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Abstract. We consider an optimal control problem for systems governed by nonlinear ordinary
differential equations, with control and state constraints, including pointwise state constraints. The
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for optimality are first given for both problems. For the numerical solution of these problems, we then
propose a penalized gradient projection method generating classical controls, and a penalized
conditional descent method generating relaxed controls. Using also relaxation theory, we study the
behavior in the limit of sequences constructed by these methods. Finally, numerical examples are
given.

Keywords: Optimal control, nonlinear systems, state constraints, gradient
projection method, conditional descent method, penalty method, relaxed controls.

Mathematics Subject Classification: 49M

1 Introduction

We consider an optimal control problem for systems governed by nonlinear ordinary
differential equations, with control and state constraints, including pointwise state
constraints. The problem is formulated in the classical form, and also in the relaxed
form using Young measures. Various necessary/sufficient conditions for optimality
are first given for both problems. For the numerical solution of these problems, we
then propose a penalized gradient projection method generating classical controls, and
a penalized conditional descent method generating relaxed controls. Under
appropriate assumptions, we prove that relaxed (resp. strong classical) limits of
subsequences (resp. sequences) constructed by the classical method are admissible
and weakly extremal relaxed (resp. classical) for the relaxed (resp. classical) problem,
and that relaxed limits of subsequences of controls constructed by the relaxed method
are admissible and strongly extremal for the relaxed problem. Finally, several
numerical examples are given. For classical and relaxed optimization and
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approximation methods applied to optimal control problems, see e.g. [2-9], [11-12],
[14], and the references therein.

2 Classical and relaxed optimal control problems

Consider the following optimal control problem. The state equation is given by
y'(t)=f(ty®,w), tel=[0,T], y©0)=y’,
where y(t) € IR?, the constraints on the control w are w(t) €U , for t € | , where U

is a compact subset of IR?', the constraints on the state y =y, are
_ T
G, (W) =G, (y(M)+ | 9.t y®),wt)dt =0,

G,(W)=T,(yT)+] g, (t. y(t). w(t)dt <0,

G, (W)($) = 0,(5,Y(5)) <0, for sel,
where the vector functions ), g, take values in IR™, I =1,2, and g, in IR™, and the
cost functional is

Gy (W) =T, (YT + | gy (L. y(t). w(t)yet.
Defining the set of classical controls
W = {w:l —U|w measurable} = L*(I,IR"),
the classical optimal control problem is to minimize G, (W) subject to weW and to

the above state constraints.

It is well known that, even if the set U is convex, the classical problem may
have no solutions. The existence of such a solution is usually proved under strong,
often unrealistic for nonlinear systems, convexity assumptions (such as the Cesari
property). Reformulated in the so-called relaxed form, the problem is convexified in
some sense and has a solution in a larger space under weaker assumptions.

Next, we define the set of relaxed controls (Young measures; for the relevant
theory, see [13], [10]) by

R={r:1 - Ml(U)| r weakly measurable} < L2 (1,M(U))=L'(1,C(U))*,
where M(U) (resp. M,(U)) is the set of Radon (resp. probability) measures on U .

The set W (resp. R) is endowed with the relative strong (resp. weak star) topology,
and R is convex, metrizable and compact. If each classical control w(-) is identified

with its associated Dirac relaxed control r() :=4,,,, then W may be also considered
as a subset of R, and W is thus dense in R. For a given ¢ L' (I;C(U;IR")) (or
equivalently ¢ e B(1,U;IR"), where B is the set of Caratheodory functions in the
sense of Warga [13]) and r e L, (I,M (U)) (in particular, for r € R), we shall use for
simplicity the notation

1) = [ $t.uyr)du),
and @(t,r(t)) is thus linear (under convex combinations, for r e R) in r. A sequence
(r,) convergesto r € R in R if and only if
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lim [ (t.r (D)t = [ 4t r(tet.

for every ¢ e L'(1;C(U;IR")), or g B(I,U;IR"), or g C(I xU;IR").
The relaxed optimal control problem is then defined by replacing w by r
(with the above notation) and W by R in the classical problem.

p
=3

the corresponding usual norms in L*(1)",

p

We define the norms ||X||=(in2)”2 ,
=

EEN N | i L= L®

L'(D)P, L*(1)?, C(1)°, respectively. We denote by M (1)=C(l)* the set of finite

= [ |ty

(with |,u|: u if p is positive). The order relations between vectors, functions or

: p
,in IR",

X[, = max|x
®© i=l,..,p

>

and denote by || |

, the norm in M (1) defined by ||,u

regular measures on |, and by ||

vector functions, are defined componentwise and/or pointwise.
We suppose that the function f is defined on |xIR?xU , measurable for
y,u fixed, continuous for t fixed, and satisfies

[Tty w|<w®a+]|y]), forevery (t,y,u)elxIR*xU, with yeL'(l),

Ity w—fty,w|<L]|y, -y,
The following result is standard (see [13]).

, forevery (t,Y,,Y,,u)e I xIR* xU.

Theorem 2.1 For every relaxed (or classical, as W < R) control reR, the state
equation has a unique absolutely continuous solution Yy :=Yy,. Moreover, there exists a

constant b such that || yr||w <b forevery reR.

Let B denote the closed ball in IR? with center 0 and radius b (see Theorem
2.1). We suppose now in addition that the functions g,, 1 =0,1,2, are defined on

| x BxU, measurable for fixed y,u, continuous for fixed t, and satisfy
||gl(t5 yau)”Sé/l (t)> for every (t> yau)e I x BXU,

with ¢, € L'(1), the function g, is continuous on | x B, and that the functions @, are
continuous on B . The results of the following theorem are proved in [13].

