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Abstract

We investigate the strong asymptotics for Lp-extremal polynomials
with respect to varying measures on a rectifiable Jordan curve perturbed
by a finite Blaschke sequence of point masses outside the curve
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1 Introduction

Let σ be a finite positive Borel measure on a compact set of the complex plane
whose support contains an infinite set of points. We denote by Tn,2 (z) =
zn + ...., the monic polynomial of degree n orthogonal with respect to the
measure σ. One of the most useful tools in the study of orthogonal polynomials
is the fact that they solve the following extremal problem: minimize L2 (σ)
norm for all monic polynonials of degree n i.e.

‖Tn,2‖2
L2(σ) := min

Q∈Pn−1

‖zn +Q‖2
L2(σ) = mn,2 (σ)

where Pn denotes the set of polynomials of degree at most n.
This characterization of orthogonal polynomials permits us to define a

larger class of polynomials called extremal polynomials that solve the extremal
problem:



1928 R. Khaldi and F. Aggoune

‖Tn,p‖Lp(σ) := min
Q∈Pn−1

‖zn +Q‖2
Lp(σ) = mn,p (σ) .

One of the major areas of research in the study of extremal polynomials is
to investigate the strong asymptotics behavior of Tn,p (z) as n → ∞. Other
commonly used names are power asymptotic, Szegö asymptotic, or full exterior
asymptotic.

The connection of orthogonal polynomials with other branches of mathe-
matics is actually remarkable. We can mention some of them like, moment
problems, potential theory, approximation theory, special functions, scattering
theory, differential equations, dynamic systems, operator theory, number the-
ory, random matrices, statistics and probability theory, stochastic processes,
electrostatics...

There exists an extensive literature on orthogonal polynomials but not
enough on extremal polynomials, beginning by Geronimus results in 1952 [15,
then the fundamental paper of Widom in 1969 [14],.Kaliaguine in [8], obtained
the power asymptotic for extremal polynomials when E is a rectifiable Jordan
curve plus a finite set of mass points. Recently, one of the authors studied in
[10,11] the case of a measure supported on a rectifiable Jordan curve and circle
perturbed by an arbirary Blaschke sequence of point masses.

In the last years extremal polynomials with respect to varying measures
have played a major role in several problems of approximation theory and
growing attention has been paid to the study of their different types of asymp-
totics behavior. This is not accedently, they become a powerful tool in solving
problems where a fixed measure and orthogonality are involved. We mention
that the first person that worked with varying measures was Gonchar [6], then
Lopez and Gonchar [7] introduced them for studying general results of conver-
gence of multipoint Padé approximants for Cauchy transformation. Moreover,
Ysen and Lopez [4], studied the strong asymptotic of orthogonal polynomials
with respect to varying measures in the case of the unit circle and the real line,
then they obtain certain relations for the polynomials involved in the contruc-
tion of Hermite-Padé approximation of a Nikishin system of functions. We
find some resuts concerning the study of the strong asymptotics for extremal
polynomials with varying measures in various degree of generality in [1,3,13].

In this work we try to carry over some of the main ideas of [3] for Lp-
extremal polynomials with respect to varying measures on a rectifiable Jordan
curve perturbed by a finite Blaschke sequence of point masses outside the
curve, where the situation turns out to be much more difficult. Before setting
the main results, let us introduce some notations.

Let E be an analytic Jordan curve in the complex plane, we denote by B
the bounded component of the complement of E and let ϕ be the confomal
mapping which maps the open unit disc D = {z : |z| < 1} onto B such that
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ϕ(0) = ω ∈ B and ϕ′(0) > 0. From Caratheodory Theorem the function ϕ an
its inverse ν = ϕ−1 have a continuous extention to the unit circle and on E,
respectively.

Let σ(s) be a positive measure on [0, l[, where l is the length of E and σ′(s)
the Radon-Nikodym derivate of σ(s) with respect to the Lebesgue measure
|dξ| on E, we suppose that it satisfies the Szegő’s condition:

∫
E

(log σ′(s))
∣∣∣ν ′

(ξ)
∣∣∣ |dξ| > −∞, (1)

then we see that for the measure μ defined on the unit circle by

μ(A) = σ(ξ−1(ν−1(A))) = σ((ν ◦ ξ)−1(A)),

yields

σ′(s) |dξ| = σ′(s) |ϕ′(θ)| dθ = μ′(θ)dθ.

Thus the measure μ satisfies on the unit circle the usual Szegő’s condition:∫ 2π

0

log(μ′(θ))dθ > −∞.

