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Abstract

In this paper we consider a stochastic linear heat conduction problem
that was reduced to a special weakly singular integral equation of the
second kind. By using a practical variant of Galerkin boundary element
method, circulant integral operators and the fractional spline wavelet
bases, a new approach for solving of this problem is given. Numerical
examples show that this approach is fast.
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1. INTRODUCTION

In this paper two classes of preconditioners are proposed for solving stochastic
integral equations. The first and second class of preconditioners are based on
circulant operators. These equations arise in many of practical applications
such as obstacle problems, heat conduction and dam type with noise. Since, we
use the Galerkin method to approximate the solutions of these equations based
on fractional spline wavelet bases. These bases can have effective properties.
Let us consider the following equation:

w(x) = T [σ(x)], (1)

such that T [ ] = [ ] − ∫
G′ a(x, y)k(x − y)[ ]dy. Here a ∈ Cm(G′ × G′) ,

k ∈ Cm−1(G′ \ {0}) , m ≥ 1, G′ ⊆ IRd and w a given process defined on a
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probability space (or a given function from a Banach space). This equation
can be generated from a stochastic linear heat conduction such as:{

�2u−K2u =
•
W (x, t)

∂u
∂n
|S = 0, x ∈ Ge ⊆ IRd,

(2)

where
•
W is a space-time noise and S is the boundary of Ge (exterior region to

S) and Gi is the interior region, while n stands for the unit normally outwards
to S, assuming S is a smooth or regular boundary and K is a constant [2, 3,
11, 13, 17, 22, 23, 24, 28]. Suppose that μ be a σ-finite measure on IRd−1, μ the
measure dμ×dt on IRd, andW a Gaussian additive set function of the Borel sets
of IRd such thatW (A) is a Gaussian random variable of mean zero and variance
μ(A) so that W (A) and W (B) are independent if A∩B = φ. In this case, the
x = (x1, x2, . . . , xd−1) ∈ IRd−1 andWxt = W{(x1,∞)×. . .×(xd−1,+∞)×(0, t)}
where W is not differentiable, but its derivative can exist. If we consider

•
W as

∂dWx,t

∂x1...∂xd−1∂t
, then system (2) is very interesting when d = 3, since the problem

embodies the solution of an infinite expanse of material containing a cavity S
on which the temperature gradient is zero.

It is obvious the heat conduction problem is encapsulated by an integral
equation if we assume that u can be represented as the sum of a volume
potential and a single-layer potential as follows:

4πu(x) =

∫
Ge

•
W (ξ)E(x; ξ)dV +

∫
S

σ(ξ)E(x; ξ)dS, (3)

where E(x, ξ) = exp(−K|x−ξ|)
|x−ξ| is a fundamental solution of the Helmholtz equa-

tion, σ is an unknown source density, with x′, ξ′ ∈ IRd−1, x = (x′, t), ξ = (ξ′, t)
and |x| = (x2

1 + ...+ x2
d−1 + t2)

1
2 .

The next step is to take the normal derivative of both sides of equation
(3), let x approach S and use the equations given in [20, 21 ]. Then the
result is a weakly singular integral equation of the second kind in σ(x) for (1)

when w(x) =
∫

Ge

•
W (ξ)∂E(x,ξ)

∂n
dV and

∫
G′ a(x, y)k(x− y)σ(y)dy is made from∫

S
σ(ξ)∂E(x,ξ)

∂n
dS so that G′ = {x ∈ IRd, 0 ≤ xj < ∞, j = 1, 2, . . . , d}. (Of

course, w can be supposed to be a Wiener process defined on an appropriate
probability space.)
In [20, 21], we have used the collocation method based on b-spline bases but
here the Galerkin method based on fractional spline wavelet are used.

The outline of the paper is as follows. In section 2 Galerkin boundary ele-
ment methods is discussed by fractional spline wavelet bases. In section 3, we
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rewrite the integral equation by circulant operators as preconditioners similar
to those that will be constructed afterwards. The convergence analysis of the
preconditioned operators are discussed in section 3 and we give an important
theorem for stability. Finally, in section 4, numerical methods involving pre-
conditioned conjugated gradient method and employing Gaussian quadrature
rules as numerical algorithms are also investigated.