Theorem 2.2 The mappings y — Y, , from L* to C(1)*, y >y, , from R to C(1)?,

and G,:WorR—>R™,1=0,1,2, G,:WorR— C(1)™, are continuous. If the relaxed
problem is feasible, then it has a solution.

Note that in the classical problem we have y'(t) e f(t,y(t),U) (velocity set),
while in the relaxed problem y'(t) eco(f (t,y(t),U)). Since W < R, we have in
general

Cr:= min Gy(r) < inf G (w):=¢,,

constraints on r constraints on W

where the equality holds, in particular, if there are no state constraints, as W is dense
in R. Since usually approximation methods slightly violate the state constraints,
approximating an optimal relaxed control by a relaxed or a classical control, hence the
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relaxed optimal cost C;, is not a drawback in practice (see [13], p. 248). Note also

that approximating sequences of classical controls may converge to relaxed ones.
In order to state the necessary conditions for optimality, we suppose in
addition that the functions f,g,,f,,f,, 9,,9,,1=0,1,2, are defined on I xB'xU",

where B' (resp. U') is a open set containing B (resp. U ), measurable on | for fixed
(y,u) e BxU , continuous on BxU for fixed t € | , and satisfy

|f,&y.w|<s®), [f.@y.u]<no,
Hgly (t’ y’u)H < gll(t)a ||glu (ta y,U)” < glz(t)a

for every (t,y,u) el xBxU, with &,7,{,,{, € L'(1), and that the functions g, are

defined on B' and continuous on B.
The two following theorems can be proved by using the techniques of [13].

Theorem 2.3 (i) If U is convex, the directional derivative of the mapping
G :W —>R"™, for 1 =0,1,2, is given by
DG| (W,W'— W) = lim GI (W+ C((W B W)) — GI (W)
a—0" o
.
= IO [2,(t) £, (t, y(O), w(t)) + g,, (£, y (1), w(t)][w'() —w(D)]dt, for w,w'eW,

where y:=Y,, and the adjoint state z,:=z,,, a row vector function (1=0), or a

matrix function (I =1,2), is the solution of the classical linear adjoint equation

z,'(t) =-z,() f, (L, y(O), W) - g, (t, y(O),w(t)), tel,

z(T)=g,(y(M)), with y=y,,
the controls being regarded here as classical. The directional derivative of
G, :W — C(1)™ is given by the matrix function

DG, (w, w'-=w)(s)

=05,(S, y(S))Z(S)*IJ-:Z(t) fu (6, y(O), wt)[w't) —w)]dt, sel,

where the matrix function Z :=Z, satisfies the fundamental matrix equation
Z'(t)=-Z2@Of,tyMO,ww), tel,
Z(T)=E (E identity matrix).

(ii) The directional derivative of the mapping G, : R — IR™, for 1 =0,1,2, is given by
DG, (r,r'~ 1) = lim 2N =G0

a—0" o

= J.I [z, (L, y(®),r'®O-r)+g,(t y®),r'®-r)ldt, forr,r'er,

where y=1Y,, and the relaxed adjoint z, :=2, is the solution of the relaxed linear
adjoint equation

z,'(t) ==z, f, (L, y(O),r®) - g, (L y®),r®), tel,

z(T)=19, (y(T)), with y:=y,.

The directional derivative of G, : R — C(1)™ is given by
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DG,(r,r'=1)(8) = 83, (5, Y(SNZ(S) ' | Z(O f,(L, (), r'®) —r(t)dt , sel,
where Z :=Z, is defined as in (i), but with w replaced by r.
(ii1) The following mappings are continuous
Z+> 2, from W to C(1)!, zr>z, ,from R to C(I)°,
(w,w") > DG, (w,w'-w), 1 =0,1,2,3, from W xW to IR™,1=0,1,2, C()™,
(r,r"— DG,(r,r'-r)), 1=0,1,2,3, from RxR to IR™, I =0,1,2, C(1)™.

In the notations of DG, it is understood, depending on the arguments, W or
r, that the directional derivative is taken in the corresponding space, W or R, on
which G is defined. The following theorem gives various necessary conditions for
optimality (the weak relaxed minimum principle is proved similarly to [7]).

Theorem 2.4 (i) We suppose that U is convex. If weW is optimal for the classical
problem, then W is weakly extremal classical, i.e. there exist multipliers

JelR, 4 elR™, 4, eIR™, A4 e[C()™]*=M(I)™,

with 4,20, 4,20, 4,20, i||21||+||/13||* =1, where ||,
1=0

=2l
such that

i/a DG, (W, W'~ W)+ [ 2,(ds) DG, (w, W'~ w)(s)

=3 4[] 2,0, (6 YO W) + gy (1, YO WO)IW'(E) - w(t)]ot

[ 2(05) 4, (5. YONZ(S) ! [ 20, (t YO wO)w'(D) - w(o)lde

=[] AT O £, YOMD) + 9,0 YO WO)]

#{ [ 058, (5, YN Z(S) |2 1,(t YOO WO - w(D]dt 2 0,

for every w'eW,
and

A6, (w)=0, J-OT A,(ds)G;(w)(s) =0 (classical transversality conditions).

