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1. Introduction

The theory of dynamic equations on time scales(aka measure chains) was
introduced by Hilger [9] with the motivation of providing a unified approach
to continuous and discrete analysis. The generalized derivative or Hilger de-
rivative f�(t) of a function f : T → R, where T is a so-called ”time scale”
(an arbitrary closed nonempty subset of R) becomes the usual derivative when
T = R, that is f�(t) = f ′(t). On the other hand, if T = Z, then f�(t) reduces
to the usual forward difference, that is f�(t) = �f(t). This theory not only
brought equations leading to new applications. Also, this theory allows one
to get some insight into and better understanding of the subtle differences
between discrete and continuous systems [1, 4].

Akinyele [2] introduced the notion of Ψ-stability of degree k with respect to
a function Ψ ∈ C(R+, R+), increasing and differentiable on R+ and such that
Ψ(t) ≥ 1 for t ≥ 0 and limt→∞ Ψ(t) = b, b ∈ [1,∞). The fact that the function
Ψ is bounded does not enable a deeper analysis, of the asymptotic properties
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of the solution of a differential equations than the notion of stability in sense
Lyapunov.

Constantin [5] introduced the notions of degree of stability and degree of
boundedness of solution an ordinary differential equation, with respect to a
continuous positive and nondecreasing function Ψ : R+ → R+. Some criteria
for these notions are proved there too.

Morchalo [10] introduced the notions of Ψ-stability, Ψ-uniformly stability,
and Ψ-asymptotic stability of trivial solution of the nonlinear system x′ =
f(t, x). Several new and sufficient conditions for mentioned types of stability
are proved for the linear system x′ = Ax. Furthermore, sufficient conditions
are given for the uniform Lipschitz stability of the system x′ = f(t, x)+g(t, x).
In this paper, the function Ψ is a scalar continuous function.

Diamandescu [7] introduced sufficient conditions for Ψ-(uniform) stability
of trivial solution of the nonlinear Volterra integro-differential system

x′ = A(t)x +

t∫
0

F (t, s, x(s))ds

which can be seen as a perturbed system of

y′ = A(t)y

we study conditions under which the solutions of a time varying linear dy-
namic system of the form x�(t) = A(t)x(t) are Ψ-uniformly stable on certain
time scales. We give sufficient conditions for various types of Ψ-uniformly sta-
bility. Finally, Ψ-uniformly stability of perturbations of the unforced systems
and nonhomogeneous linear dynamic systems on time scales are investigated.

Here, first we mention several foundational definitions without proof and
results from the calculus on time scales in an excellent introductory text by
Bohner and Peterson [4].

2. General Definitions

A time scale T is any nonempty closed subset of the real numbers R. Thus
time scales can be any of the usual integer subsets (e.g. Z or N), the entire real
line R, or any combination of discrete points unioned with continuous intervals.
The majority of research on time scales so far has focused on expanding and
generalizing the vast suite of tools available to the differential and difference
equation theorist. We now briefly outline the portions of the time scales theory
that are needed for this paper to be as self-contained as is practically possible.

The forward jump operator of T, σ(t) : T → T, is given by σ(t) = infs∈�{s > t} .
The backward jump operator of T, ρ(t) : T → T, is given by ρ(t) = infs∈�{s < t}.
The graininess function μ(t) : T → [0,∞) is given by μ(t) = σ(t) − t. Here we
adopt the conventions inf ∅ = sup T (i.e. σ(t) = t if T has a maximum element
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t), and sup ∅ = inf T (i.e. ρ(t) = t if T has a minimum element t). For nota-
tional purposes, the intersection of a real interval [a, b] with a time scale T is
denoted by [a, b]∩ T: [a, b]�.

A point t ∈ T is right-scattered if σ(t) > t and right dense if σ(t) = t. A
point t ∈ T is left-scattered if ρ(t) < t and left dense if ρ(t) = t If t is both
left-scattered and right-scattered, we say t is isolated. If t is both left-dense
and right-dense, we say t is dense. The set Tk is defined as follows: If T has
a left-scattered maximum m, then Tk = T − {m} ; otherwise, Tk = T. If f :
T →R is a function, then the composition f(σ(t)) is often denoted by fσ(t).

