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1. INTRODUCTION

Ifp > 1, %jﬁ =1, f(z),g9(x) > 0,0 < E]ffp(yc)dyc < 00, and 0 < bfgq(x)dx <

00, then we have the following two equivalent inequalities as (see[1])

1 1

/fp(x)dx p ]ogq(x)dx q (1.1)
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/ 1@ ) ay < /fp (1.2)
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where the constant factors $ and (@) are the best possible in (1.1)
P P
and (1.2) respectively. Inequality (1.1) is called Hardy-Hilbert’s integral in-
equality, which is important in analysis and it’s applications (see[2]). Recently,

various extensions on inequality (1.1) have appeared in some papers such as

[3],[4], [5] and [6].

In 1998, by introducing a parameter A € (0, 1] and the Beta function B(u,v)

as

B(u,v) = / (xiuwdx = B(v,u) (u,v > 0), (1.3)

Yang [4,5] gave a generalization of (1.1) and (1.2) as: If A > 2 — min {p, ¢},

f, g are non-negative functions such that

oo oo

0</x1_)‘fp(x)dx<oo, and0</x1 Ag(z)dr < oo,
0 0

then the following two inequalities are equivalent

1
00 P [e'¢)

7 7 %dwdy< FA(D) / 2P d / P @)

0 0

and

0 0 p )

/y(p—l)(/\—l) /(xﬁ%dx dy < [k’/\(p)]p/fl_)\fp(-r)dx

0 0 0

where the constant factors kA(p) = B(I’JFT&Q, %) and [kX(p)]” are the best

possible.
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In 1999, Kuang [3] gave a generalization with a parameter A of (1.1) as

follows:

Q=

oo

// dxdy < ha(p) /xlo‘fp(x)dx /xlagq x)dx
ra+
00 0

0
1 71
where max{ }< a <1, ha(p) = W{ozsirﬁ (” ) sinv <L)} . Because
p’ po qo

of the constant factor ha(p) being not the best possible, Yang [6] gave a new

generalization of (1.1) as:

1
q

Al

// dxdy T {/x(laxpl)fp(x)dx} {/x(la)(ql)gq(x)dx}
00 s (E) 0 0

it’s equivalent form is:

p p

/y ()dm dy < /xlapl)fp)
rTo+ yo 7r
0 0

oasm -
P

p
where the constant factors ——, e are the best possible.
ozsm(;) asm(;)

In this paper by introducing three parameters, our aim is to estimate the

double integral:

0 0



2372 Laith Emil Azar
2. MAIN RESULTS
Theorem 1. If f, g > 0, p > 1, . + ¢ = La,B,A > 0 such that 0 <

[ apmer7L fP(z)dx < oo, and 0 < fxq P =1g4(x)dr < oo, then
0

] et iy "G oo }{]:W }3
/) a1 ) 3 < i /

0

B A
where the constant factor (1 i) 18 the best possible when o = [3.
ad IBP

Proof. Define two functions,

"d\y

>
Q=

8=

ax  BA_ aX
0 (#5%7) o5
W= 3 and p =
(za+ypB)r

Q=

B8
q

B =

al @
g(@)(ﬂ ly'Z) y

(va+ yﬁ)%

Let us estimate the left-hand side of (2.1) by Holder’s inequality, we obtain

// f dxdy = //ugadxdy
0 0 0 0
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where w, = | ————dy, and w, = | ——————dx
»={ Garyp)n 1= Garyin

If (2.1) takes the form of an inequality, then there exists real numbers A and

B such that they are not all zero and,
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A Sy B ed_q BA
rTrya - TP Y N .
mxp AP () = oI 4=PA=1ga(4)) ace. in (0, 00) x (0, 00).

Hence, we find

AaP= A fP(x) = By Mg (y), a.e. in (0,00) x (0,00).

It follows that there exists a constant C, such that

AP~ fP(z) = C, a.e. in (0, 00)

Byt ¢%(y) = C a.e. in (0,00).
Without loss of generality, suppose that A # 0. Then we have
C
aPmOATL P () = 1 &C in (0,00),

which contradicts the fact that 0 < [ 2P~**1fP(z)dz < co. Therefore, (2.1)
0

takes the form of strict inequality, and we may rewrite (2.1) as

70]0 xJ;erﬁ dxdy< aqﬁp {79019 ar— lfp } {7xq,@>\lgq(x>dx}
0 0 0

0

D=
Q=

yﬁ

We compute the weight function w, as follows, let © = =, then we obtain
by (1.3)

e A A
@ = ﬂ/wrl BB(E’E> (23)

and similarly,
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w=38(3.2) (2.4