The above inequality condition is equivalent to the pointwise weak classical minimum
principle

{2(11 [ZI (t) fu (t9 y(t)a W(t)) + glu (ta y(t)a W(t))]
+[f A5(d3) s, (5, Y($))Z(s) ' 1Z (D) F, (¢, y (D), w(t)} w(t)
= min{ > 412,(1) (& Y(D,W() + 9, (& Y(1), ()]

H[| A(d9)gs, (5, Y()Z(5) TZM (L y®L W)} U}, foraa. tel.
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(i) If reR is optimal for either the relaxed or the classical problem, then r is
strongly extremal relaxed, i.e. there exist multipliers as in (1), such that

i& DG, (r.r'= 1)+ | 4,(d8)DG,(r.r'~r)(s)

- gﬂa [ 2O Tty 1) = 1) + g, (. Y. r () - rt)Kt
+] A(d8)gs, (5. YNZ(S) ' [ Z() F (L y(b).r () - r(t)e

=, {gﬂq [2,(8) (L, (). FI(t) — F(1) + 9yt (), /(1) ~ r(1)]

H[| (A8, (5, YN Z(5) 2O F (L y(D).r () - r(t)}dt >0,

forevery r'eR,
and

A4,G,(r)=0, IOT A,(ds)G,(r)(s) =0 (relaxed transversality conditions).

The above inequality condition is equivalent to the pointwise strong relaxed minimum
principle

2 AL F(EYO,10)+ 9t YO, r(1)]
[ A (d9)gs, (5, Y(9)Z(5) IZ M F (L, y(1).r()
=min{> 42O F(t y(1),u) + 6, (O, v)]

+[f 2,(d8) 05, (s, Y(S)Z(s) ' 1Z(t) f (t, y(t),u)}, foraa. tel.

If in addition U is convex, then this minimum principle implies the pointwise weak
relaxed minimum principle

{IZZO‘,/% [2,() £, (L, (1), r(1) + 9y, (L, (D), F(D)]

+[LT A,(d8)05, (5, Y($)Z(5) ' 1Z (D) f, (L, y(1), r(1))} r(t)

= min{ {IZZ;A [2,() £, (&, (1), 1 (1) + 9, (L, y(D), F(D)]

+[ItTﬂa(dS)93y(S, Y(S)Z(s)1Z(D) f,(t, y(0),r(V)} ¢(L.r(1)}, foraa. tel,

where the minimum is taken over the set B(I,U;U) of Caratheodory functions (see
[13]) ¢:1xU —> U , which in turn implies the global weak relaxed condition

Jo (AL O L YO.10) + 9,4 YD)

+[J-tT A(09) 95, (8, Y(S)Z(3) ' 1Z (1) (¢, y (1), (D)} [A(t, r(1) — r()]dt > 0,
for every ¢ € B(1,U;U).

A control r satisfying this condition and the above relaxed transversality conditions
is called weakly extremal relaxed.
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The following theorem gives sufficient conditions for optimality.

Theorem 2.5 With the derivatives in U omitted (resp. included) in our last
assumptions, we suppose in addition that the data are such that G,,G,,G, are convex

and that G, is affine. If reR (resp. weW , with U convex) is admissible and

strongly extremal relaxed (resp. weakly extremal classical) for the relaxed (resp.
classical) problem, with 4, >0, then r is optimal for this problem.

Proof. (Relaxed case, the classical case is similar) The assumptions imply that the
functional

G():= 2 AG (1) + [ A,(d8)G;()(S)

is convex. The necessary inequality condition of Theorem 2.4 is then satisfied if and
only if r minimizes G on R. Suppose now that r does not minimize G, in which

case there exists r'e R satisfying the state constraints and such that G,(r") <G, (r).
Using the state constraints and the relaxed transversality conditions, we obtain

G(r)= 3 AG(r)+ [ A (ds)G:(r)(s)

<461 < 46,1 = Y AG (1) + [, 4 (d9)G, (r)(s) = G(P),
1=0

i.e. r does not minimize G, a contradiction.

3 Classical and relaxed optimization methods

Let (M), 1=1,2,3, be nonnegative increasing sequences such that M;" — oo as
m—>ow, y>0, b,ce(0,1), and (B,), () positive sequences, with (B")
decreasing and converging to zero, and ¢, <1.

Define first the penalized functionals on W

G"(W):= G, (W) + - (M7 Y[6, ()| + MZ Y. [max(0,G,, (W)

+M ijl [max(0, G, (w)(s))]ds} .

It can be easily shown that the directional derivative of G™ is given by
DG"™(w,w'-w) = DG, (W, w'- w)

MY G, (W)DG, (W, w'—w)+ M"Y max(0, G, (W) DG, (W, w'= )

+MJ’ Z I, max(0,G;; (W)(s)) DG, (w, w'=w)(s)ds .

The classical penalized gradient projection method is described by the following
Algorithm, where U is assumed to be convex.
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Algorithm 1
Step 1. Set k:=0, m:=1, and choose an initial control W(]) eW.

Step 2. Find v’ eW such that
m m m m m m 2
g = DG (W, v —w )+(7/2)Hvk =Wz

2
1.

- mW[DGm(WQ‘,v'—WQ‘)+(y//2)Hv'—WL“

and set d, == DG™(w,V, —W,).
Step 3. If |d,|< A", set W™ :=w, V"=V, e":=¢,, d":=d,, m:=m+1, and then

go to Step 2.
Step 4. (Modified Armijo step search) Find the lowest integer value s (positive or

not), say §, such that @ =c*¢, €(0,1] and « satisfies the inequality
G (W + a5 (V' ~ W)~ G" (W) < ax, b, ,

and then set a :=¢°¢, .