For f : T →R and t ∈ Tk, define f�(t) as the number (when it exists), with
the property that, for any ε > 0, there exists a neighborhood U of f such that∣∣[f(σ(t)) − f(s))] − f�(t) [σ(t) − s]

∣∣ ≤ ε |σ(t) − s| , ∀s ∈ U.

The f� : Tk → R is called the delta derivative or the Hilger derivative of
f on Tk. We say f is delta differentiable on Tk provided f�(t) exists for all
t ∈ Tk.

The following Theorem establishes several important observations regarding
delta derivatives.

Theorem 1. Suppose f : T →R and t ∈ Tk.
(i) If f is differentiable at t, then f is continuous at t.
(ii) If f is continuous at t and t is right-scattered, then f is delta differen-

tiable at t and f�(t) = fσ(t)−f (t)
μ(t)

.

(iii) If t is right-dense, then f is delta differentiable at t if and only if

limt→s
f(t)−f (s)

t−s
exists. In this case, f�(t) = limt→s

f(t)−f (s)
t−s

.

(iv) If f is delta differentiable at t, then f(σ(t) = f(t) + μ(t)f�(t).

Note that f� is precisely f ′ from the usual calculus when T =R. On the other
hand, f� = �f = f(t + 1)− f(t) (i.e. the forward difference operator) on the
time scale T = Z. These are but two very special (and rather simple) examples
of time scales. Moreover, the realms of differential equations and difference
equations can now be viewed as but special, cases of more general dynamic
equations on time scales, i.e. equations involving the delta derivative(s) of
some unknown function.

A function f : T →R is rd-continuous if f is continuous at every right dense
point t ∈ T, and its left hand limit exists at each left dense point t ∈ T. The
set of rd-continuous functions f : T →R will be denoted by Crd = Crd(T) =
Crd(T, R). A function F : T →R is called a (delta) antiderivative of f : T →R

provided F�(t) = f(t) holds for all t ∈ Tk. The Cauchy integral or definite
integral is given by

b∫
a

f(t)�t = F (b)−F (a), for all a, b ∈ T, where F is any (delta) antiderivative

of f. Suppose that sup T = ∞. Then the improper integral is defined to by
∞∫
a

f(t) � t = limb→∞ F (t) |ba for all a ∈ T.



966 İ. B. Yaşar and A. Tuna

2.1. The Hilger complex plane. For h > 0, define the Hilger complex num-
bers, the Hilger real axis, the Hilger alternating axis, and the Hilger imaginary
circle by

Ch =
{
z ∈ C : z �= − 1

h

}
, Rh =

{
z ∈ R : z > − 1

h

}
Ah =

{
z ∈ R : z < − 1

h

}
, Ih =

{
z ∈ C :

∣∣z + 1
h

∣∣ = 1
h

}
respectively. For h = 0, let C0 := C, R0 := R, A0 := ∅, and I0 := iR.
Let h > 0 and z ∈ Ch. The Hilger real part of z is defined by Reh(z) := |zh+1|

h
,

and the Hilger imaginary part of z is defined by Imh(z) := Arg(xh+1)
h

, where
Arg(z) denotes the principle argument of z (i.e.,−π < Argz ≤ π).

For h > 0, define the strip Zh :=
{
z ∈ C : −π

h
< Argz ≤ π

h

}
, and for h = 0,

set Z0 := C. Then we can define the cylinder transformation ξh = Ch → Zh

by

ξh(z) =
1

h
Log(1 + zh), h > 0

where Log is the principle logarithm function. When h = 0, we define
ξ0(z) = z, for all z ∈ C. It then follows that the inverse cylinder transformation
ξ−1
h : Zh → Ch is given by

ξ−1
h (z) =

ezh − 1

h
.

Since the graininess may not be constant for a given time scale, we will
interchangeably subscript various quantities (such as ξ and ξ−1) with μ = μ(t)
instead of h to reflect this.

2.2. Generalized exponential Functions. The function p : T →R is re-
gressive if 1 + μ(t)p(t) �= 0 for all t ∈ Tk, and this concept motivates the
definition of the following sets:

� =
{
p : T →R : p ∈ Crd(T) and 1 + μ(t)p(t) �= 0 ∀t ∈ Tk

}
,

�+ =
{
p ∈ � : 1 + μ(t)p(t) > 0 for all t ∈ Tk

}
.

