuous and completely continuous. Now assume that the equation

z(t) = NT'(Z(t)) (15)

has a solution in Dlty, t1] for some 0 < A < 1. Then for t € [tg, ;] we have

t1

lz@®l < QID el + kK | b(s)r(s)z(s)]| +q(s)]Vs

to

+ uQIDHIINI + Vol Z(®) | o) + Fol,

l=@)] < [QHD_IHH@H+MKP0+ME3Hf(t)HD[to,t1]+MQHD_1HHNHKP0]

LK / 9l (s)[Vs.

From Gronwall’s inequality [1] it follows that

t
x| < (Ea+ pks + E3[|2(t)[ pieg.e)) (1 + MK/ b(s)r(s)éc(t, p(s))Vs)
to
where
E;=Q|D7'|[lef| and Es=KPy+ QD '||N|KF, .

As a result

ty
[z ()| Dirosta) x {1 — pkis(1 +uK5upte[to,t1]/ b(s)r(s)éc(t, p(s))Vs)}

to

< (By+ pEs)(1 4 pK supiery i) / 1 b(s)r(s)éc(t, p(s))Vs)}

to



2390 I B. Yasar and M. T. Dastjerdi

Thus

H*T(t)H : | < (E4 + NEE))(l + ,UKSUpte[to,tl] ftil b(S)T(S)éC(t’ p(S))VS)}
Dltog,t1] = -
e

{1 — pEs(1 + pK supiefio ] ftil b(s)r(s)éc(t, p(s))Vs)}
Let My = M + land apply Theorem 3.1 with
U= {f € D[to,tl] : HEHD[tOﬂfl] < Mo}, C=F= D[to,tl]

to deduce that 7" has a fixed point Z(t) i.e.Z(t) = AT (Z(t)) with
|z(t)|| Dito,t] < Mo . Essentially the same reasoning as in Theorem 3.2. com-
pletes the proof of Theorem 3.3.
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