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Abstract

Let C be an abelian topological group ,A a trivial C-module.In this
paper we show that the second cohomology of C with the 2-divisible
coefficient is isomorphic to the direct sum of the second cohomology of
a Lie ring c , whose underlying group is C, and the group of symmetric
cocycles. Also there is an isomorphism between the categories of abelian
topological groups of nilpotency class two,with a continuous section ,
and that of Lie rings of nilpotency class two.
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Introduction

All spaces are assumed to be Tychanov (completely regular , Hausdorff).A

topological extension of G by N is a short exact sequence 0 → N
i→ Q

π→ G→
0 ,where i is a topological embedding onto a closed subgroup and π an open
continuous onto homomorphism. The extension is central if N is in the center
of G. We consider extensions with a continuous section i.e. u : G → Q such
that πu = Id. For example ,if G is a connected locally compact group ,then
any topological extension of G by a connected simply connected Lie group has
a continuous section [6,theorem 2]. Notation and definitions as in [2].

In section 1 ,we give some results concerning the abelian group of nilpotency
class two. In section 2 , an isomorphism is constructed between the second
cohomology of an abelian topological group C and the direct sum of the second
cohomology of a Lie ring c , with the underlying group C, and the group of
symmetric cocycles with the trivial coefficient.
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1 Nilpotent group of class two

In this section we define nilpotent topological group of class two and express
it as an exact sequence with a continuous section. Moreover ,we define an
operation on a nilpotent group G of class two and will show that it induces
the same group structure on G.

Definition 1.1 Let G be an abelian topological group .Then G is called a
nilpotent group of class two if there exists an extension ,(e): 0 → A → G →
C → 0 ,with a continuous section where A and C are abelian and A is in the
center of G.

Cohomology of topological groups
Let G be a topological group and A an abelian topological group on which G
acts continuously.
Let Cn(G,A) be the continuous maps φ : Gn → A with the coboundary map

Cn(G,A)
δn→ Cn+1(G,A))

given by
δφ(g1, ..., gn) = g1.φ(g2, ..., gn)

+
∑n−1

i=1
(−1)iφ(g1, ..., gigi+1, ..., gn) + (−1)nφ(g1, ..., gn−1)

Note that this is analogous to the inhomogeneous resolution for the discrete
case.

Definition1.2 .The continuous group cohomology of G with coefficient in
A is

Hn(G,A) = Kerδn/Imδn−1

Let Exts(C,A) be the set of extensions of A by C with a continuous section. It
is known [1] ,by the Baer sum, that Exts(C,A) is an abelian topological group.
By [3], if C is a topological group and A a trivial C-module then there is an
isomorphism between the second cohomology of C and the group of extensions
of C by A with continuous sections, namely

H2(C,A) � Exts(C,A)

Let G be a nilpotent group of class two and (e) : 0 → A→ G→ C → 0
the corresponding extension. In fact , G and A× C are homeomorphic [1].
Now we define a new operation on G and will show that this is a group struc-
ture.
By [3] , there is a 2-cocycle [φ]∈ H2(C,A)which corresponds to (e).

(a1, c1).(a2, c2) = (a1 + a2 + φ(c1, c2), c1 + c2), a1, a2 ∈ A , c1, c2 ∈ C
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By the cocycle condition it is easy to show that the operation is associative.
Since [φ]∈ H2(C,A) and A is a trivial module , the associativity implies the
following identity:

φ(c1, c2) + φ(c1 + c2, c3) = φ(c1, c2 + c3) + φ(c2, c3)

Hence ,φ(0, c) = φ(c, 0) = φ(0, 0) . For such φ ,then (−φ(0, 0), 0) is the identity
of G :

(a, c)(−φ(0, 0), 0) = (a− φ(0, 0), 0) + φ(c, 0), c) = (a, c)

Now for the inverse element set (a, c)−1 = (−a− φ(c,−c) − φ(0, 0), c).

The following lemma indicates that the group structure of a nilpotent
topological group of class two is uniquely determined by 2-cocycles modulo
coboundaries of 1-chains.