2. GALERKIN BOUNDARY ELEMENT METHODS BY
FRACTIONAL SPLINE WAVELET BASES

Consider the Fractional Spline Wavelet (FSW) bases⎡
⎣ ψα+i

+ (x/2) =
∑

k∈Z
(−1)k

2α+i

∑
l∈Z

(
α+ i+ 1

l

)
β2α+i+1
∗ (l + k − 1)βα+i

+ (x− k),

i = 0, 1, 2, ...
(4)

where βα(x) is a fractional B-spline with degree α. Also, we define the frac-
tional causal B-splines by taking (α+1)th fractional difference of the one side
power function

βα
+(x) =

Δα+1
+ xα

+

Γ(α + 1)
=

1

Γ(α+ 1)

+∞∑
k=0

(
α+ 1
k

)
(x− k)α

+

and

βα
∗ (x) =

Δα+1
+ |x|α∗

Γ(α + 1)
=

1

Γ(α + 1)

∑
k∈Z

(
α+ 1
k + α+1

2

)
|x− k|α∗ ,

where α > −1
2

in order to ensure square integrability. These functions inter-
polate the usual polynomial B-splines; these are recovered for α integer. They
are ”causal” in the sense that their support belong to IR+. Here, we assume
that the fractional has been extended to non-integer α by α! = Γ(α+ 1) using
Euler’s gamma function.

Here Δα
+f(x) =

∑+∞
k=0(−1)α

(
α+ 1
k

)
f(x− k),

xα
+ =

{
xα α ≥ 0
0 otherwise

and

|x|α∗ =

{ |x|α
−2 sin( π

2
)

if α not even
x2n log x
(−1)1+nπ

if α = 2n (even)
.

As Sα
N is subspace of L2(Γ), we can approximate the above boundary in-

tegral equations with Galerkin method. It is clear that ψα+i
+ is a Riesz basis

for L2(Γ) [26, 27]. As the degree α increases, the functions converge to modu-
lated Gaussian which are known to optimally time-frequency localized in sense
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of Eisenberh uncertainty principle. This limit behavior can be inferred from
the general convergence theorem in [1]. We use test and trial functions in
these finite dimensional subspace and obtain the following Galerkin approx-
imations. Unser and Blu (see [26, 27]) have shown that the presence of the
B-spline convolution factor explains all key wavelet properties such as: order of
approximation, reproduction of polynomials, vanishing moments, multi-scale
differentiation property, and smoothness of the basis functions. Also, they
have studied about the B-spline factorization and stability of wavelet bases
with respect to differentiation.

First, we have the standard forms which starts with the decomposition of
σ and w in a fractional wavelet basis form, by using Pn as projection method:

Pnσ =
∑
j=0

< σ, ψα+j
+ > ψα+j

+ ,

Pnw =
∑
j=0

< w, ψα+j
+ > ψα+j

+ .

Hence, we have:

TPnσ =
∑
j=0

< σ, ψα+j
+ > Tψα+j

+ .

Also, we have

Tψ =
∑
j=0

< Tψ, ψα+j
+ > ψα+j

+ ,

which gives:

TPnσ =
∑
j=0

∑
k=0

< Tψα+k
+ , ψα+j

+ >< σ, ψα+k
+ > ψα+j

+ =
∑
k=0

< w, ψα+k
+ > ψα+k

+ ,

(5)
where < ., . > denotes an inner product.

Remark 1. In general, for Ω ⊆ IRd such that d ≥ 2, we can write Pnσ =∑
aj1...jnΠjn

k=1ψ
αk
+ where ⊗ is the tensor product for producing the space of

Vj1 ⊗ ...⊗ Vjn and aj1...jn are unknown coefficients [4, 16].

Therefore, (5) can be depicted by on infinity matrix whose coefficients
are

akj =< Tiψ
α+k
+ , ψα+j

+ > ψα+j
+ ,

and the following system is obtained:

Aα
nx = b. (6)
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Where
Aα

n = (akj =< Tψα+k
+ , ψα+j

+ > ψα+j
+ )n

k,j=0, (7)

and

x = (< σ, ψα+k
+ >), b = (< w, ψα+k

+ > ψα+k
+ ). (8)

Therefore, we observe that the equation (1) can have recourse to the finite
systems that is (6) we call this transformation finite section method. Let
{Aα

n}∞n=1 be a sequence on n × n matrices Aα
n. This sequence is said to be

stable if there is an n0 such that the matrices Aα
n are invertible for all n ≥ n0

and
sup
n≥n0

‖(Aα
n)−1‖ <∞.

