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Abstract

By means of quaternion generalized singular value decomposition of
quaternion matrices, this paper derives necessary and sufficient condi-
tions that quaternion matrix equation AXA* = B has an anti-centro-
symmetric solution, and obtains a general expression of the anti-centro-
symmetric solutions. In addition, an expression of the optimal approx-
imation solution to a given matrix is derived.
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1 Introduction

Let R be the real number field, Q=R & Ri® Rj @& Rk the quaternion field,
where ij = —ji = k, i = j> = k? = ijk = —1. F”" denotes the set of m x n
matrices on a field F rank r. Let a = a1 + a»i + aszj + ask €Q, where a; €R,
then define @ = a; — asi — asj — ask to be the conjugate of a, |a| = Vaa =

Va2 +ai+ai+a? For any A = (a;) € Q™™ ||Allr =

called Frobenius norm, A* = (a;;) represents conjugate transpose of A, and
(AB)* = B*A* for any B = (b;;) € Q"?[1]. If A and B are both square
matrices, define A o B = (a;;b;;) to be Hadamard product of them.
Quaternion matrix equations play important roles in both theoretical stud-
ies and numerical computations of quaternion application disciplines|2, 3, 4, 5],
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and have been studied by many experts [3, 4, 5]. For quaternion matrix equa-
tion

AXA" =B, (1.1)
where A € Q™ ", B € Q"™ ™ are given matrices and X € Q™ " denotes
unknown matrix. In 1996, Wang obtained its Hermitian solution|[6], after that,
by applying singular value decomposition of quaternion matrices, Liu obtained
its general expression of the least-square solutions under the restriction that
the solution matrix X is Hemitian or Skew-Hermitian[7]. In this paper, by
applying generalized singular value decomposition of quaternion matrices, we
derive necessary and sufficient conditions that the equation (1.1) has an anti-
centro-symmetric solution, and obtain a general expression of the anti-centro-
symmetric solutions. In addition, an expression of the optimal approximation

solution to a given matrix is derived.

2 Quaternion anti-centro-symmetric matrix

In this section, we introduce a definition of quaternion anti-centro-symmetric
matrix, and give some properties of quaternion anti-centro-symmetric matri-
ces.

Definition 2.1 A quaternion matrix X = (z;;) € Q™" is called to be a

quaternion anti-centro-symmetric matrix if its entries satisfy
Tij = —Tnyi—ipt1—j, 4J=1,2,---,n.

The set of all n x n anti-centro-symmetric matrices is denoted by ACSQ™*".

Let
1

Ji =

1 kxk

By direct calculation, the following lemmas are obvious.
Lemma 2.1 Ifn =2k,

nxn __ G HJk kxk
ACSQ _{ [_JkH _JkGJk]\G,HeQ } (2.1)
ifn =2k +1,
ACSQ™™ = T 0 T T, | |G H € Q¥ u,ve QF
—JkH —Jku —JkGJk
(2.2)
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Lemma 2.2 If A e Q" ", then A € ACSQ™" < A= —J,AJ;.
Combing Lemma 2.1 and Lemma 2.2, we have the following result.
Proposition 2.3 If X € Q™*", then

X € ACSQP™ «= X = P { N X1 ] P, (2.3)
, 0

in which X; € Q=Rxk X, € QF*("=k) P gsatisfies that if n = 2k, P = Py, if
n=2k+1, P=P,, where

L 0 I
1[I Ik} 1
Plz—{ Po=—2]0 v2 0
T —Jk |’
\/5 k k \/§ J. 0 —J,

Proof First of all, it is easy to verify the following equalities
PPT = pPTpP=1,. (2.4)

We only prove the conclusion holds while n = 2k and similarly while n =
2k + 1.
By Lemma 2.1, let

v [ ¢ H
| —hH —JGa |
Then
1[5 J ¢ HJ A

T L L J k I
Pxr = Q{Ik —JkH—Jkﬂ —JkGJk][Jk —J,J

[ 0 G-H

| G+H 0 ‘

Let Xy =G — H, Xy =G+ H. By (2.4), the necessity holds.
Conersely, for any X; €eQM=FxF X, cQF*(=F) et

_ 0 X T
X—P[X2 0 }P.