Lemma 1.3 Let G be a nilpotent topological group of class two and 0 →
A → G → C → 0 the associated extension of G. Then the group structure of
G is uniquely determined by the elements of H2(C,A) ,with A a trivial module.

Proof: Let G be a nilpotent group of class two and 0 → A→ G→ C → 0
the central extension where A and C are abelian . Let φ ∈ Z2(C,A) be the
associated 2-cocycle of the extension.In this case ,the maps

A→ A× {0}, a �→ (a− φ(0, 0), 0)

and
C → G/A, c �→ (0, c)A

are isomorphisms.
Now we choose other representation than (0, c). For any continuous function
q : C → A, define C → G/A

c �→ (0, c)(q(c) − φ(0, 0), 0)A = (q(c), c)A

The map ψ : G → G, (a, c) �→ (a + q(c), c) is one-one ,onto continuous homo-
morphism:

ψ((a1, c1).(a2, c2)) = (a1 + a2 + φ(c1, c2) + q(c1 + c2), c1 + c2)

= (a + 1 + a2 + φ(c1, c2) + q(c1) + q(c2), c1 + c2)

= ψ((a1, c1))φ((a2, c2))

Now if we consider (a+ q(c), c) as an element of G we conclude that the same
group structure in G can be defined by 2-cocycle φ(c1, c2) + q(c1) + q(c2) −
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q(c1 + c2). Note that the difference between φ and this new 2-cocycle is equal
to the coboundaries of 1-chain q . Hence The group structure in G is uniquely
determined by 2-cocycle modulo coboundaries of 1-chains,that is , byH2(C,A).

Definition 1.4 A 2-cocycle ψ ∈ C2(C,A) is called central iff ψ(0, 0) = 0.

If ψ is central then for any c ∈ C

ψ(0, c) = ψ(c, 0) = ψ(0, 0) = 0

By choosing q(0) = −ψ(0, 0) ,we get a central cocycle.

Definition 1.5 An abelian topological group is 2-divisible if the continuous
homomorphism A→ A, a �→ a+ a is an automorphism.
For example an abelian topological p-group is 2-divisible [4]. Let a/2 be the
image of a under the inverse map.

Definition 1.6 A cocycle ψ ∈ C2(C,A) is normalized iff ψ(c,−c) = 0 for
all c ∈ C.

If ψ is normalized then (a, c)−1 = (−a,−c) for any (a, c) ∈ G

Lemma 1.7 For a 2-divisible abelian topological group A and an abelian
group C , every element of H2(C,A) can be represented by a normalized cocy-
cle.

proof : if A is a 2-divisible abelian group and ψ is a central cocycle ,then
q(c) = ψ(c,−c)/2 gives a normalized cocycle.

Remark 1.8 . Note that by either of the following conditions :

(1) q(0) = 0 for central cocycle ,

(2) q(−c) = −q(c) for all c and normalized cocycles,

if the coboundary of a 1-chain q is added to a central (normalized )cocycle,then
the result is still central (normalized).

2 Lie Ring

In this section we define the topological Lie ring of nilpotentecy class two and
will find similar results as in the previous part ( for more on Lie ring see [5]).
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Definition 2.1 A topological Lie ring means an abelian topological group
with the following conditions:

(1) the commutator [,] is bilinear

(2) [a, a] = 0 ⇔ [a, b] = −[b, a], foralla, b

(3) [[a, b], c] + [[b, c], a] + [[c, a], b] = 0

As usual we denote the commutator ab− ba of elements a, b in the lie ring by
[a, b]. A commutative Lie ring means zero commutator.