Using the convention to put ‖T ‖ = ∞ if T is not invertible, we can say that
{Aα

n}∞n=1 is a stable sequence if and only if

lim supn→∞‖(Aα
n)−1‖ <∞,

stability plays a central role in asymptotic linear algebra and numerical anal-
ysis. The our aim is to confine ourselves to part stability that is plays in
connection with the finite section method.
One standard way for speeding up the convergence rate and stability is to
apply a preconditioner so that it causes to cluster the spectrum around one.
But, how can we make a continuous preconditioner such that the spectrum
of matrix is clustered? For answering to this question the following section is
provided.

3. CIRCULANT WAVELET INTEGRAL OPERATORS

Regarding the solution smoothness two ideas for the rate of convergence can
be stated [20, 21]:
a) The use of circulant preconditioned operators that could increase the rate
of convergence of the conjugate gradient method [8,25].
b) The use of special bases can ensure that the rate of convergence of the
Galerkin method is optimal in terms of the uniform norm [3, 5, 7, 9, 12, 18 ].
In this section, the approximate solution is studied by combining these two
ideas, i.e. circulant integral operators and fractional spline wavelet bases for
making of circulant wavelet operators.
3.1. Preliminary. One way of solving (1) is to use the projection method
[6,12], where the solution σ(x) of (1) is approximated by the solution στ(x) of
the equation

στ(x) =

∫
G′′
a(x, y)k(x− y)στ(y)dy + w(x), (9)
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where G′′ = {x ∈ G′|0 ≤ xj < τ, j = 1, 2, ..., d}[6, 7, 8]. It is clear that
limτ→∞ ‖στ − σ‖Lp(G′′) = 0 for 1 ≤ p <∞. If we define

Aτ [ ] =

{ ∫
G′′ a(x, y)k(x− y)[ ]dy, x ∈ G′′ \ {x = y}

0 x �∈ G′′ \ {x = y},

then Aτ [ ] is a compact operator and Aτ : Lp(G
′′ \ {x = y}) → Eβ,m

τ , here we
assume:

Eτ (G
′) = Eβ,m

τ = {σ ∈ C(G′)∩Cm(G′)|
∑
|β|≤m

sup
x∈G′

|D|β|σ(x)|
|x|−|β| + (|τ − |x||)−|β| <∞},

equipped with the norm

‖σ‖Eτ(G′) = max
x∈G′

|σ(x)| +
∑
|β|≤m

sup
x∈G′

|D|β|σ(x)|
|x|−|β| + (|τ − |x||)−|β| ,

is a Banach space (see [20]) where 0 < τ ≤ ∞ and x = (x1, ..., xd) ∈ G′.

The spectrum of the operator Tτ = I−Aτ is clustered around 1 because that
is a compact operator (where I is the identity operator). Therefore solving (9)
by iterative methods such as the Conjugate Gradient (CG) method will be less
expensive than using direct methods [12,15,21]. One standard way for speeding
up the convergence rate of the CG method is to apply a preconditioner. As
τ → ∞, the spectrum of the operator Aτ becomes dense in the spectrum of the
operator defined by (1). Hence the convergence rate of the CG will deteriorate
[8].

Remark 2. It is clear that the iterations σk, k = 1, 2, ... of the CG,
in general, converge to the solution στ of (9) with a linear rate of conver-
gence ||στ − σk||Eτ (G′) ≤ c( l−1

l+1
)k. Where c is positive constant and the l−1

l+1

depends on the condition number of the operator Aτ (i.e. l = l(Aτ) =√||Aτ || ||A−1
τ ||)[8,15].