Step 5. Set W', =W, + ¢, (v, —W,"), k:=k+1, and go to Step 2.

One can see by “completing the square” that Step 2 amounts to finding the
projection v, of the function

U’ (0 =w' -1/ 7){31 Az O £, (4 Y O, W (1) + gy, (8 Y, (0, W (D)]

{12 (@99, (5.2 |ZO 1,0y O )

onto W, which in turn reduces to finding the corresponding pointwise projection onto
U for a.a. t el . On the other hand, by the definition of the directional derivative and
since b,c € (0,1), clearly the Armijo step ¢, in Step 4 can be found for every k. The

parameter » is chosen experimentally to yield a good rate of convergence.

A (strongly or weakly, classical or relaxed) extremal control is called
abnormal if there exist multipliers as in the corresponding optimality conditions, with
A, =0. A control is admissible and abnormal extremal in rather exceptional situations

(see [13]).
With w" as defined in Step 3, define the sequences of multipliers
AT =MIG W), A" :=M]Imax(0,G,(w")),
257 (8) = M;"max(0,G, (w")(s)) = M;'max(0,g,(s, y"(s))),
where max denotes a vector of maximum values.

Theorem 3.1 We suppose here that U is convex.
(i) In the presence of state constraints, if the whole sequence (W]'“’) generated by

Algorithm 1 converges to some WeW in L strongly and the sequences (A4"),

|=1,2,3, (4") in L'(1)™, are bounded, then W is admissible and weakly extremal
classical for the classical problem. In the absence of state constraints, if a subsequence
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(W, ).« (no index m) converges to some WeW in L’ strongly, then W is weakly
extremal classical for the classical problem.

(if) In the presence of state constraints, if a subsequence (W"),_,, (regarded as a
sequence in R) of the sequence generated by Algorithm 1 in Step 3 converges to
some r in R and the sequences (4™), 1=1,2,3, (™) in L'(I)™, are bounded,

then r is admissible and weakly extremal relaxed for the relaxed problem. In the
absence of state constraints, if a subsequence (W,),. (no index m) converges to

some I in R, then r is weakly extremal relaxed for the relaxed problem.

(i11) In any of the convergence cases (i) or (ii) with state constraints, suppose that the
classical, or relaxed, problem has no admissible, abnormal extremal, controls. If the
limit control is admissible, then the sequences of multipliers are bounded, and this
control is extremal as above.

Proof. (State constraints present) We shall first show that m — oo in the Algorithm.
Suppose on the contrary that m remains constant after a finite number of iterations in
k, and so we drop here the index m. Consider case (i). Let us show that then

d, = 0. Since W, > w in L’ strongly, using also Proposition 2.1 in [1], we can

deduce that u, —u in L’ strongly, where

u) =wt)—-(1/y) {Z Az, () £, (L, y(©), W) + gy, (t, y(O), w(t))]

+{ [/ 2891, (5.¥6)Z()" 201, €.y WD)}

Since Vv, is the projection of U, onto W, we have also v, —V in L* strongly, where
v is the projection of u onto W . Clearly, by Step 2, d, <e, <0 for every k, hence,
by Theorem 2.3

e:=lime, = DG(W,V—W)+(}//2)||V—W||2 <0,

d =limd, = DG(w,v—-w) < limek =e<0.

k—0

Suppose that d <0. The function ®(x):=G(W+a(v—Ww)) is continuous on [0,1],
and since the directional derivative DG(w,v—w) is linear in v—-w, ® is
differentiable on (0,1) and has derivative ®@'(a)=DG(W+a(v—w),v—w). By the
mean value theorem, for each « € (0,1] there exists () € (0,«) such that

G(w, +a(v, —wW,))=G(w,) = aDG(w, +a'(@)(V, —W,),V, —W,).
Therefore, by Theorem 2.3

G(w, +a(v, —w))-G(w,)=a(d +¢,), for ael0,1],
where ¢, >0 as k> o, keK, and « - 0. Now, we have d, =d +7,, where
1, — 0 as k > o, and since b €(0,1)

d+g, <b(d+n)=bd, foraec[0,a], k>k,
for some @ >0 and k . Hence

G(w, +a(v,—w,))—-G(w,)<abd,, for ae[0,a], k>k .
It follows from the choice of the Armijo step ¢, in Step 4 that o, >car, for k >k .
Hence
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G(W.,,)-Gw,)=G(w, +, (v, —W,))—G(wW,) <, bd, <cabd, <cabd/2,
for k >k . This contradicts the fact that G(w,) > G(w), by Theorem 2.2. Therefore,
we must have d =e=0, d, >0, and ¢, — 0. But Step 3 then implies that m — oo,
which is a contradiction. Therefore, m — c in Algorithm 1.