It is easy to verify that A = —J, AJ,, by Lemma 2.2, A € ACSQ™*".

3 Anti-centro-symmetric Solutions

In this section, by applying the generalized singular value decomposition

of quaternion matrices, we derive necessary and sufficient conditions that the
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equation (1.1) has an anti-centro-symmetric solution, and obtain a general
expression of the anti-centro-symmetric solutions.

Theorem 3.1(QGSVD)® If 4 € Qm*", B € QP*™ with C* = (A*, B¥)
and rank(C') = r, then there exist unitary matrices U € Q™™ V € QP*P and

a nonsingular matrix () € Q™*™ such that
U AQ = [X4,0], V*BQ = [¥p,0] (3.1)
where

14 Op
S, = S, R S5 (3.2)
04 Ip

mxr pXT

and t = r—rank(B), s = rank(A)+rank(B) — r,
Sa = diag(ar, ag, -+, a5), Sp=diag(B, B, 5s)

O<a, < <m<a<l, 0<f<BHI---<G<1
O[?—i-ﬁ?:l, i:172)"'78'

Suppose that the equation (1.1) has an anti-centro-symmetric solution X,

by Proposition 2.3, let

X:P{](\)[ ]\(;‘[}PT, (3.3)

where M €Q=R)*k N cQF*("=%) and P is the same as that in (2.3).
Then the equation (1.1) can be replaced by

0 M

arl

} PTA* = B. (3.4)

Let AP = [A}, Ay], where A; €Q™ (k) " A, cQ™**. By (2.4), (3.4) is equiv-
alent to
ALMA, + A,NAT = B. (3.5)

If A7, A} are corresponding to A and B in Theorem 3.1, respectively, the
QGSVD of matrix pair (A7, A3) is as follows

UrAIQ = [X4:,0], V*AQ = [¥43,0], (3.6)
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where rank(PTA*) = r, Q €Q™ ™, U € Q=Rx0=k v ¢ QF** and s,
Y45 are corresponding to those in (3.2), then (3.5) is equivalent to

*

hIm
|: A1:|U*MV[ZA§,O]+|: 0

; ] V*NU[Z4:,0) = Q*BQ.  (3.7)

Let partitioned forms of matrices U* MV, V*NU, Q*B(Q), respectively, be

as follows

Mll M12 M13 Nll N12 N13
U*MV = M21 M22 M23 5 V*NU - N21 N22 N23 )
M31 M32 M33 N31 N32 N33

*BO —
@BO=1 B By By Bu

Then (3.7) is equivalent to

0 M2 a3 Mz 0 By Bia Biz Bu
SagNar  SagNagSa; +Sa;MaeSay SazMas 0| | Bar Bay Bz By,
N3y N34z 0 0 B3 Bsy Bsz By
0 0 0 0 By By Biz Bu

so we have

My = 3125_31, M3 = B3, My = 5:13323, Ny = 5251321,
My = SZ%(Bm - SA§N22SA;)SE;1, N3y = B325,Z;17 N3 = Bsy,
By = B33 =0, By = By = 0, 1,7=1,2,3,4.

(3.8)
So
My, 3125231 Bz
M =U | My Sy:(Ba— SagNeoSa:)Shy SuiBay | V7, (3.9)
M3, M3, M3

Ny N2 Ny
N=V 5231321 Ny Nag | U*. (3.10)
Bs; 3325_;1 N33

Therefore the anti-centro-symmetric solutions of (1.1) are (3.3), where M,
N are (39) and (310), respectively, and NQQ, Milu M3j, Ni37 Nlj (’L,j = 1, 2, 3)
are arbitrary quaternion matrices.

From the statements above, we derive following theorem.
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Theorem 3.2 Let A € Q™", B € Q™™ be given matrices, P is the
same as that in (2.3), for AP = [A;, As], the QGSVD of matrix pair (A}, A3)
is the same as those in (3.6). Then the quaternion matrix equation (1.1)
has an anti-centro-symmetric solution if and only if (3.8) holds, where M, N
are (3.9) and (3.10), respectively, and N, My, Ms;, N3, Nyj (1,7 = 1,2,3)
are arbitrary quaternion matrices, in which case, the anti-centro-symmetric

solutions are given by (3.3).

