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Abstract

Let R be a prime ring and S a non-empty subset of R. Suppose
that θ, φ are endomorphisms of R. An additive mapping F : R −→ R

is called a generalized (θ, φ)-derivation on S if there exists a (θ, φ)-
derivation d : R −→ R such that F (xy) = F (x)θ(y) + φ(x)d(y), holds
for all x, y ∈ S. Suppose that U is a Lie ideal of R such that u2 ∈ U ,
for all u ∈ U . The main result of the present paper states that if F is a
generalized (θ, θ)-derivation on U which also acts as a homomorphism
or as an anti-homomorphism on U , then either d = 0 or U ⊆ Z(R).
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1. INTRODUCTION AND PRELIMINARIES

Throughout the paper R will denote an associative ring with centre Z(R).

For any x, y ∈ R, the symbol [x, y] will represent the commutator xy − yx. A

ring R is said to be a 2-torsion free if whenever 2x = 0 with x ∈ R implies

that x = 0. A ring R is called a prime ring if for any x, y ∈ R, xRy = {0}
implies that either x = 0 or y = 0. An additive subgroup U of R is said

to be a Lie ideal of R if [u, r] ∈ U , for all u ∈ U and r ∈ R. An additive

mapping d : R −→ R is called a derivation if d(xy) = d(x)y + xd(y) holds

for all x, y ∈ R. For a fixed a ∈ R, the mapping Ia : R −→ R given by
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Ia(x) = [a, x] is a derivation which is said to be an inner derivation.

An additive mapping Fa,b : R −→ R is called a generalized inner derivation

if Fa,b(x) = ax + xb for some fixed a, b ∈ R. It is straight forward to note that

if Fa,b(x) is a generalized inner derivation, then for any x, y ∈ R

Fa,b(xy) = Fa,b(x)y + x[y, b] = Fa,b(x)y + xIb(y)

where Ib is an inner dervation. In view of the above observation , the con-

cept of generalized derivation is introduced as follows : An additive mapping

F : R −→ R is called a generalized derivation associated with a derivation

d if F (xy) = F (x)y + xd(y), for all x, y ∈ R. Generally we do not mention

the derivation d associated with a generalized derivation F rather prefer to

call F simply a generalized dervation. One may observe that the concept of

generalized derivation includes the concept of derivations and generalized in-

ner derivations, also of the left multiplier when d = 0. Hence it should be

interesting to extend some results concerning to these notions to generalized

derivations. Recently some authors have also studied generalized derivation in

theory of operator algebras and C∗-algebra (see for example [5]).

Inspired by the definition of (θ, φ)-derivation the notion of generalized

derivation was extended as follows : Let θ, φ be endomorphisms of R and let

S be a nonempty subset of R. An additive mapping F : R −→ R is called a

generalized (θ, φ)-derivation on S if there exists a (θ, φ)-derivation d : R −→ R

such that F (xy) = F (x)θ(y) + φ(x)d(y), holds for all x, y ∈ S.

2. MAIN RESULT

Bell and Kappe [2] proved that if R is a semiprime ring and d is a derivation

of R which is either an endomorphism or an anti-endomorphism, then d = 0.

of course derivations which are not endomorphisms or anti-endomorphisms on

R may behave as such on certain subsets of R, for example, any derivation d

behaves as the zero endomorphism on the subring C consisting of all constants

(i.e. elements x for which d(x) = 0 ). In fact, in a semiprime ring R, d

may behave as an endomorphism on a proper ideal of R. As an example of

such R and d, let S be any semiprime ring with a nonzero derivation δ, take

R = S ⊕ S and define d by d(r1, r2) = (δ(r1), 0). However, Bell and Kappe in

the mentioned paper remarked that the behavior of d is some what restricted

in case of prime rings and showed that if R is a prime ring and d is a derivation
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on R which acts as a homomorphism or an anti-homomorphism on a nonzero

right ideal U of R, then d = 0 on R.

Further, Yenigul and Argac [6] obtained the above result for α-derivations

in prime rings. Recently Ashraf et al.[1] extended the result for (σ, τ)-derivations

in prime and semiprime rings.

In the present paper we attempt to establish the above mentioned result

for generalized (θ, φ)-derivations in prime rings.

We begin with the following :

Lemma 2.1. Let R be a 2-torsion free prime ring and U a nonzero Lie ideal

of R. Let θ, φ be automorphisms of R. If R admits a (θ, φ)-derivation d such

that d(U) = 0, then d = 0 or U ⊆ Z(R).

Proof. We have d(u) = 0, for all u ∈ U . This yields that d([u, r]) = 0, for

all u ∈ U and r ∈ R. Now using the fact that d(u) = 0, the above expression

yields that

φ(u)d(r) − d(r)θ(u) = 0, for all u ∈ U and r ∈ R. (2.1)

Now for any s ∈ R, replace r by rs in (2.1) and use (2.1), to get

d(r)[θ(s), θ(u)] − [φ(r), φ(u)]d(s) = 0, for all u ∈ U and r, s ∈ R. (2.2)

Again replacing s by sv in (2.2), our hypotheses yield that

d(r)θ(s)[θ(v), θ(u)] = 0, for all u, v ∈ U and r, s ∈ R. Hence

θ−1(d(r))s[v, u] = 0, for all u, v ∈ U and r, s ∈ R. This implies that

θ−1(d(r))R[v, u] = {0}, for all u, v ∈ U and r ∈ R. Thus the primeness of

R implies that either [v, u] = 0 or d(r) = 0. If [v, u] = 0, for all u, v ∈ U ,

then it follows that [u, [u, ru]] = 0 for all u ∈ U, r ∈ R. Since charR �= 2, the

above relation yields that [u, r][u, s] = 0 for all r, s ∈ R. Thus [u, r]s[u, s] =

[u, r][u, rs] = 0 and hence [u, s] = 0 for all u ∈ U, r ∈ R i.e., U ⊆ Z(R).