Thus instead of solving (9), we propose two ways based on the precondi-
tioner idea. If we put STτ = (I + Cτ)

−1(I − Aτ ) and wτ = (I + Cτ)
−1w then

the first way is as follows:

STτPnσ =
∑
j=0

∑
k=0

< STτψ
α+k
+ , ψα+j

+ >< σ, ψα+k
+ > ψα+j

+ =
∑
k=0

< wτ , ψ
α+k
+ > ψα+k

+

(10)
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where the operator Cτ is a preconditioner for the operator Aτ . Also, if we put
OTτ = (I + Cτ) then the second way is as follows:

OTτPnσ =
∑
j=0

∑
k=0

< OTτψ
α+k
+ , ψα+j

+ >< σ, ψα+k
+ > ψα+j

+ =
∑
k=0

< w, ψα+k
+ > ψα+k

+

(11)
where the circulant integral operator is a good preconditioner of Cτ [ ] in the
sense that it is close to Aτ [ ] in some norm.

Remark 3. We remark that the following bound for the convergence of
the PCG algorithm that may be applied to solve C−1Aα

nx = C−1b:

||στ − σk||Eτ (G′) ≤ c1(
ε

1 +
√

1 − ε2
)k, c1 = constant,

if the spectral elements of C
−1
2 Aα

nC
−1
2 are contained in (1− ε, 1+ ε) with ε < 1

(see [8,15]).
Usually the equation (11) is rather easier to solve than equation (10). Let us
introduce G = {Cτ |Cτ [ ] =

∫
G′′ hτ (x − y)[ ]dy, x, y ∈ G′′ \ {x = y}} as a

class of preconditioners (where hτ is the periodic function in G′′ \ {x = y} and
conditions (4),(5) in [20, 21 ] are satisfied for it). Choosing Cτ [ ] is based on
two standard way:
(i) to minimize ‖Aτ − Cτ‖2

(ii) to minimize ‖I − (I + Cτ )
−1(I − Aτ)‖2

on G with the Hilbert-Schmidt norm, where the first circulant integral is called
the optimal circulant integral and the second is the called the super-optimal
circulant integral. In [8] the authors assumed that in (9), a(x, y) = 1 and the
kernel does not have a singularity but here it is supposed that a(x, y) ��= 1 and
the kernel function has a singularity.

3.2. Construction of Optimal Circulant Integral By Wavelet Se-
ries.
If the first minimizer is called the optimal preconditioner and is denoted by
p(Aτ ), then it is possible to construct the optimal circulant integral precondi-
tioner p(Aτ) for integral operators Aτ . The preconditioner p(Aτ ) is defined to
be the circulant integral operator that minimizes the Hilbert-Schmidt norm

‖Aτ−Hτ‖2 =

∫
G′′

∫
G′′

(a(x, y)k(x−y)−hτ(x−y))(a(x, y)k(x−y)−hτ (x−y))dydx,
(12)

over all circulant integral operators Cτ or G.

The expression of the kernel function of p(Aτ) is presented first. Since
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a, k ∈ Lp(G
′′ \ {x = y}), by using the wavelet series we have

a(x, y)k(x− y) =
∞∑

m,n=−∞
vm,nψ

α+m
+ (x)ψα+n

+ (y) , x �= y, (13)

where ψα+m
+ is an eigenfunction of the operator Cτ with the following eigen-

value:

λm =< hτ , ψ
α+m
+ >=

∫
G′′
hτ (x)ψ

α+m
+ (x)dx, m ∈ Z, (14)

and

vm,n =

∫
G′′

∫
G′′
a(x, y)k(x− y)ψα+n

+ (y)ψα+m
+ (x)dxdy (15)

=< Aτψ
α+n
+ , ψα+m

+ > , m, n ∈ Z.

By means of the wavelet series, we can write

hτ(x− y) =
∞∑

m=−∞
λmψ

α+m
+ (x)ψα+m

+ (y), x, y ∈ G′′ \ {x = y}.

Combining this equation with (13) and using the orthonormal bases of ψα+n
+

(see [26, 27]), we can express the distance (15) as

‖Aτ − Cτ‖2 =
+∞∑

m=−∞
|vm,m − λm|2 +

∞∑
m,n=−∞

m	=n

|vm,n|2.

Clearly, the expression becomes minimal if and only if λm = vm,m =<
Aτψ

α+m
+ , ψα+m

+ > for all integers m.

