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Abstract

The numerical solution of weakly singular integral equation gives
rise to linear systems by using fractional wavelet bases as the projection
method that can be rather challenging for iterative methods. In this pa-
per we compare a number of new standard preconditioned approaches
to solve some of these equations. We propose a family of accelerators of
GMRES(m), combined with a few threshold based preconditioners such
as ILUT(p,ε0) on a number of linear systems arising from various inte-
gral equations. Finally, we investigate the convergence of precondition
effectively in linear system and function spaces. The results confirm
that the precondititioning strategy for accelerating the convergence of
the Krylov subspace method is effective.
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1. Introduction

Consider the weakly singular equations for single-layer surface densities,
generated by solutions of the exterior Dirichlet problems for Laplacian in do-
mains in IR2 or IR3. For such problems, Nyström type algorithms cannot be
used directly, but an expansion for the unknown, rather than for the entire
integrand, can be assumed and the product of the singular kernel and the un-
known integrated analytically. Combining such an approach with a Galerkin
or collocation scheme for computing the expansion coefficients is a general
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approach, but leads to dense matrix problems. In this paper, our goal is to
compare a number of preconditioners by using the non-stationary methods
described. Therefore, we use Krylov-subspace iterative algorithms for solving
the generated dense matrix problem. The results show that the precondition-
ing strategy for accelerating the convergence of the Krylov-subspace method
is effective.

Three problems take the forms shown below.

Problem 1.

Tu =
1

2π

∫
Γ
u(y)log

5

|x− y|dσy = f(x), (1)

where Γ = ∂G is L-shaped polygon in IR2 with vertices (0,0), (0,1), (-1,-1),
(1,-1) and (1,0).

Problem 2.

Tu =
1

2π

∫
Γ
u(y)log

1

|x− y|dσy = f(x), (2)

where Γ = ∂G is the open curve (-1,1)× 0 in IR2.

Problem 3.

Tu =
1

2π

∫
Γ
u(y)log

1

|x− y|dσy = f(x), (3)

where Γ = ∂G is the screen (-1,-1)×(-1,1) ×0 in IR3.

We observe that the dense linear system of Galerkin method can be solved
to compute the expansion coefficients [1]. If stationary methods are used to
solve of linear system, the number of operations is very large [5, 6]. Clearly,
these approaches become computationally intractable if the number of expan-
sion functions exceeds several hundreds. Instead, consider solving the linear
system using a Krylov subspace method such as generalized minimal resid-
ual (GMRES)[6]. On the other hand, there are a broad variety of Galerkin
methods corresponding to various choices of the subspaces and the colloca-
tion nodes. We want to use the wavelet Galerkin method. The idea of this
method is to first decompose the integration region (see [2]) Γ into elements
Δ1,Δ2, ...,Δn and then approximate a function u ∈ C(Γ) by fractional wavelet
bases over each of the elements Δi. We describe the decomposition of Γ and
the approximation of u is given in sections 2 and 3.
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2. Automatic mesh generation scheme: triangular elements

In this section, we describe the triangular elements of the surface Γ and
discuss its refinement. The main references are [1, 4, 7]. We assume the surface
Γ can be written as

Γ =
J⋃

i=1

Γi , (4)

where each Γi is a closed, ”smooth ” surface in IR3. The only possible inter-
section of pair Γi and Γj is to be along common portion of the edges of these
two subsurfaces. Assume that for each Γj, there is a mapping

Tj : Rj

1−1−−→
onto Γj, 1 ≤ j ≤ J, (5)

where Rj is a polygonal domain in the plane and Tj is as smooth as needed.
In this case, we say Γ is piecewise smooth. By a smooth surface, we mean that
for each point p ∈ Γ, there is a neighborhood on Γ of p, with the neighborhood
having a local parameterization in IR2, with as many continuous derivatives as
needed. Most surfaces Γ of interest can be decomposed as in (4), with each
Γj representable as in (5). Also, the surface Γ could be smooth, and we would
often still want to decompose it as in (4).
The surface Γ of (4) is divided into a triangular mesh

τn = {ΔK,n|1 ≤ K ≤ Nn} (6)

for a sequence n = 1, 2, .... Each Γ is to be broken apart into a set of non-
overlapping triangular shaped elements ΔK,n; the reference to n is often omit-
ted, but understood implicity. Define the mesh size of (6) by

{
δn = max1≤K≤Nn dim(Δk)
diam(Δk) = maxp,q∈ΔK

|p− q|. (7)