We are now well-equipped to prove our main theorem.

Theorem 2.1. Let R be a 2-torsion-free prime ring and U be a nonzero Lie

ideal of R with u2 ∈ U , for all u ∈ U . Suppose θ is an automorphism of R and

F : R −→ R is a generalized (θ, θ)-derivation associated with a derivation d.

(i) If F acts as a homomorphism on U , then either d = 0 on R or U ⊆ Z(R).
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(ii) If F acts as an anti-homomorphism on U , then either d = 0 on R or

U ⊆ Z(R).

Proof of Theorem. Suppose that U �⊆ Z(R).

(i) If F acts as a homomorphism on U , then we have

F (uv) = F (u)θ(v) + θ(u)d(v) = F (u)F (v), for all u, v ∈ U. (2.3)

Replacing v by 2vw in (2.3) and using the fact that charR �= 2, we get

F (u)θ(v)θ(w) + θ(u)(d(v)θ(w) + θ(v)d(w)) = F (u)(F (v)θ(w) + θ(v)d(w)).

Using (2.3), the above relation yields that (F (u) − θ(u))θ(v)d(w) = 0, for all

u, v, w ∈ U i.e., θ−1(F (u)−θ(u))vθ−1(d(w)) = 0, for all u, v, w ∈ U and hence

θ−1(F (u) − θ(u))Uθ−1(d(w)) = {0}, for all u, w ∈ U . Hence by Lemma 4 of

[3] either F (u) − θ(u) = 0 or d(w) = 0. If F (u) − θ(u) = 0, for all u ∈ U ,

then the relation (2.3) implies that θ(u)d(v) = 0, for all u, v ∈ U . Now replace

u by 2uw, to get θ(u)θ(w)d(v) = 0, for all u, v, w ∈ U . This implies that

uwθ−1(d(v)) = 0 and hence uUθ−1(d(v)) = {0}, for all u, v ∈ U . Thus by

Lemma 4 of [3], we get either u = 0 or d(v) = 0. But since U is nonzero, we

find that d(v) = 0, for all v ∈ U and hence by Lemma 2.1, we get the required

result.

(ii) If F acts as an anti-homomorphism on U , then we have

F (uv) = F (u)θ(v) + θ(u)d(v) = F (v)F (u), for all u, v ∈ U. (2.4)

Replacing u by 2uv in (2.4) and using the fact that charR �= 2, we get

θ(u)θ(v)d(v) = F (v)θ(u)d(v), for all u, v ∈ U. (2.5)

Again replace u by 2wu in (2.5), to obtain

θ(w)θ(u)θ(v)d(v) = F (v)θ(w)θ(u)d(v), for all u, v ∈ U. (2.6)

In view of (2.5), the relation (2.6) yields that [F (v), θ(w)]θ(u)d(v) = 0, for

all u, v, w ∈ U . This implies that θ−1([F (v), θ(w)])uθ−1(d(v)) = 0, for all

u, v, w ∈ U . Thus using Lemma 4 of [3], either d(v) = 0 or [F (v), θ(w)] = 0.

If [F (v), θ(w)] = 0, for all u, v ∈ U , then replacing v by 2vw in the above

relation, we get
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θ(v)[d(w), θ(w)] + [θ(v), θ(w)]d(w) = 0, for all v, w ∈ U. (2.7)

Now replace v by 2v1v in (2.7) to get [θ(v1), θ(w)]θ(v)d(w) = 0, for all v, v1, w ∈
U . This gives that [v1, w]vθ−1(d(w)) = 0, for all v, v1, w ∈ U. Again

by Lemma 4 of [3], for each fixed w ∈ U , either [v1, w] = 0 or d(w) = 0. Hence

by using Braur’s trick, we find that either [v1, w] = 0, for all v1, w ∈ U or

d(w) = 0, for all w ∈ U . If [v1, w] = 0, for all v1, w ∈ U , then U is central, a

contradiction. On the other hand if d(w) = 0, then by Lemma 2.1, we get the

required result.

The immediate consequence of the above Theorem is the following:

Corollary 2.1. Let R be a prime ring and I be a nonzero ideal of R.

Suppose θ is an automorphism of R and F : R −→ R is a generalized

(θ, θ)-derivation with associated derivation d.

(i) If F acts as a homomorphism on I, then d = 0 on R or U ⊆ Z(R).

(ii) If F acts as an anti-homomorphism on I, then d = 0 on R or U ⊆ Z(R).

Remark 2.1. Since every ideal in a ring R is a Lie ideal of R, conclusion of

the above theorem holds even if U is assumed to be an ideal of R. Though the

assumption that u2 ∈ U , for all u ∈ U seems close to assuming that U is an

ideal of the ring, but there exist Lie ideals with this property which are not

ideals. For example, let R =

{(
x y

0 z

)
| x, y, z ∈ Z

}
. Then it can be easily

seen that U =

{(
x y

0 x

)
| x, y ∈ Z

}
is a Lie ideal of R satisfying u2 ∈ U , for

all u ∈ U . However, U is not an ideal of R.
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