The function p : T →R is uniformly regressive on T there exists a positive
constant δ such that 0 < δ−1 ≤ |1 + μ(t)p(t)| , t ∈ Tk. A matrix is regressive
if and only if all of its eigenvalues are in �. Equivalently, the matrix A(t) is
regressive if and only if I + μ(t)A(t) is invertible for all t ∈ Tk.

If p ∈ �, then we define the generalized time scale exponential function by

ep(t, s) = exp

⎛
⎝ t∫

s

ξμ(τ )(p(τ)) � τ

⎞
⎠ for all s, t ∈ T

The following theorem is a compilation of properties of ep(t, s) (some of
which are counterintuitive) that we need in the main body of the paper.

Theorem 2. The function ep(t, s) has the following properties:
(i) If p ∈ �, then ep(t, r)ep(r, s) = ep(t, s) for all r, s, t ∈ T.
(ii) ep(σ(t), s) = (1 + μ(t)p(t))ep(t, s).
(iii) If p ∈ �+, then ep(t, t0) > 0 for all t ∈ T.
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(iv) If 1 + μ(t)p(t) < 0 for some t ∈ Tk, then ep(t, t0)ep(σ(t), t0) < 0.

(v) If T =R, then ep(t, s) = e

t�

s
p(τ )dτ

. Moreover, If p is constant, then ep(t, s) =
ep(t−s).

(vi) If T =Z, then ep(t, s) = Πt−1
τ=s(1+p(τ)). Moreover, If T =hZ, with h > 0

and p is constant, then ep(t, s) = (1 + hp)
(t−s)

h .
If p ∈ � and f : T →R is rd-continuous, then the dynamic equation

y�(t) = p(t)y(t) + f(t)(2.1)

is called regressive.

Theorem 3. (Variation of constants). Let t0 ∈ T and y(t0) = y0 ∈ R.Then
the regressive IVP (2.1) has a unique solution y : T →Rn given by

y(t) = y0ep(t, t0) +

t∫
t0

ep(t, σ(τ ))f(τ )� τ.

We say the n × 1-vector-valued system

y�(t) = p(t)y(t) + f(t)(2.2)

is regressive provided A ∈ � and f : T →Rn is rd-continuous vector-valued
function.

Let t0 ∈ T and assume that A ∈ � is an n× n-matrix-valued function. The
unique matrix-valued solution to the IVP

Y �(t) = p(t)Y (t), Y (t0) = In(2.3)

where In is the n× n-identity matrix, is called the transition matrix and it
is denoted by ΦA(t, t0).

In this paper, we denote the solution to (2.3) as ΦA(t, t0) when A(t) is time
varying and denote the solution as eA(t, t0) ≡ ΦA(t, t0) (the matrix exponential,
as in [4] only when A(t) ≡ A is a constant matrix. Also, if A(t) is a function on
T and the time scale matrix exponential function is a function on some other
time scale S, then A(t) is constant with respect to eA(t)(τ, s), for all τ, s ∈ S

and t ∈ T. The following lemma lists some properties of the transition matrix.

Theorem 4. Suppose A, B ∈ � are matrix-valued functions on T.
(i) Then the semigroup property ΦA(t, r)ΦA(r, s) = ΦA(t, s) is satisfies for

all r, s, t ∈ T.
(ii) ΦA(σ(t), s) = (1 + μ(t)p(t))ΦA(t, s).
(iii) If T =R and A is constant, then ΦA(t, s) = eA(t, s) = eA(t−s).
(iv) If T =hZ, with h > 0 and A is constant, then ΦA(t, s) = eA(t, s) =

(1 + hp)
(t−s)

h .

We now present a theorem that guarantees a unique solution to the regressive
n × 1-vector-valued dynamic IVP (2.2).
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Theorem 5. (Variation of constants). Let t0 ∈ T and y(t0) = y0 ∈ Rn. Then
the regressive IVP (2.2) has a unique solution y : T →Rn given by

y(t) = y0ΦA(t, t0) +

t∫
t0

ΦA(t, σ(τ ))f(τ )� τ.(2.4)

We start introducing definitions and notation that will be employed in the
sequel. The Euclidean norm of an n×1 vector x(t) is defined to be a real-valued
function of t and is denoted by

‖x(t)‖ =
√

xT (t)x(t).