3.3. Construction of Super-Optimal Circulant Integral By Wavelet
Series.
This section is an extension of an idea presented by Tyrtyshikov and Strela
[25]. We consider another type of circulant integral operator which is obtained
by minimizing the Hilbert-Schmidt norm

‖I − (I + Cτ )
−1(I − Aτ)‖2, (16)

over all circulant integral operators of G such that the operator (I + Cτ )
−1

exists. Let Cτ [ ] be a circulant integral operator with kernel function and
eigenvalues λm given in (14). If (I +Cτ )[ ] is invertible, then 1+λn �= 0 for all
integers n. Moreover, since hτ is in L2(G

′′ \ {x = y}) and
∑∞

n=−∞(λn)2 < ∞
, therefore |1 + λn| ≥ 1/2 for all |n| that are sufficiently large. On the other
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hand (I +Cτ )
−1 = I −Kτ , where Kτ is also a circulant integral operator with

kernel function

kτ (x− y) =
+∞∑

n=−∞

−λn

1 + λn

ψα+n
+ (x)ψα+n

+ (y), x �= y. (17)

Since, the kernel function of CτKτ at the point (t− s) is given by

∫
G′′

+∞∑
m=−∞

λmψ
α+m
+ (t)ψα+m

+ (y′)
+∞∑

n=−∞

−λn

1 + λn
ψα+n

+ (y′)ψα+n
+ (s)dy′

=

∞∑
n=−∞

−λ2
n

1 + λn
ψα+n

+ (t)ψα+n
+ (s),

the function kτ is a τ -periodic function and it is straightforward to check the
kernel function Cτ −Kτ − CτKτ = (I + Cτ)(I −Kτ ) − I.

The problem of minimizing the norm (16) becomes the problem of mini-
mizing ‖I − (I − Kτ )(I − Aτ)‖ over all circulant integral operators Kτ . We
assume the vn,m =< Aτψ

α+n
+ , ψα+m

+ > and ξm =
∑+∞

n=−∞ |vn,m|2. Then,
‖I − (I −Kτ )(I − Aτ)‖ = ‖Kτ + Aτ −KτAτ‖ and, by using (17), the kernel
function of Kτ −KτAτ + Aτ at point (x, y) is given by

∞∑
m,n=−∞

{
−δm,nλm

1 + λm

− λmvm,n

1 + λm

+ vm,n

}
ψα+m

+ (x)ψα+n
+ (y) =

=

∞∑
m,n=−∞

(−δm,nλm + vm,n

1 + λm

)
ψα+m

+ (x)ψα+n
+ (y),

where δm,n denotes the Kronecker symbol. By the definition of the Hilbert-
Schmidt norm,

‖I − (I + Cτ)
−1(I − Aτ)‖2 =

+∞∑
m,n=−∞

∣∣∣∣δm,nλm − vm,n

1 + λm

∣∣∣∣
2

,

it is clear that the above expression is minimized if and only if the term
|λm|2−λmvm,m−λmvm,m+ξm

|1+λm|2 is minimized for all integers m. However, by differen-
tiating this quotient with respect to the real and imaginary parts of λm, we
see that minimum will be obtained if we set λm = ξm+vm,m

1+vm,m
for all m. Hence,

the kernel function of super-optimal circulant Cτ [ ] is given by:

cτ(x− y) =

+∞∑
m=−∞

(
ξm + vm,m

1 + vm,m

)
ψα+m

+ (x)ψα+m
+ (y), x �= y.
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Moreover, since 1+λm =
�+∞

n=−∞ |vm,n|2+|1+vm,m |2
1+vm,m

�= 0, we can see that (I+Cτ )[ ]

is invertible.