Definition 2.2 A topological Lie ring n is of nilpotency class two if there
exists a central extension of Lie rings

0 → a→ n→ c→ 0

with a continuous section c→ n,where a and c are commutative Lie rings.
Note that the extension corresponds to a 2-cocycle φ ∈ C2(C,A) and every
element of n can be written as n = (a, c), a ∈ a, c ∈ c. Now we define a new
operation on n:

(2.2) (a1, c1).(a2, c2) = (a1 + a2 + φ(c1, c2), c1 + c2), a1, a2 ∈ A , c1, c2 ∈ C

and
[(a1, c1), a2, c2)] = [η(c1, c2) − φ(0, 0), 0]

where η(c1, c2) = φ(c1, c2) − φ(c2, c1).
The commutator properties are equivalent to the fact that η : C×C → A is

a skew-symmetric bihomomorphism ,that is ,η(c1, c2) = −η(c2, c1).This implies
that η(0, 0) = 0. In other word η is a 2-cocycle ,η ∈ C2(c, A) with the trivial
action of c on A.
In this construction

a→ a× {c}, a �→ (a− φ(0, 0), 0)

and
c→ n/a, c �→ (0, c) + a

are Lie ring isomorphisms.
If we choose another representation of coset than (0, c) for any function q :
C → A

c→ n/a, c �→ (0, c) + (q(c) − φ(0, 0)) + a = (q(c), c) + a

From (2.2) we get the same Lie ring structure in n. The same Lie ring structure
in n can be defined by 2-cocycle :

φ(c1, c2) + q(c2) − q(c1 + c2)
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obtaining from φ by adding a 1-chain. Note that the coboundary of a 1-chain
r ∈ C1(c, A) with the trivial action of c on A , is r(c1, c2) = r[c1, c2] = 0. Thus,
the Lie ring structure in n is uniquely determined by elements of H2

sym(C,A)⊕
H2(c, A) with the trivial actions of C and c on A, where H2

sym(C,A) denotes
the subgroup of second cohomology classes defined by symmetric cocycles.
Again note that we need the central extensions in order the cocycles be non-
degenerate.

Definition 2.3 A skew-symmetric bihomomorphism η : C × C → A is
non-degenerate iff for any c1 �= 0 , there exists c2 ∈ C such that η(c1, c2) �= 0

For a non-degenerate cocycle η , element (a1, a2) ∈ n with c1 �= 0 can not
be central since its commutator with (0, c2) is not 0,(c2 as in definition 2.3).

In the next result C2
symwill be the symmetric cocycles and H2

sym(C,A) the
subgroup of 2-cocycles defined by symmetric cocycles.

Theorem 2.4 Let A be a 2-divisible abelian topological group and C an
abelian topological group and c a commutative Lie ring with underlying abelian
group of which is C. Let c and C act trivially on A.Then

Lc : C2(C,A) → C2
sym(C,A) ⊕ C2(c, A), ψ �→ (φ, η)

is an isomorphism ,factor of which by coboundaries of 1-chain is an isomor-
phism

Lh : H2(C,A) → H2
sym(C,A) ⊕H2(c, A)

Proof. Consider the following map:

Lc : C2(C,A) → C2
sym(C,A) ⊕ C2(c, A)

ψ �→ (φ, η)

where

(2.4.1) φ(c1, c2) =
ψ(c1, c2) + ψ(c2, c1)

2

(2.4.2) η(c1, c2) = ψ(c1, c2) + ψ(c2, c1)

Note that φ is a cocycle and symmetric,

φ(c1, c2) = φ(c2, c1)

Also η is Skew-symmetric.
Now we show that η is a bihomomorphism. By the cocycle identities :

ψ(c1 + c2, c3) + ψ(c1, c2) = ψ(c1, c2 + c3) + ψ(c2, c3)
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ψ(c3 + c2, c1) + ψ(c3, c1) = ψ(c3, c1 + c2) + ψ(c1, c2)

−ψ(c1 + c3, c2) − ψ(c1, c3) = −ψ(c1, c3 + c2) − ψ(c3, c2)

Adding these ,we get

ψ(c1 + c2, c3) + ψ(c3, c1) − ψ(c1, c3) = ψ(c3, c1 + c2) + ψ(c2, c3) − ψ(c3, c2)