One way of obtaining the triangulation (6) is by means of the parametric
representation (5) for the region Γj of (4). Triangulations of Rj map onto
triangulations of γj. Since the Rj are polygonal domains and can be written
as a union of triangles, without loss of generality, we assume that the Rj ’s are
triangles. We choose τ1 to be {Γj|j = 1, ..., J}.
The sequence of triangulations (6) will usually be obtained by successive re-
finements. We first construct this sequence by a quasi-uniform refinement,
which is based on connecting the midpoints of the sides of every element Δ̂K

in the triangulation of Rj for j = 1, ..., J .
For the analysis of the numerical integration, we need to introduce another

special refinement, which is called an ’La + v’ refinement about p with L a
positive integer and p a vertex of some triangle in τ1. The sequence τn is
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constructed as follows. We divide each triangle Rj , whose image Γj contains
P , into four new triangular elements. For the resulting triangulation, divide
each triangle whose image contains P into four new triangular elements. After
doing this L times, we divide simultaneously every triangle into four new tri-
angles. The final triangulation produces τ2 = {ΔK,2|1 ≤ K ≤ N2} under the
parametric representation (5). Repeat the preceding subdivision, we obtain
τ3, τ4, ... . In other words, at level n, we perform L times an adaptive subdivi-
sion on triangles containing P , and then we do one simultaneous subdivision
of all triangles. An advantage of this form of graded refinement is that each
set of mesh points contains those at the preceding level. As an example, we
choose Γ to be a polygon and illustrate the ′2a + v′ refinement for n = 1, 2.
When n = 2, there are three different triangular elements in size. Let Bl be
the union of the triangles of the same size in Γ, and which therefore have been
uniformly divided by the triangulation. Let η = sinθ

1−cosθ
and define

B0 = {(x, y) ∈ Γ|ηx+ y ≥ η/2},

B1 = {(x, y) ∈ Γ|η/4 ≤ ηx+ y ≤ η/2},

B2 = {(x, y) ∈ Γ|0 ≤ ηx+ y ≤ η/4}.
The diameter of triangles in Bl is O(2−(2+l)).

The analysis given in [2] indicates that a quasi-uniform refinement is a better
scheme to use with smooth integrands in the numerical integration, while a
graded one is needed with the singular integrals.

3. Galerkin boundary element methods by fractional splines
wavelet Bases

Consider the Fractional Spline Wavelet (FSW) bases⎡
⎢⎣ ψα+i

+ (x/2) =
∑

k∈Z
(−1)k

2α+i

∑
l∈Z

(
α+ i+ 1

l

)
β2α+i+1
∗ (l + k − 1)βα+i

+ (x− k),

i = 0, 1, 2, ...
(8)

where βα(x) is a fractional B-spline with degree α. Also, we define the frac-
tional causal B-splines by taking (α+ 1)th fractional difference of the one side
power function

βα
+(x) =

Δα+1
+ xα

+

Γ(α+ 1)
=

1

Γ(α + 1)

+∞∑
k=0

(
α + 1
k

)
(x− k)α

+

and

βα
∗ (x) =

Δα+1
+ |x|α∗

Γ(α + 1)
=

1

Γ(α + 1)

∑
k∈Z

(
α + 1
k + α+1

2

)
|x− k|α∗ ,
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where α > −1
2

in order to ensure square integrability. These functions inter-
polate the usual polynomial B-splines; these are recovered for α integer. They
are ”causal” in the sense that their support belong to IR+. Here, we assume
that the fractional has been extended to non-integer α by α! = Γ(α+ 1) using
Euler’s gamma function.

Here Δα
+f(x) =

∑+∞
k=0(−1)α

(
α + 1
k

)
f(x− k),

xα
+ =

{
xα α ≥ 0
0 otherwise

and

|x|α∗ =

⎧⎨
⎩

|x|α
−2 sin(π

2
)

if α not even
x2n log x
(−1)1+nπ

if α = 2n (even)
.

As Sα
N is subspace of L2(Γ), we can approximate the above boundary in-

tegral equations with Galerkin method. It is clear that ψα+i
+ is a Riesz basis

for L2(Γ) [7, 8]. As the degree α increases, the functions converge to modu-
lated Gaussian which are known to optimally time-frequency localized in sense
of Eisenberh uncertainty principle. This limit behavior can be inferred from
the general convergence theorem in [1]. We use test and trial functions in
these finite dimensional subspace and obtain the following Galerkin approxi-
mations. Unser and Blu (see [7, 8]) have shown that the presence of the B-
spline convolution factor explains all key wavelet properties such as: order of
approximation, reproduction of polynomials, vanishing moments, multi-scale
differentiation property, and smoothness of the basis functions. Also, they
have studied about the B-spline factorization and stability of wavelet bases
with respect to differentiation.