Remark 4. Let A, C be as the matrices that has been discritized from
the operators of (9) and (11) respectively. Then C for A can be viewed as an
approximation to A and can be used to obtain the following iterative method
for solving the system (9) or Ax = w. The convergence of this iteration (or an
acceleration of it by conjugate gradient or other methods) depends on the spec-
trum of C−1(C− A): the smaller λ(C−1(C − A)), the faster the convergence.
It can be easily shown that, if B = C − A, then

λ(C−1B) ≤ ||C−1B|| = ||(I + A−1B)−1A−1B|| ≤ ||A−1B||
1 − ||A−1B|| ,

provided ||A−1B|| < 1 in some consistent matrix norm. Since the upper bound
is a strictly increasing function of ||A−1B||, it is natural to chose C such
that ||A−1B|| is minimized. In general, the convergence rate of the conjugate
gradient iteration depends on the spectrum and this problem is studied in
detail in more recent papers (for example see [9,15,25]). Therefore, comparing
the convergence rate of (11) with (9) is clear.
On the other hand, we can have a remark similar to this for (10), (9) in the
end of section 3.3 that we dispense with it.

According to Remarks 4, 3 and equations (9), (10), we can say that the
rates of convergence for the optimal and super-optimal preconditioners are
fast. For proving our claim, we bring the following section.

3.4. Convergence Analysis.
In [20], we analyzed the convergence rate of the optimal and super-optimal
circulant integrals as preconditioners for solving the integral equation of the
second kind. We give a new theorem for stability and expand the theorems by
Rostami et al. in the following.
Let us S be an operator so that (1) is transferred to

STσ = Sw.

Therefore, for stability, we can state the following theorem:

Theorem 1. Let {Aα
n} be a sequence of n × n matrices for α > −1

2
and

suppose there is an operator ST such that C−1
n Aα

n → ST and (C−1
n Aα

n)∗ →
(ST )∗ strongly. If {C−1

n Aα
n} is stable, then ST is necessarily invertible and

‖(ST )−1‖ ≥ lim infn→∞‖(Aα
n)−1Cn‖.
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Proof. Suppose ‖(Aα
n)−1Cn‖ ≥ M for infinitely many n and Pn be the

following projection:

Pn : l2 → l2, (x0, x1, x2, ...) → (x0, x1, x2, ..., xn−1, 0, 0, ...).

For x ∈ l2 and these n,

‖Pnx‖ = ‖(Aα
n)−1CnC

−1
n Aα

nPnx‖ ≤ M‖C−1
n Aα

nPnx‖,

‖Pnx‖ = ‖((C−1
n Aα

n)∗)−1(C−1
n Aα

n)∗Pnx‖ ≤ M‖(C−1
n Aα

n)∗Pnx‖
and passing to the limit n→ ∞, we get

‖x‖ ≤M‖STx‖, ‖x‖ ≤ M‖(ST )∗x‖,
which implies that ST is invertible and ‖(ST )−1‖ ≤ M. Here S can be as a
continues Circulant Fractional Spline Wavelet(CFSW) operator . �

Also, we recall and expand the following theorems that are hold for CFSW
operators.
Theorem 2.Let A be a self-adjoint operator with the kernel function a(x, y)k(x−
y) = k1(x − y) + a1(x, y) where k1(.) ∈ Cm−1(G′ \ {0}) ∩ L2(G

′) and a1(x, y)
satisfies

∫
G′

∫
G′ |a1(x, y)|2dxdy ≤ M < ∞, M = constant. Let Aτ be the

defined operator in section 3.1 and Cτ be the optimal CFSW operator as pre-
conditioner for Aτ . Then for each ε > 0, there is a ρ ∈ IN and a τ 	 > 0 with
the following properties:
(i) for each τ ≥ τ 	 there exists a decomposition Aτ − Cτ = Rτ + Eτ where Rτ

and Eτ are self-adjoint operators.
(ii) The spectrum of (I + Cτ)

−1
2 (I −Aτ)(I + Cτ)

−1
2 has at most ρ eigenvalues

outside the interval (1 − ε, 1 + ε) whenever τ ≥ τ 	.

Proof. See Rostami et al., (see [20]).

This theorem basically states that the spectrum of the CFSW operator as
preconditioned operator is clustered around 1. Hence, if I − Aτ is precon-
ditioned by I + Cτ , we expect fast convergence. We now give the following
theorem for the super-optimal preconditioner. Finally, Theorem 3 will hold
for the super-optimal circulant as a preconditioner.

Theorem 3. Let all of the assumptions of theorem 1 satisfy. Moreover,
we denote Oτ and Sτ as the optimal and super-optimal preconditioners (CFSW
operators), respectively. Then we have:
(a) limτ→∞ ||Oτ − Sτ ||2 = 0,
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(b) Theorem 2 is valid for the super-optimal preconditioner.