Let us show now that d, — 0 in case (ii). Since R is compact, let (W, ), >
(Vi )k be subsequences, regarded as sequences in R, of the sequences generated by

Algorithm 1 that converge to some FeR, r'eR, respectively. Then, by the
continuity of the relaxed state and adjoint operators (Theorems 2.2-3), using
Proposition 2.1 in [1], and since d, <e, <0, we have

e=lim e = lim [DG(W,V, —W)+(7/2)v, —w]’]

k—o0, keK k—o0, keK

=d+(7/2) [0 =T dt<0,
d= lim d = lim DG(W,v,-w)< lim e =e<0,

k—o, keK k—o, keK —0, keK

with

0= [] (AL (4 YO.F1) + 0, ¢ YO FO)
#{ [ (058, (5, YN Z(S |2 1,4 YO PO IF O - FO1e

where A, =1, y:=Y,, Z:=7,. Note that d, is, but d is not, a directional derivative in
this case. Suppose that d < 0. Since we have also, for a'(@) € (0,a)
lim DG(W, +a'(a)(V, =W, ),V, —W,)=d,
0+

k—s0, keK, a—
we get as above

G(w,,)—-G(w,)<cabd/2, fork>k, keK,
for some k . Since the whole sequence (G(W,)) is non-increasing by Steps 4 and 5, it
follows that G(w,) > —o as k—>wo, ke K, which leads to a contradiction, as
above. Therefore, d =e=0, d, >0, e, >0, ke K, and this holds also for the

whole sequences by the uniqueness of the limit 0. We conclude as above that | — o
in Algorithm 1.

(i) Suppose that the sequences (4") are bounded and, up to subsequences, that
A=A, =12, and A" >4, in M(1)™ weak star. By Theorem 2.2, since

w" = w in L strongly, we have

0= lim Am = lim G,(W™) = G, (W),

m—oo M

0=lim I\/jlzm = lim[max(0,G,(W™))] = max(0,G, (w)),

0= lim M = lim Lj AM(s)ds = lim j max(0, G, (W™)(s))ds
m—o Mj:“ m—oo MSm | m—o Jl

= j ‘max(0,G; (W)(s))ds,
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which show that w is admissible. Now, let any w'eW and let (wW'eW) be a
subsequence converging to W' in L* strongly. By Steps 2 and 3, we have

DG (W™, w'=w")+ (/) [w-w"],

=DG,(W",w'-w")+ A4"DG,(W",w'-w")+ 4, DG, (W",w'-w")

m m ) m U m 2

+j|/13 (5)DG, (W™, w'=w")(s)ds + ( / 2) [w—w"|[

By Theorem 2.3, the derivatives DG,, 1=0,1,2,3 (DG, with values in C(1)™) are

continuous and A" — A, in M(1)™ weak star. Since also W" —w in L* strongly,

>d".

we can pass to the limit in the above inequality and obtain
DG, (w,w'=w)+ 4, DG, (w,w'-w) + 4, DG, (W, w'—- W)
+[ 2,(ds)DG, (w, W'~ w)(s) + (7 /2) [w'~w
which holds for every w'eW . Replacing w' by w+&(w'-w), €< (0,1], dividing
by @, and taking the limit as & — 0, we obtain the same inequality, but without the
term containing the norm. On the other hand, by the definition of 4" and Theorem
2.2, if G,;(w)<0, for some index je({l,...,m,}, then ﬂ?mj =0 for m sufficiently

2
20,

large, hence A4,; =0, which shows that 2,G,(w)=0. Now, since W is admissible, for
each j=1,..,m, fixed, we have G;;(w) <0, i.e.

0;;(s,¥(s))<0, sel, withy=y,.
Let £ >0 be given, and define the sets

S;j={sel| —£<0;(s,¥(s)<0,},

S' ={sel| gy(s.y(s) <&},
Let m' be such that

|04(5. Y ()~ G3;(s. y(s)| <&, sel, form=m',
By the definition of 4", we have

43,(s)=0, seS'
It follows that

T m m
[} 25551, (5).y"(6)s| =
Z
Therefore, by the involved weak star and uniform convergences
T
[ENCOIMERTO)
or equivalently (since A, >0 and g,(Ss, y(s)) <0, in the limit)
T
[ A (ds)gs(s,y(s) =0.

On the other hand, since 4" >0 and A;" — A, weak star, we have

1+Zz“Mm +J'I ﬂgm(s)ds:1+i‘,q1m +L)T{i[1.gg”}(s)]}ds

for m>m"'.

£j

;=

Lﬂ, A(8)9s;(s), y"(s))ds

m
<2€H2'31'HL‘(') <2ce, formz=m"'.

325‘ L <
CHY)

0=limp] = , J=L..,m,,
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,=a#0.

S 1A [0 4@ =1+ Al +4

We clearly have also 4, =1, 4, >0, and since 4;' >0 and 4 > 4, in M(1)™ weak
star, we have also 4, > 0. Dividing all 4, by a, w is thus weakly extremal classical.

(ii) Let (Ww™) be a subsequence (same notation) of the sequence generated in Step 3
that converges in R to some r in R. The admissibility of r is proved as in (i).
Suppose as in (i) that 4" > 4, 1 =1,2, and 4" > 4, in M(1)™ weak star. By Step
2, we have

DG (W™, w'=w")+ (7 /2)[w-w"][,
=DG,(W",w'-w")+ A"DG,(W",w'-=w™)+ A" DG, (Ww",w" —w")
+ J’ A(3)DG, (W', W= w")(s)ds + (7 / 2)|w—wr

for every w'eW , which can be written

DA L2 O F, (L y™ (0, (1) + 0, (L Y (O, W )W) W (1)]dt

2
>d"
2 i

+f] 27(85)9,,(5.y" NZ() ([ ZO 1,6y O )W) -w" O]t

T U m 2 m
+(y/2)j0 [w®y-w | dt=d",
for every w'eW . Choosing now any Caratheodory function ¢ e B(lxU;U) and

setting W'(t) := #(t,w(t)) in this inequality, by the continuity of the relaxed state and
adjoint operators (Theorems 2.2-3) and using Proposition 2.1 in [1] (also for each

. S . .
fixed s - the integrals J.O are equicontinuous and converge for each s, hence

uniformly), and the convergences 4;' - 4, in M(1)™ weak star and w" —>r in R,
we can pass to the limit in this inequality and obtain

A, 120 1,0 YO0 + 0, (€ YO FONIE D) - r(Dlat
] 2099, (5, )28 ([ 2O £, yOrONHEre) - roTet]

+(r/2) joT |t r(t)) - r(t)||2 dt>0, foreverysuch ¢,

which implies, by a €-argument similar to (i), the same inequality, but without the
last integral term, and with multipliers as in the optimality conditions. The
transversality conditions are proved similarly to (1).