Hence, η(c1 + c2, c3) = η(c1, c3) + η(c2, c3)
The map Lc, by linearity, is a continuous homomorphism . Now Lc induces

a continuous homomorphism Lh : H2(C,A) → H2
sym(C,A) ⊕ H2(c, A); since

adding a coboundary to ψ adds the same coboundary to φ and H2(c, A) =
C2(c, A). On the other hand ,we define

Ec : C2
sym(C,A) ⊕ C2(c, A) → C2(C,A)

(2.4.3) ψ(c1, c2) = φ(c1, c2) +
η(c1, c2)

2

Since every bihomomorphism from C × C to A is an element of C2(C,A)
so η is a cocycle and by linearity φ is a cocycle. Similarly, Ec is a continuous
homomorphism and induces

Eh : H2
sym(C,A) ⊕H2(c, A) → H2(C,A)

It is easy to show that Lh◦Eh = Id and vice versa. Hence Lh is an isomorphism.

Remark 2.5.

(1) Let G be an abelian topological group of nilpotency class two with a
2-divisible center and L(G) the Lie ring of nilpotency class two with 2-
divisible center defined on the underlying set of G by cocycles (2.4.1),
(2.42)..By Theorem 2.3 this construction does not depend on the choice
of the cocycle defining a group structure in G.

(2) For a Lie ring n of nilpotency class two with 2-divisible center, denote
E(n) the group of nilpotency class two the underlying set n by a cocycle
(2.4.3)

By theorem 2.4 , this construction does not depend on the choice of the cocy-
cles φ, η defining a Lie ring structure in n. Denote the categories of abelian
topological groups of nilpotency class two with 2-divisible center and Lie rings
of nilpotency class two with 2-divisible center by G∗ ,L∗ respectively.

Theorem 2.6 There is an isomorphism between G∗ ,L∗.
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Proof. Let G1, G2 ∈ G∗ , f : G1 → G2 be a continuous homomorphism and
consider f as a map from L(G1) to L(G2) and denote it by L(f). Similarly ,
for a continuous homomorphism f : g1 → g2 , E(f)is f considered as a map
from E(n1) to E(n2).
Note that by lemma 1.7 for a 2-divisible abelian topological group A , and an
abelian group C every element of H2(C,A) can be represented by a normalized
cocycle. Choose cocycles ψ1,ψ2 so that they define the group structure on G1

and G2 ,respectively. So

φ1(c1, c2) =
ψ1(c1, c2) + ψ1(c2, c1)

2

φ2(c1, c2) =
ψ2(c1, c2) + ψ2(c2, c1)

2

are normalized. Now we show that if f is a group homomorphism ,then L(f)
is a Lie ring homomorphism. Consider the following identities:

f(a1 + a2 + ψ1(c1, c2), c1 + c2) = f(a1, c1).f(a2, c2)
= (a1, γ1).(a2, γ2)
= (a1 + a2 + ψ2(γ1, γ2)

f(−a1 − a2 − ψ1(c1, c2),−c1 − c2) = (f(a2, c2).f(a1, c1))
−1

= ((a2, γ2).(a1, γ1))
−1

= (−a1 − a2 − ψ2(γ1, γ2),−γ1 − γ2)

Multiplying the left and the right hand sides , we get

(2.5.1) f(η1(c1, c2), 0) = (η2(γ1, γ2), 0)

Now dividing the central element by 2 and inversion we get,

f(−η1(c1, c2)

2
, 0) = (−η2(γ1, γ2)

2
, 0)

So
f(a1 + a2 + φ1(c1 + c2), c1 + c2) = (a1 + a2 + φ2(γ1, γ2), γ1 + γ2)

Hence

L(f)(n1 + n2) = L(f)n1 + L(f)n2 n1 = (a1, c1), n2(a2, c2)

This formula together with (2.5.1) gives

L(f)([n1, n2]) = [L(f)n1, L(f)n2],

that is L(f) is a Lie ring homomorphism . Similarly for f a Lie ring homo-
morphism ,E(f) is a group homomorphism.
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