Therefore, from the properties of the Szegő function Dp (μ, .) associated with
the unit circle and the weight function μ′(θ) (see [12]):

Dp (μ, w) = exp

{
1

2pπ

∫ 2π

0

Log(μ′(θ))
1 + we−iθ

1 − we−iθ
dθ

}
, w ∈ D (2)

we can easily deduce the following properties for the Szegő function Δp(σ, z) =
Dp(μ, ν(z)) associated with the curve E and the weight function σ′(θ):

1) Δp(σ, .) is analytic on B, Δp(σ, z) �= 0 on B, and Δp(σ, ω) > 0.
2) |ν ′(ξ)| |Δp(σ, ξ)|p = σ′(s), almost everywhere on E.

2 Auxiliary results

We need to introduce the following auxiliary results. But first we set some
notations. Hp (μ) is defined as the Lp (μ) closure of the polynomial in eiθ and

‖f‖p
Hp(μ) =

∫ ∣∣f (
eiθ

)∣∣p dμ(θ). We denote by Hp = Hp(m), where m =
dθ

2π
is

the normalized Lebesgue measure on [0, 2π[. Let Kp(μ, z) be the function such

that Kp(μ, z) =
Dp(μ, 0)

Dp (μ, z)
if z ∈ (Sa∪{z : |z| < 1} and Kp(μ, z) = 0 for z ∈ Ss,
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where Sa and Ss are a disjoint decomposition of the unite circle such that μ′ and
μs live on these sets respectively. Hereafter, μs denotes the singular parts of μ
with respect to the Lebesgue measure. L2

s(μ) = {f ∈ L2(μ) : f = 0, μ′ − a.e}.
Theorem 1 ([2]). If f ∈ Hp (μ), then there existe unique functions f̃ , fs

such that f = Kpf̃ + fs, f̃ ∈ Hp, and fs ∈ L2
s(μ).

Now we state Keldysh Theorem:
Theorem 2([9]). Assume that the measure μ satisfies the Szegő condition

and {fn} ⊂ Hp(μ), 0 < p <∞, such that

i) lim
n→∞

f̃n(0) = 1;

ii) lim
n→∞

‖fn‖Hp(μ) = Dp(μ, 0)

Then
a) lim

n→∞
f̃n(z) = 1 holds uniformly on each compact subset of D.

b) lim
n→∞

‖fn −Kp(μ, z)‖Hp(μ) = 0.

Notice that Hp(σ′) denotes the space of analytic functions f on.B, such
that (f ◦ ϕ) (Δp(σ, .) ◦ ϕ) ∈ Hp. For 1 ≤ p ≤ ∞, Hp (σ′) is a Banach space,
with the norm:

‖f‖p
Hp(σ′) = lim

r→1−

1

2πr

∫ ∣∣f (
ϕ

(
reiθ

))
Δp(σ, ϕ

(
reiθ

)
)
∣∣p dθ.

For 0 < p < 1, Hp (σ′) is a quasi-Banach space.
Lemma 1([8]). If f ∈ Hp (σ′) then for every compact set K ⊂ B there is

a constant CK such that:

sup {|f (z)| : z ∈ K} ≤ CK ‖f‖p
Hp(σ′) .

3 Main results

We conserve the same notations as above. Set

dαn = σn + γ =
dσ

|Yn|p + γ,

where the point measure γ =
N∑

k=1

Akδzk
is supported on {zk}N

k=1 ⊂ C\B with

masses Ak > 0, k = 1, ...N and {Yn}∞n=1 is a sequence of polynomials such that,
for each n, Yn has degree n, all its zeros wn,i, i = 1, ..., n lie in the unbounded
component of the complement of the curve |Φ(z)| = R > 1, where Φ is a
function which maps the exterior of E onto the exterior of the unite circle
G = {w : |w| > 1}.

We will study the asymptotic behavior of polynomials denoted by TN
n,p (z)

that solve the next extremal problem
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mn,p (αn) = min
Pn(ω)=1

{
1

2π

∫
E

∣∣∣∣Pn (ξ)

Yn (ξ)

∣∣∣∣p dσ(s) +

N∑
k=1

Ak |Pn (zk)|p
}1/p

. (3)

Denote by Tn,p (z) the extremal solution of the following problem

mn,p (σn) = min
Pn(ω)=1

{
1

2π

∫
E

∣∣∣∣Pn (ξ)

Yn (ξ)

∣∣∣∣p dσ(s)

}1/p

. (4)

Theorem 3. Let 0 < p <∞, then for the extremal value mn,p (αn) of the
problem (3) we have:

lim
n→∞

mn,p (αn) = Δp(σ, ω) = Dp(μ, 0).