(ii1) In any of the above cases (i) or (ii), suppose that the limit control is admissible
and that the classical, or relaxed, problem has no admissible, abnormal extremal,
controls. Suppose that the multipliers are not all bounded. Then, dividing the
corresponding inequality resulting from Step 2 by the greatest multiplier norm and
passing to the limit for a subsequence, we readily see that we obtain an extremality
inequality where the first multiplier is zero, and that the limit control is abnormal
extremal, a contradiction. Therefore, the sequences of multipliers are bounded, and by
(1) or (ii), this limit control is extremal as above.
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The proofs in the absence of state constraints are similar.

If the additional assumptions of Theorem 2.4 are also satisfied (classical case),
then Algorithm 1 computes optimal classical controls in case (i).
Next, we define the penalized functionals on R

G"(1) =G, (1)+ (M"Y [, (1) + MY [max(0, G, ()]
=1 =1

+M;“_23 [ (max(0.G,;(r(s)T ds}
j=1

The directional derivative of G" is given by
DG"(r,r'=r)=DG,(r,r'-r)

MY G, (1)DG,(r,r'=1)+ MI'S max(0,G,,(r)DG,(r,r'=r)
=

+M’ ZI, max(0,G;;(r)(s))DG;, (r,r'-r)(s)ds .

The relaxed penalized conditional descent method is described by the following
Algorithm, where U is not necessarily convex.

Algorithm 2
Step 1. Set k:=0, m:=1, and choose an initial control ro1 eR.

Step 2. Find T," € R such that
d,=DG"(r". " -r") = min DG (K", r'=r").
Step 3. If |dk| <p . setr"=r", 7" :=1",d":=d,, m:=m+1,and go to Step 2.
Step 4. Find the lowest integer value s (positive or not), say S, such that
a(s)=c’¢, €(0,1] and «(s) satisfies the inequality
G"(r"+a(s)(r"—r")-G"(r") < a(s)bd,,
and then set ¢, =a(S).
Step 5. Choose any I, € R such that
G' () <G'(K + &, (T = 1)),
set k:==k+1, and go to Step 2.

With r™ as defined in Step 3, define the sequences of multipliers
AT =MIG,(r"), A" :=M;max(0,G,(r")),
257 (8) = M;'max(0,G, (r")(s)) = M;'max(0,9,(s, y" (s)))-

Theorem 3.2 We suppose that the derivatives in u are excluded in the last
assumptions of Section 2.

i) In the presence of state constraints, if a subsequence (r' of the sequence
p q leL q

generated by Algorithm 2 in Step 3 converges to some r in R and the sequences
AM, 1=1,2,3, (A") in L'(1)™, are bounded, then r is admissible and strongly
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extremal relaxed for the relaxed problem. In the absence of state constraints, if a
subsequence (I ).« (no index m) converges to some I in R, then r is strongly

extremal relaxed for the relaxed problem.
(i) In case (i) with state constraints, suppose that the relaxed problem has no

admissible, abnormal extremal, controls. If r is admissible, then the sequences (A)

are bounded and r is also strongly extremal relaxed for the relaxed problem.

Proof. (State constraints present) Suppose by contradiction, as in the proof of
Theorem 3.1, that m remains constant after a finite number of iterations in K , and so
we drop here the index m. Since R is compact, let (1), , (T ). be subsequences

of the sequences generated by Algorithm 2 that converge to some FeR, TR,
respectively. By Theorem 2.3, we have

d:= lim . d = k_)lgrkleK DG(r,,T, —1,)=DG(f,T -7)<0.
Suppose that d <0 . The function ®(«):=G(r +a(r'-r)) is continuous on [0,1], and
since the directional derivative DG(r,r'-r) is linear in r'—r, @ is differentiable on
(0,1) and has derivative ®'(ax) = DG(r +a(r'-r),r'-r). By the mean value theorem,
for each « € (0,1] there exists a'(ax) € (0, ) such that

G(r +a(f —r))-G(r)=aDG(r +a'(a)(f, —1),T =)
Therefore, by Theorem 2.3

G +a -r)-Gr)=a(d+¢g,), for ael0,1],
where ¢, >0 as k > o, ke K, and & — 0". We then show, similarly to Theorem
3.1, that d =0, hence d, -0, which leads also to a contradiction. Therefore,
m — o in Algorithm 2.
(i) Let (r™) be a subsequence (same notation) of the sequence generated in Step 3 of
Algorithm 2, that converges to some re R as m—o. The admissibility of r is
shown similarly to Theorem 3.1. Suppose that the sequences (A, ) are bounded and,

up to subsequences, that A, — A . Now, by Steps 2 and 3 we have, for any r'e R
2
DGm(r”‘,r'—r”’)=ZAmDG,(rm,r'—rm)+jl AM(S)DG,(r™, r'—r™)(s)ds > d"™.
1=0

d m
can pass to the limit and obtain

Zzlzq DG, (r,r'- r)+j|@(s)DG3(r,r'—r)(s)dszo, for every r'eR,

Since < B™ — 0 by Step 3, using the above convergences and Theorem 2.3, we

with multipliers 4, as in the optimality conditions. Finally, we find in the limit the

transversality and other conditions similarly to Theorem 3.1. Therefore, r is also
weakly extremal relaxed for the relaxed problem.