First, we have the standard forms which starts with the decomposition of
u and f in a fractional wavelet basis form, by using Pn as projection method:

Pnu =
∑
j=0

< u, ψα+j
+ > ψα+j

+ ,

Pnf =
∑
j=0

< f, ψα+j
+ > ψα+j

+ .

Hence, we have:
TPnu =

∑
j=0

< u, ψα+j
+ > Tψα+j

+ .

Hence, from (1)-(3) and the above bases, we have:∑
j=0

∑
k=0

< Tψα+k
+ , ψα+j

+ >< u, ψα+k
+ > ψα+j

+ =
∑
k=0

< f, ψα+k
+ > ψα+k

+ , (9)

where < ., . > denotes an inner product.
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Remark 1. In general, for Ω ⊆ IRd such that d ≥ 2, we can write Pnσ =∑
aj1...jnΠjn

k=1ψ
αk
+ where ⊗ is the tensor product for producing the space of

Vj1 ⊗ ...⊗ Vjn and aj1...jn are unknown coefficients .

Therefore, (1)-(3) can be depicted by on infinity matrix whose coefficients
are

akj =< Tψα+k
+ , ψα+j

+ > ψα+j
+ ,

and the following system is obtained:

Aα
nx = b. (10)

Where
Aα

n = (akj =< Tψα+k
+ , ψα+j

+ > ψα+j
+ )n

k,j=0, (11)

and
x = (< u, ψα+k

+ >), b = (< f, ψα+k
+ > ψα+k

+ ). (12)

Therefore, we observe that the equation (1) can have recourse to the finite
systems that is (6) we call this transformation finite section method. Let
{Aα

n}∞n=1 be a sequence on n × n matrices Aα
n. This sequence is said to be

stable if there is an n0 such that the matrices Aα
n are invertible for all n ≥ n0

and
sup
n≥n0

‖(Aα
n)−1‖ <∞.

Using the convention to put ‖T‖ = ∞ if T is not invertible, we can say that
{Aα

n}∞n=1 is a stable sequence if and only if

lim supn→∞‖(Aα
n)−1‖ <∞,

stability plays a central role in asymptotic linear algebra and numerical anal-
ysis. The our aim is to confine ourselves to part stability that is plays in
connection with the finite section method.
One standard way for speeding up the convergence rate and stability is to ap-
ply a preconditioner so that it causes to cluster the spectrum around one.

4. Preconditioned Krylov subspace methods

Iterative techniques based on Krylov subspace projection coupled with suit-
able preconditioners are currently considered to be the best compromise be-
tween efficiency and robustness. In addition to their advantage over direct
methods, in terms of memory and computational cost, iterative methods are
also attractive because of the simplicity with which they can be adapted to
high performance computers. There are two ingredients in the use of a precon-
ditioned Krylov subspace approach. First, consider one of the original linear
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system of (1)-(3) Ax = b so that it is preconditioned by, for example, trans-
forming it into the ”right-preconditioned” equivalent system AM−1(Mx) = b.
Where the preconditioned matrix M has the property that it is not too ex-
pensive to compute M−1v for an arbitrary v. Thus, the system AM−1y = b
is solved for the unknown y = Mx, and the final result x is obtained through
the post-transformation x = M−1y. One can also use left- preconditioning,
M−1Ax = M−1b which requires a pre- transformation of the right-hand-side,
or the initial residual. The main difference between these two approaches is
that in the right-preconditioned case, the actual norm is available at each step
of the iterative process whereas in the second case only the preconditioned
residual is available barring any additional computations.
The second ingredient in the method is the ”accelerator”, typically a conjugate
gradient like method, based on projection on Krylov subspaces. Therefore, we
use ILUT(p,ε0) as right-preconditioner and GMRES(m) as accelerator.

5. Experimental results for problems 1

For the weakly singular integral equation (1) on the L-Shaped boundary, we
consider that the true solution is equal to u(x) = ex1 sin(x2) , x = (x1, x2) ∈
IR2. The boundary integral equation was discretized on uniform and non-
uniform meshes using varying numbers of degrees of freedom N . Absolute
errors ‖u − un‖∞ = Max |u(x) − un(x)| are compared by GMRES(m) and
ILUT(p,ε0). The choice of m and p are experimental so that here, we have
tried to select the best of them. Indeed the numerical results in Tables 1 and
2 show that preconditioners and GMRES(m) are effective such that the best
results are given for m = 20 and 5 ≤ p ≤ 20.