Proof (a). It is clear that for each ε1, ε2 > 0 and by using the results of
sections 3.2 and 3.3, we have:

0 ≤ lim
τ→∞

||Oτ − Sτ ||2 ≤ lim
τ→∞

||Aτ − Oτ ||2 + lim
τ→∞

||Aτ − Sτ ||2 ≤ ε1 + ε2 ≤ 2ε1,

if ε1 = ε2.

Proof (b). We can state; there is a ρ ∈ IN and a τ 	 > 0 with the following
properties:
(i) for each τ ≥ τ 	

1 there exists a decomposition Aτ −Oτ = Rτ +Eτ where Rτ

and Eτ are self-adjoint operators.
(ii) for each τ ≥ τ 	

1 there exists a decomposition Aτ −Sτ = Kτ +Hτ where Kτ

and Hτ are self-adjoint operators.
Proof (a) shows that (i) and (ii) are equivalent.

4. NUMERICAL EXPERIMENTS

We consider the algorithms called Alg.W, Alg.S and Alg.O. Here all of
integrals are computed by the Gaussian quadrature rule. Consequently, every
one of equations (6), (10) and (11) is replaced by a system of linear equations.
For solving this linear system, the CG can be used. Hence, the algorithm
Alg.W is the CG algorithm without a preconditioner, while algorithms Alg.O
and Alg.S denote the circulant wavelet optimal preconditioner by PCG (letter
O) and circulant wavelet Super-optimal preconditioner by PCG (the first letter
S) respectively.

Remark 5. In the examples, the zero vector is used as our initial guess
and the stopping criterion is ‖rk‖/‖r0‖ < 10−7 where rk is the residual vector
of the CG and PCG methods after k iterations.

Remark 6. On the right hand side of equations (6), (10) and (11) the
function w(x) = wn may be a stochastic integral. So, it can be generated as a
random function (that is a random number × error function) (see [2, 5, 14, 19,
22, 23, 28]). In the examples, the performance of linear systems with normally
distributed random variables as white noise is first tested, in which E(wn) = 0
and E((wn)

2) = ξi for each iteration.
At present, two numerical examples for testing the convergence performance
and stability of the algorithms are given. The following examples are similar
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to [20] because we want to compare our results about this problem.

Example 1. In the singular integral equation of the second kind

σ(x) =

∫
G

K(x, y)σ(y)dy+ w(x), (18)

the kernel K(x, y) = a(x, y)log(|x − y|), where x, y ∈ IR2, satisfies (5) with
v = 0 if a(x, y) is m times continuously differentiable on (G × G) \ {x = y}.
The numerical solutions are constructed by some approximate solution στ,n to
the integral equation (20). The dominantG is a part of circle and its boundary
S is ρ(ϕ) = (b cos(ϕ), b sin(ϕ)) where 0 ≤ b ≤ ∞ and 0 ≤ ϕ ≤ π

4
. Tables 1,

2 show the numbers of iterations required for the convergence performance of
the algorithms when a(x, y) = sin(|x + y|). Moreover, the random variable is
Gaussian centered with variance 10−5 and covariance 10−6, so w(x) can easily
be simulated by Remark 6.

In Tables 1 and 2, we see that the numbers of iterations are increasing
rapidly with increasing τ for non-preconditioned systems for α = 0.5 and α =
1.5. This indicates that equation (6) is less well-conditioned as τ → ∞. Also,
we see that the iterations performance of optimal circulant wavelet operators
are smaller than super-optimal wavelet circulant operators. The reasons for
these observations are stated in Remarks 2, 3 and the fast convergence for
the PCG in section 3.4. Moreover, we give Table 3. regarding the relation
between the number of iterations and the condition number of the matrices
(when τ = 25, random vector wn is simulated by variance 10−5 and covariance
10−6).