The proof in the absence of state constraints is similar.
(i1) The proof is similar to that of Theorem 3.1 (iii).

If the additional assumptions of Theorem 2.4 are also satisfied (relaxed case),
then Algorithm 2 computes optimal relaxed controls.
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One can see (using Filippov’s selection theorem, see [13]) that a classical
(measurable) control T, in Step 2 can be found for every k by appropriately
minimizing H(t,y"(t),Z"(t),u) on U, for each tel (in practice, this is trivially
done for discrete, e.g. piecewise constant, controls).

Algorithm 2 can be implemented as follows. Suppose for simplicity that there
are no state constraints. We first choose the initial discrete control in Step 1 to be of
Gamkrelidze type, i.e. equal for each t to a convex combination of d+1 Dirac
measures at d +1 points of U , where d is the dimension of the system. Suppose, by

induction, that the control " computed in Algorithm 2 is of Gamkrelidze type. Since
the control T," in Step 2 is chosen to be classical, i.e. piecewise Dirac, the control
i =r"+a(" —r") in Step 5 is piecewise equal to a convex combination of d +2
Dirac measures. Using now a known property of convex hulls of finite vector sets,
we can construct a Gamkrelidze control 1", equivalent to f", i.e. such that

(Y O.6LO) = FEIO.F ) IR, tel,
where §,' corresponds to f", by selecting only d +1 appropriate points in U among
the d +2 ones defining F", for each t. The control I, yields then the same state,

values of functionals and G™ as F". Therefore, the constructed control " is of
Gamkrelidze type for every K.

In practice, by choosing in Algorithms 1 and 2 moderately growing sequences
(M™) and a sequence (B") relatively fast converging to zero, the resulting

sequences of multipliers (4") are often kept bounded. One can choose a fixed
¢, =¢ €(0,1] in Step 4; a usually faster and adaptive procedure is to set ¢, =1, and
then ¢, =¢, ,, for k>1.

Gamkrelidze Formulation Approach
When directly applied to nonconvex optimal control problems whose solutions are
non-classical relaxed controls, the classical method yields often very poor
convergence (due to highly oscillating extremal controls). For this reason, we describe
here an alternative approach, assuming that U is convex, following [7], that uses the
Gamkrelidze formulation. For simplicity, we consider only the case without state
constraints. Consider the following relaxed problem, with state equation

y'(®) = y,rw), tel, y0)=y’,
control constraint r € R, and cost functional

G(r)=g(y(M)).
For each t fixed, the vector f(t,y(t),r(t)) in IR® belongs to the convex hull of the
set

f(t,y(t),U)c IR?. Hence, we can write
d+1 d+1

f(ty(),r) =D v, f(t, y(t),w,(t), with 0<v;(t)<1, Y v,()=1,
=1 j=1

and by Filippov’s selection theorem, we can suppose that these functions v;,w; are

measurable. Therefore, the control r yields the same state y as the Gamkrelidze
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d+1
control Iy = Zvj (t)§wj « - Conversely, every such a control I is clearly a relaxed
j=1

control r that yields the same state. Therefore, the above relaxed control problem is

equivalent to the following extended classical problem, with state equation
d+l

y'(® =2 vOfLy®,w®) inl, y0)=y’,
j=1

classical controls v =(v;), W =(w,), convex control constraints

d+1

dvt=1,0<v,(tH)<1, wt)eU, j=1,...d+1,
j=1

and cost functional G(v,w):=g(y(T)). We can therefore apply the classical method

(Algorithm 1) to this problem. The main disadvantage of this approach is that the
dimension of the control space is rapidly increased; it can be successfully applied for
relatively small dimensions d,d"'. In the general case, i.e. if U is not convex, one can
use Algorithm 2 to solve such highly nonconvex problems.

Finally, Gamkrelidze relaxed controls (in practice discrete ones) computed as
above, or by Algorithm 2, can then be approximated, and simulated, by classical
controls using a standard procedure, see [2], [4].

4 Numerical examples

Let | ==[0,1].
Example 1. Define the reference state and control
Y O = eito Y, 1= e Y5 ®= e73t:
W(t) = min(l,—1+2.5t),
and consider the following optimal control problem, with state equations
y1 '= _yl + y3 _e%t +sin y1 _Sinyl +W1 _V_Vs
Y, =Y, -2y, —e" +W, =W,
Y;'=Y,-3Y; —e™ +W; —W,
tel,
Y,(0)=Y,(0)= Ys 0) =1
control constraint set U =[—1,1], and cost functional

Gy (W)= 0.5] £ 1y, =) + (g ~ W)’ .

The optimal control and state are clearly w*:=(W,W,W) and Yy*:=(V,.Y,.Y;).