6. Experimental results for problems 2

For the weakly singular integral equation (2) on open curve, we consider
that the true solution equals u(x) = log|x|. The boundary integral equation
was discretized on uniform mesh using varying numbers of degrees of freedom
N . We also consider a geometric mesh grading for which hmax = 1 and hmin =
2−(N−2). We assume that hmax and hmin respectively denote the diameters
of the largest and smallest elements in the mesh. The numerical results in
Table 3 show that preconditioners are more effective. Here, we observed that
the produced matrices of (2) are ill-conditioned and the best results belong to
p = 10 and 10 ≤ m ≤ 20.

7. Experimental results for problems 3

For the weakly singular integral equation (3) on a screen, we consider that
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the true solution equals u(x) = log( 1
|x|). The boundary integral equation was

discretized on uniform and non-uniform meshes using varying numbers of de-
grees of freedom N . The numerical results in Tables 4 and 5 show that
preconditioners are effective. Also, the best results belong to 25 ≤ m ≤ 40
and p = 15.

Table 1. Results of problem 1 for uniform mesh

Algorithm N = 10 N = 50 N = 100 N = 150
GMRES(30) 0.25e+00 0.37e+01 0.43e+01 0.98e+01
GMRES(20) 0.52e-02 0.33e-02 0.27e-02 0.15e-01
GMRES(10) 0.32e-01 0.91e+00 0.43e+01 0.01e+02
GMRES(30)+ILUT(20) 0.21e-01 0.93e-01 0.24e-01 0.98e-01
GMRES(30)+ILUT(10) 0.14e-01 0.01e-01 0.29e-01 0.74e-01
GMRES(30)+ILUT(5) 0.85e-02 0.41e-02 0.02e-02 0.52e-02
GMRES(20)+ILUT(20) 0.83e-03 0.74e-03 0.93e-03 0.01e-03
GMRES(20)+ILUT(10) 0.29e-03 0.36e-03 0.01e-04 0.59e-03
GMRES(20)+ILUT(5) 0.75e-04 0.09e-05 0.75e-05 0.14e-04
GMRES(10)+ILUT(20) 0.49e-02 0.31e-02 0.76e-03 0.35e-02
GMRES(10)+ILUT(10) 0.98e-03 0.49e-03 0.92e-04 0.51e-03
GMRES(10)+ILUT(5) 0.01e-03 0.68e-04 0.81e-04 0.01e-03

Scale of error is ‖u − un‖∞ when the weakly singular equation solves on L-shaped boundary with uniform

mesh, also, iteration number is equal to 25 when ε0 = 10−4 and α = 0.5.

Table 2. Results of problem 1 for non-uniform mesh

Algorithm N = 10 N = 50 N = 100 N = 150
GMRES(30) 0.54e-01 0.43e-02 0.74e-02 0.12e-02
GMRES(20) 0.11e-02 0.74e-03 0.39e-03 0.49e-04
GMRES(10) 0.75e-02 0.01e-02 0.41e-03 0.83e-04
GMRES(30)+ILUT(20) 0.83e-04 0.11e-04 0.96e-05 0.15e-05
GMRES(30)+ILUT(10) 0.17e-04 0.52e-05 0.27e-06 0.02e-06
GMRES(30)+ILUT(5) 0.46e-05 0.78e-06 0.59e-07 0.91e-08
GMRES(20)+ILUT(20) 0.37e-05 0.21e-06 0.51e-07 0.61e-09
GMRES(20)+ILUT(10) 0.23e-06 0.39e-07 0.07e-08 0.49e-10
GMRES(20)+ILUT(5) 0.91e-07 0.03e-09 0.35e-10 0.82e-11
GMRES(10)+ILUT(20) 0.52e-04 0.97e-05 0.54e-06 0.37e-08
GMRES(10)+ILUT(10) 0.92e-05 0.60e-06 0.00e-07 0.64e-09
GMRES(10)+ILUT(5) 0.50e-06 0.45e-07 0.09e-08 0.70e-10

Scale of error is ‖u − un‖∞ when the weakly singular equation solves on L-shaped boundary with

non-uniform mesh, also, iteration number is equal to 25 when ε0 = 10−4 and α = 0.5.
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Table 3. Results of problem 2