From (2.2), (2.3) and (2.4) we get (2.1).
52

contained in (2.1) is the

We need to show that the constant factor —
aEﬁE

best possible when o = (3. To do that we define two functions

_ 0,z €l0,1)
fole) = { xM_pp_E, x € [1,+00)

and

BA—g—¢

a,y€l,+00)

go(y):{ 0,y € [0,1)
v

B <A A)
—P 97 is not the best possible,

Assume that 0 < € < aA. Suppose that —
aEﬁE

5(33)
then there exists 0 < K < # such that

aa3r
i WM r p—aA—1 rp ’ i q—Br—1 ¢
O/O/(xoz+yﬁ)Adxdy < K 0/3j fo(x)dz O/y gi(y)dy

3

o0

K
= K /x_l_edx /y_l_edy = (2.5)

1

On the other hand, setting u = % ,we have
Yy
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[o.clie o] al—p—e [A—gq—¢

Folx)go(y) Ty
O/O/(xOcﬂLyﬁ))\dxdy N 1/1/ (xa+ypB) A drdy

1 T _e_B_4 7u2_ uar d
= — q ap U
al? (u+1)A Y
1 |5
¢ Bl
1 T s Oouiflufi yﬂuif u" e
_e_sB_4 P ap P ap
= — q oap d d
@/y /(u—i—l))\ /(u+1))\ e
1 0
\
¢ 1
1 0 v A _ e _
_e_B_4 ur ap
= — q ap B(—. — 1 d d
&/y (= =) +o(1) /(u+1)Au Y
1 \ 0
o0 V3 .
_ B(%7§)+0(1)_l/y;§£1 /uiap aul d
a8 e} u+1) A
8((1 +p) 1 0 ( )
B(2,2) +o(1 1 7 v .
> (pq) ﬁ()——/y_l /uzap du| dy
«a «
5(5*5) f 0
B 3(272)4‘0(1)  ap?
B a8 A —¢)?
5<q +p) B (o €)
_ BG ) He) )
G+
g " p
B(2,2) +0(1
= G ﬁ() (e—07%) (2.6)
“(5+%)
. : 11w B 1 1 .
By Young’s inequality, we have a«fr < —+— (i.e. o, < ——). Consider
p 9P ad 3P

the form of equality, we get o = 3. Then
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B(2,2 B(2, 2
3 Z> vy = ZG)

(5+2) a’f

Clearly, when ¢ — 07, the inequality (2.5) is in contradiction with (2.6).

A
q

+o(l) <k

A
p

Thus the constant factor ) is the best possible for a = 3, and the proof

adgp
of the theorem is completed.

Remark. For « = f3, inequality (2.1) becomes

oo 00 A
// DI gy < A7
:ca+ya o
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Theorem 21If f > 0, p > 1, and o, 3, A > O such that 0 < [ 2aP=**~! fP(2)dx <
0

where the constant factor is the best possible.

0, O<fyq PA=1gd(y)dy < oo then:

00 %) p B <A A) P 5
BA(p—1)— dy < r’y / p—aA=1p( 1\ J
/ / xoz—l—yﬁ du Y «o o fi(w)dz
0 0

A AP
where the constant factor B(’; ‘1)] is the best possible when o« = (. In-
equality (2.7) is equivalent to (2.1).
Proof. Since 0 < fyq PA=1ga(y)dy < oo, there exists Ty > 0, such that for

anyT>T0,onehasO<fyqm1 U(y)dy < co. We set
T
T) = o)~ / de
9. T) = :z:oc+yﬂ

Then, by (2.1), we have
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T T p

-1y BA(p—1)-1 del d
’ = [ [t o
0 0

T T
= dd
// i

f?(A A) T T
< 2 / 2P~ P () da / Yy P gt (y)dy (2.8)
0

0 <

\’ﬂ

B |-
Q=

T 1=g T T P >
0 < 1=PA=1g4(y T)d / BN p—1)= / de| d
/y gy, T)dy Y m+yﬂ y
0 0 0
B (A A) T
< 2y / =N () (2.9)
adFr

It follows that 0 < [y?7P*"1gi(y, 0c0)dy < co. Hence (2.8) and (2.9) are
0

strict inequalities as T" — oo. Therefore, inequality (2.7) holds.
On the other hand assume that (2.7) is valid. By Holder’s inequality, we

obtain

r f _ 7 /3*+1 q
{O/OOym(,,_l) [7 :ca+yﬁ ] } {qu‘”‘lgq(y)dy}q

0

ﬁdml [yfwg(y)dy}

0\8

1

IA

Then by (2.7) we obtain (2.1). Therefore, (2.1) and (2.7) are equivalent. If
the constant factor <Si§£ )p in (2.7) is not the best possible when a = /3, using

(2.10) we may get a contradiction that the constant factor in (2.1) is not the
best possible. Thus the theorem is proved.
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