Algorithm 1, without penalties, was applied to this example, using the midpoint
scheme (step size 0.002) for solving the differential equations, with piecewise
constant classical controls, and y =0.5. After 15 iterations in k , we obtained

G,(W,)=1.366-10"2, d, =—4.979-10"%, ¢ =4316-107, ¢, =4.789-107,
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where d, was defined in Step 2 of Algorithm 1, &, is the max-error for the state at
the nodes, and ¢, the max-error for the control at the midpoints of the intervals.

Figure 1 shows the first component of the last computed control.
Example 2. With the same state equations, cost, and parameters as in Example 1, but
with constraint set U =[—0.75,1], additional pointwise state constraints

G,(w)(t)=0.8-04t-y, (1) <0, tel,

and applying here the penalized Algorithm 1, we obtained after 85 iterations in Kk
G, (W, ) =3.765340220-10, d, =-4.502-10°°,

the maximum state constraint violation
6, = miax[maX(O, 0.8-0.4t -y, ,)]=1.444- 107,

and the first control and state components shown in Figures 3 and 4.
Example 3. Consider the nonconvex problem, with state equations

Yi'=-Yi+w, oy, '=0.5(y, _7)2 -w’, tel,

y(0)=1, y,(0)=0,
where y(t)=e€™", control constraint set U =[-1,1], and cost G(w)=Y,(1). The
unique optimal relaxed control is clearly r*(t)=(5,+96,)/2 (o,,6, Dirac
measures), with optimal state y*=7Yy and optimal cost G(r*)=—-1. Note that the

optimal relaxed cost can be approximated as closely as desired with a classical
control, but cannot be attained for such a control. Since here the set f(t,y,U) is a

continuous arc, hence a connected set, the Gamkrelidze formulation involves only
three controls v,u,w

WY OW, Y= (9 W (-, el

y(0)=1, ¥,(0)=0,
with ve[0,1] and u,we[-1,1]. Applying to this problem Algorithm 1 without
penalties, we obtained after 15 iterations the control Vv, ~ 0.5 with max-error ~3-10°°
at the midpoints, the controls u, =—1, W, =1 exactly, the optimal state with max-
error ~3.8-10™° at the nodes, the approximate cost G(V,,U,,W, ) =-0.999999999997 ,
and d, =—1.134-10"°.
Example 4. Consider the following problem, with state equations

Yi'=-Y, W, Y, '=-y +w,, te[0,0.5),

y,'==Y,+wW,—-t+0.5, vy,'=-y,+w,-t+0.5, te[0.5,1],

Y.(0) = y,(0) =1,

nonconvex control constraint set
U ={(u,0) e IR*|0<u, <1}U{(0,u,) e IR*|0<u, <1},
and cost functional
1 p— pu—
Gy(W) = 0.5[ [(y, = V) +(y, - ¥)’ e,

where ¥ =e'. Clearly, the unique optimal relaxed control is
r*(t)=0,0, te€[0,0.5) (classical)
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r*t)=2(1-1)5,, +(t—0.5)35,, +(t-0.5)5,,, te[0.51] (non-classical),
where & denotes Dirac measures, which yields the optimal state (y,*,y,*)=(V,Y),
and cost G,(r*) =0. Algorithm 2, without penalties, was applied here, using also the

midpoint scheme (step size 0.002), here with piecewise constant relaxed controls.
After 120 iterations in K , we obtained

G,(r,)=2.55210"°, d, =-3.393-10".
Figures 4 and 5 show the last relaxed control probability functions

I, t€[0,0.5)
P, (1) = (D({(0,0)}) = 2(1-1), te[0.5,1)

(D =R OULON ~ {0’ 1e[00)
t—0.5, t[0.5,1)
We also obtained p,(t) =r (1)({(0,1)})=1-p,(t)—p,(1).
Example 5. Consider the following problem, with state equation
y'==y+w, tel, y0)=1,
control constraint set U =[—1,1], state constraints
G(w)=y(1)-0.5=0, G;(w)(s)=03-y(s)<0,sel,
and nonconvex cost functional
G, (W) = jol(o.Sy2 —wdt.

Writing the solution of the state equation in closed form via the fundamental solution,
first forward with initial condition y(0)=1 and then backward with terminal

condition Yy(1)=0.5, we can see that the unique optimal relaxed control and state are
0 ,, te[0,p) (classical)
r*(t)=<0.356_,+0.650,, te[p,0) (non-classical)
0,, telo,1] (classical)
-1+2e™, tel0, p)
y*(t)=403, te[p,0)
1-0.5¢"", te[o,1]
where p=-1n0.65~=0.43 is such that —1+2e” =0.3,and 0 =1-In1.4 = 0.66 such
that 1-0.5¢"” =0.3. The optimal cost is G,(r*) ~ —0.868398913624 . Applying here
the penalized Algorithm 2, we obtained after 200 iterations in k the results
G, (") =-0.868200567558, G,(r")=-9.732-10"°,
max[max(0,0.3- i\ )] =2.962-10", d, =—1.236-10".
Figure 6 shows the last relaxed control probability function
0, te[0,p)
PO =r"OUD}) 1065, te[p,0)
1, telo,1]
and we also obtained p,(t) =r"(t)({~1})=1-p,(t) . Figure 7 shows the last state.
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Figure 1. Example 1: Last control (1% component)
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Figure 2. Example 2: Last control (1% component)
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Figure 3. Example 2: Last state (1* component)
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Figure 4. Example 4: Last relaxed control probability py
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Figure 5. Example 4: Last relaxed control probability p;
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Figure 6. Example 5: Last relaxed control probability p,
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Figure 7. Example 5: Last state
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