Algorithm N = 10 N = 50 N = 100 N = 150
GMRES(20) 0.76e+01 0.97e+01 0.13e+02 0.74e+03
GMRES(15) 0.21e+01 0.31e+01 0.76e+02 0.12e+03
GMRES(10) 0.51e+02 0.95e+02 0.26e+02 0.02e+04
GMRES(20)+ILUT(10) 0.55e-02 0.15e-03 0.74e-04 0.93e-04
GMRES(15)+ILUT(10) 0.18e-02 0.42e-03 0.16e-03 0.00e-04
GMRES(10)+ILUT(10) 0.91e-03 0.40e-03 0.68e-04 0.06e-04
GMRES(20)+ILUT(15) 0.68e-01 0.12e-02 0.34e-02 0.50e-02
GMRES(15)+ILUT(15) 0.71e-01 0.12e-02 0.71e-03 0.22e-03
GMRES(10)+ILUT(15) 0.75e-01 0.08e-01 0.60e-03 0.29e-03
GMRES(20)+ILUT(5) 0.66e+00 0.27e+00 0.07e-01 0.03e-02
GMRES(15)+ILUT(5) 0.26e+00 0.69e-01 0.64e-02 0.32e-02
GMRES(10)+ILUT(5) 0.22e-01 0.16e-01 0.99e-02 0.13e-02

Scale of error is ‖u − un‖∞ when the weakly singular equation solves on open curve with geometric mesh,

also, iteration number is equal to 25 when ε0 = 10−4 and α = 0.5.

Table 4. Results of problem 3 for uniform mesh

Algorithm N = 10 N = 50 N = 100 N = 150
GMRES(40) 0.01e+01 0.52e+01 0.60e+02 0.67e+03
GMRES(30) 0.71e+00 0.09e+02 0.16e+02 0.68e+03
GMRES(25) 0.15e+01 0.14e+02 0.44e+02 0.82e+03
GMRES(40)+ILUT(20) 0.14e-01 0.26e-02 0.58e-01 0.73e+00
GMRES(30)+ILUT(20) 0.37e-01 0.16e-01 0.14e+00 0.78e-01
GMRES(25)+ILUT(20) 0.92e-01 0.09e-02 0.78e-01 0.14e-01
GMRES(40)+ILUT(10) 0.66e-01 0.43e-01 0.99e+00 0.21e-01
GMRES(30)+ILUT(10) 0.55e-01 0.22e-01 0.55e-01 0.53e-01
GMRES(25)+ILUT(10) 0.90e-02 0.20e-02 0.50e+00 0.41e-01
GMRES(40)+ILUT(25) 0.60e-03 0.36e-02 0.24e-01 0.75e-01
GMRES(30)+ILUT(25) 0.89e-03 0.57e-04 0.90e-02 0.65e-01
GMRES(25)+ILUT(25) 0.64e-03 0.42e-03 0.62e-01 0.74e-01

Scale of error is ‖u − un‖∞ when the weakly singular equation solves on a screen with uniform mesh, also,

iteration number is equal to 25 when ε0 = 10−4 and α = 0.5.
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Table 5. Results of problem 3 for non-uniform mesh

Algorithm N = 10 N = 50 N = 100 N = 150
GMRES(40) 0.69e-01 0.50e-02 0.59e-02 0.20e-03
GMRES(30) 0.36e+00 0.39e-02 0.12e-03 0.04e-04
GMRES(25) 0.46e+00 0.37e-02 0.95e-03 0.47e-03
GMRES(40)+ILUT(20) 0.51e-02 0.13e-03 0.75e-05 0.35e-06
GMRES(30)+ILUT(20) 0.75e-02 0.87e-03 0.22e-05 0.11e-06
GMRES(25)+ILUT(20) 0.16e-02 0.75e-03 0.17e-05 0.39e-07
GMRES(40)+ILUT(10) 0.20e-02 0.95e-04 0.64e-04 0.07e-06
GMRES(30)+ILUT(10) 0.08e-02 0.09e-03 0.74e-05 0.03e-05
GMRES(25)+ILUT(10) 0.11e-03 0.76e-04 0.16e-06 0.37e-06
GMRES(40)+ILUT(15) 0.28e-02 0.94e-04 0.05e-06 0.90e-08
GMRES(30)+ILUT(15) 0.47e-03 0.67e-04 0.15e-06 0.53e-09
GMRES(25)+ILUT(15) 0.34e-02 0.22e-05 0.47e-07 0.51e-09

Scale of error is ‖u − un‖∞ when the weakly singular equation solves on a screen with non-uniform mesh,

also, iteration number is equal to 25 when ε0 = 10−4 and α = 0.5
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