Proof.
The extremal property of Tn,p (z) implies that

mn,p (σn) ≤
{

1

2π

∫
E

∣∣∣∣∣TN
n,p (ξ)

Yn (ξ)

∣∣∣∣∣
p

dσ(s)

}1/p

≤ mn (αn) . (5)

On the other hand it is proved in [3] that

lim
n→+∞

mn,p (αn) = Δp(σ, ω) = Dp(μ, 0). (6)

Using (5) and (6) we get

lim inf
n→+∞

mn,p (αn) � lim inf
n→+∞

mn,p (σn) = Δp(σ, ω) = Dp(μ, 0). (7)

Now let qN (z) be the polynomial whose zeros are z1, ..., zN and qN(α) = 1

that is qN (z) =
N∏

k=1

(z − zk)/
N∏

k=1

(ω − zk), then the extremal property of TN
n (z)

implies that

(mn,p (αn))p ≤ min
Pn−N (ω)=1

{
1

2π

∫
E

∣∣∣∣Pn−N (ξ)

Yn (ξ)

∣∣∣∣p |qN(z)| dσ(s)

}
=

1

2π

∫
E

∣∣∣∣Tn−N,p (ξ)

Yn (ξ)

∣∣∣∣p |qN(z)| dσ(s),
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where the polynomials Tn−N,p (z) are extremal with respect to the measure
dη(s) = qN(z)dσ(s).

it is prove in [3, th 1.1p.30] that

lim
n→∞

{
1

2π

∫
E

∣∣∣∣Tn−N,p (ξ)

Yn (ξ)

∣∣∣∣p dη(s)}1/p

= Δp(dη, ω).

From the properties of the Szegő function, we obtains that

Δp(dη, ω) = Dp(μ, 0),

So,

lim sup
l→+∞

mn,p (αn) ≤ Dp(μ, 0). (8)

Inequalities (7) and (8) prove Theorem 3.
Theorem 4. For 0 < p < ∞, the extremal polynomials TN

n,p (z) have the
following asymptotics behavior (n→ ∞):

(i) lim

∥∥∥∥∥TN
n,p

Yn

− ψ∞
∥∥∥∥∥

H2(σ′)

= 0

(ii) TN
n,p (z) = [ψ∞ (z) + εn (z)], εn (z) → 0 uniformly on the compact sub-

sets of B.

Where the function ψ∞(z) =
Δp(σ, ω)

Δp(σ, z)
Proof.

Puting hn(w) =
TN

n,p (ϕ(w))Dp(μ, w)

Yn (ϕ(w))Dp(μ, 0)
=
TN

n,p (z) Δp(σ, z)

Yn (z) Δp(σ, ω)
, with z = ϕ(w).

Since the sequence of functions {hn} satisfy the hypothesis of Theorem 2, that
is

(i) hn(0) =
TN

n,p (ω)Dp(μ, 0)

Yn (ω)Dp(μ, 0)
= 1,

and from Theorem 3 we obtain

(ii) lim
n→∞

∥∥∥∥∥TN
n,p

Yn

∥∥∥∥∥
H2(σ′)

= limn→∞mn,p (αn) = Dp(μ, 0).

Then it yields

lim
n→∞

∥∥∥∥∥TN
n,p

Yn
− Dp(μ, 0)

Dp(μ, eiθ)

∥∥∥∥∥
H2(σ′)

= 0 (9)

and

lim
n→∞

hn(w) = 1, (10)
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uniformly on each compact subset of D.

From (9) and the fact that ψ∞(ξ) =
Δp(σ, ω)

Δp(σ, ξ)
=

Dp(μ, 0)

Dp(μ, eiθ)
, ξ = ϕ(eiθ) we

get the affirmation (i) of the Theorem.
Now we will present two proofs for the affirmation (ii) of the Theorem.
First proof of (ii): Using (10) and the expression of hn(w) we obtain

lim
n→∞

TN
n,p (z)

Yn (z)
=

Δp(σ, ω)

Δp(σ, z)
. (11)

uniformly on each compact subset of B.

Second proof of (ii): By applying Lemma 1 for the function
TN

n,p

Yn

− ψ∞

which belongs to H2 (σ′), then for all compact K ⊂ B, we have

sup
z∈K

∣∣∣∣Tn,p (z)

Yn (z)
− ψ∞ (z)

∣∣∣∣ ≤ CK

∥∥∥∥∥TN
n,p

Yn
− ψ∞

∥∥∥∥∥
2

H2(σ′)

→
n→∞

0.
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