Table 1. Iteration counts for example 1 with different preconditioners and α = 0.5

τ = 25 τ = 75 τ = 225
n Alg.W Alg.S Alg.O Alg.W Alg.S Alg.O Alg.W Alg.S Alg.O
40 47 12 12 43 11 10 63 13 12
80 67 17 14 55 14 14 51 14 13
120 95 21 17 86 23 19 63 19 19
160 87 23 22 101 19 20 99 19 18
200 93 25 23 116 21 20 107 25 19
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Table 2. Iteration counts for example 1 with different preconditioners and α = 1.5
τ = 25 τ = 75 τ = 225

n Alg.W Alg.S Alg.O Alg.W Alg.S Alg.O Alg.W Alg.S Alg.O
40 33 12 10 61 12 13 47 14 12
80 49 19 18 52 21 19 51 21 19
120 53 24 21 49 25 21 67 23 21
160 57 25 22 58 26 21 96 26 22
200 69 31 27 71 32 29 68 29 24

Table 3. Number of iterations and condition number for example 1 with different
Algorithms

α 0.5 1.5
n × n Alg. Iteration log2 ( Condition number) Alg. Iteration log2(Condition number)

10 × 10 18 6.3 × 101 16 2.3× 101

20 × 20 W 25 3.1 × 101 W 19 4.3× 101

30 × 30 41 9.6 × 101 32 1.9× 102

10 × 10 4 4.6 × 10−4 6 2.1× 10−5

20 × 20 S 11 6.1 × 10−4 S 11 5.6× 10−4

30 × 30 12 9.0 × 10−4 14 5.1× 10−4

10 × 10 4 4.9 × 10−5 5 2.7× 10−6

20 × 20 O 9 1.7 × 10−5 O 7 6.4× 10−5

30 × 30 9 3.3 × 10−4 10 8.3× 10−5

Example 2. We assume in (20), K(x, y) = 1
4π
a(x)exp(−l(x, y))|x− y|−2,

where l(x, y) = |x + y|, x, y ∈ G ⊂ IR3 be a part of sphere in IR3 and its
boundary S is ρ(θ, ϕ) = (b cos(θ) sin(ϕ), b sin(θ) sin(ϕ), b cos(ϕ)) where 0 ≤
θ ≤ π

2
, 0 ≤ ϕ ≤ π

4
, 0 < b ≤ ∞. From testing this example, Tables 4,

5 are 6 give similar performance. When a(x) = exp(−|x|) and taking into
consideration the similar assumptions for tables and figures of example (1).
Numerical results for Example 2 confirm the conclusions drawn from Example
1.

Table 4. Iteration counts for example 2 with different preconditioners and α = 0.5

τ = 25 τ = 75 τ = 225
n Alg.W Alg.S Alg.O Alg.W Alg.S Alg.O Alg.W Alg.S Alg.O
40 56 23 18 52 22 20 63 21 20
80 63 22 19 65 24 20 65 24 19
120 70 25 22 74 25 21 87 26 21
160 77 24 21 76 23 22 89 26 23
200 112 32 25 96 34 27 95 31 24
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Table 5. Iteration counts for example 2 with different preconditioners and α = 1.5

τ = 25 τ = 75 τ = 225
n Alg.W Alg.S Alg.O Alg.W Alg.S Alg.O Alg.W Alg.S Alg.O
40 44 18 17 54 21 18 56 23 18
80 56 20 19 53 19 20 62 21 19
120 75 22 23 77 24 23 83 23 21
160 75 21 24 86 25 23 78 23 22
200 74 23 25 67 22 26 84 28 23

Table 6. Number of iterations and condition number for example 2 with different
Algorithms

α 0.5 1.5
n × n Alg. Iteration log2Condition number Alg. Iteration log2(Condition number)

10 × 10 25 1.8 × 101 19 6.1 × 101

20 × 20 W 72 2.3 × 101 W 49 1.2 × 101

30 × 30 99 8.9 × 101 80 0.2 × 102

10 × 10 7 3.3 × 10−5 8 1.7 × 10−5

20 × 20 S 11 3.2 × 10−4 S 12 6.5 × 10−5

30 × 30 12 9.6 × 10−4 11 7.8 × 10−4

10 × 10 5 0.1 × 10−6 7 9.6 × 10−7

20 × 20 O 7 3.5 × 10−5 O 11 2.6 × 10−6

30 × 30 10 1.7 × 10−5 12 8.3 × 10−5

Numerical examples show that this approach is more effective than [20].
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