4 Optimal Approximation Solution

The set of anti-centro-symmetric solutions of (1.1) is denoted by ¥. In
this section, we consider a following problem under the condition that W is
nonempty.

Given a matrix X eQ"*", we find a matrix X € ¥ such that

|X — X||p = min. (4.1)

First of all, we give a Lemma as follows.
Lemma 4.1 Let 0 < a €R, by, by €Q. Then there exists a unique r €Q
such that

|z — b1|? + |az — by|* = min, (4.2)
and x can be expressed as
bl + (lbg
= ) 4.3
= (4.3)

Proof Letz = T +l’2i+$3j+l’4k, bm = bml +bm21+bm3J+bm4k(m = 1, 2),
and

o(x1, T9, 03, 14) = |z —b1|? + |az — by|?
4 2 4 4 4
i=1 m=1 i=1 i—1 i1

Then our conclusion holds by

&P(xla T2, X3, 1'4)

al[’i

=0, i=1234.

Theorem 4.1 Let M, N eQ™", D = diag(dy,ds,--- ,d,), 0 < d; €ER
(t=1,2,--- ,n). Then there exists a unique matrix X €Q"*" such that

I|X — M|+ ||DXD™" — N|> = min, (4.4)
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and X can be expressed as

X = Ko (MD?*+ DND),

where K = (kij) €ER™", kij = g, 4,5 = 1,2, ,n.
i T4

1643

(4.5)

Proof Let M = (mw) Eann, N = (nw) Eann, X = (.CIZ’Z]) EQ”XH, we

have

1X = M|[ +[[IDXD™ = Nlg =) > (g — myl +]

i=1 j=1

So

1X = Mg +[|[DXD™" = N|[f = min <= |z;; — my|* +]|

by Lemma 4.1,

d?m” + didjnij
Erd

ZEZ']‘ =

therefore (4.5) holds and X is unique.
Let partitioned form of matrix X be

T=p ):511 )E12 PT7
Xo1 Xoo
where

jzll ZEIQ Zzl?) ]Yll

Z.aj:172)'”

dixij

7} — ng*).
did:iij — njj 2 = min,
) 12,
(4.6)
5712 &13

)?12:[] %21 %22 {‘{{23 V*a )?21:‘/ ]Ym ]Y22 JXQ?, U~ (4-7)

Mz, My Mss N3y

Ns2

For any A €Q"", ||A||r is a unitarily invariant norm[7].

and (4.7) we know that the problem (4.1) is equivalent to

and

N33

From (3.9), (3.10)

( ||M11—E11||%:min, ||N11—]Y11||%:min,
||M21—%21||%:miﬂa ||N12—JY12||127:H11117
|| M —%1||% = min, ||N13—]y13||12? = min, (4.8)
|| Msp — Mol[f = min, || Nasg — Nas|[f: = min,

( |[Ms3 — Mss|[§ = min, || N33 — Nas|[g = min,

||Si*1(322 — SA*NQQSA*)S;} — ]/\Z/QQH%‘ + ||N22 - NQQH% = min. (49)
1 2 1 2
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From (4.8), we have

Nip = Nii, Nig= Niz, Niz= Niz, Noz = Npz, N3z = N3s.
(4.10)
For (4.9), note that Sgi}SA; = (SA;Sg;l)_l €R®*%, Ny €Q®**, then by

Theorem 4.1, we have

{ M, = MLI: My = ]\A/zm, M3 = ]\14/31, M3, 2%2, Mss =~M3,

Ny = K o (NQQ(Sgi}SAzy + sggsAg(MQZ — 54 B22S31) S0 Say),  (411)

242

where K = (kij) €RY, kyj = oo, 0.5 =

1,2, 5.

From the statements above, we have

Theorem 4.2 Given a matrix X eQ"*", if the set ¥ of solutions of the
equation (1.1) is nonempty, then Problem (4.1) has a unique solution X e v,
furthermore, if X is denoted by (4.6), then X can be given by (3.3), where M,
N are (3.9) and (3.10), respectively, the unknown entries in them are given by
(4.10) and (4.11).
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