The induced norm of an m × n matrix A is defined to be

‖A‖ = max
‖x‖=1

‖Ax‖
The norm of A induced by the Euclidean norm above is equal to the non-

negative square root of the absolute value of the largest eigenvalue of the
symmetric matrix ATA. Thus, we define this norm next. The spectral norm
of an m × n matrix A is defined to be

‖A‖ =

[
max
‖x‖=1

xTATAx

]1
2

This will be the matrix norm that is used in the sequel and will be denoted
by ‖.‖ .

Let Ψi : T → (0,∞) , i = 1, 2...n, be rd continuous functions and

Ψ = diag [Ψ1, Ψ2...Ψn] .

Now define the concepts of Ψ-uniformly stability. This concept involve the
boundedness of the solutions of the regressive time varying linear dynamic
equation

x�(t) = A(t)x(t), x(t0) = x0, t0 ∈ T.(2.5)

Now, we give definition of Ψ-uniformly stable and conditions for Ψ-uniformly
stability of solution of linear systems. These conditions can be expressed in
terms of a fundamental matrix for (2.5).

3. Main Results

Definition 1. The time varying linear dynamic equation (2.5) is Ψ-uniformly
stable if there exists a finite γ > 0 such that for any t0 and x(t0), the corre-
sponding solution satisfies

‖Ψ(t)x(t)‖ ≤ γ ‖Ψ(t0)x(t0)‖ , t ≥ t0.(3.1)

If we choose a convenient value of t, then we see that Ψ(t) is reduced to the
unit matrix of order n. It is easy to see that if Ψ(t) is unit matrix, then the
Ψ-uniformly stability is equivalent with the uniformly stability on time scales (
[6], Definition 2.1).
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Theorem 6. The time varying linear dynamic equation (2.5) is Ψ-uniformly
stable if and only if there exists a γ > 0 such that∥∥Ψ(t)ΦA(t, t0)Ψ

−1(t0)
∥∥ ≤ γ

for all t ≥ t0 ∈ T.

Proof. Suppose that (2.5) is Ψ-uniformly stable. Then there is a γ > 0 such
that for any t0, x(t0), the solution satisfy

‖Ψ(t)x(t)‖ ≤ γ ‖Ψ(t0)x(t0)‖ , t ≥ t0.
Given any t0 and ta ≥ t0, let xa be vector such that‖Ψ(ta)xa‖ = 1,
‖Ψ(ta)ΦA(ta, t0)Ψ

−1(ta)Ψ(ta)xa‖ = ‖Ψ(ta)ΦA(ta, t0)Ψ
−1(ta)‖ ‖Ψ(ta)xa‖

= ‖Ψ(ta)ΦA(ta, t0)Ψ
−1(ta)‖

So the initial state x(t0) = xa gives a solution of (2.5) that at time ta satisfies
‖Ψ(ta)x(ta)‖ = ‖Ψ(ta)ΦA(ta, t0)x(ta)‖

= ‖Ψ(ta)ΦA(ta, t0)Ψ
−1(ta)‖ ‖Ψ(ta)x(ta)‖ ≤ γ ‖Ψ(ta)x(ta)‖ .

Since ‖Ψ(ta)xa‖ = 1, we see that ‖Ψ(t)ΦA(t, t0)Ψ
−1(t0)‖ ≤ γ. Since xa can

be selected for any t0 and ta ≥ t0, we see that ‖Ψ(t)ΦA(t, t0)Ψ
−1(t0)‖ ≤ γ for

all t, t0 ∈ T.
Now suppose that there exists a γ such that ‖Ψ(t)ΦA(t, t0)Ψ

−1(t0)‖ ≤ γ for
all t, t0 ∈ T. For any t0 any x(t0) = x0, the solution of (2.5) satisfies

‖Ψ(t)x(t)‖ = ‖Ψ(t)ΦA(t, t0)x0‖
≤ ‖Ψ(t)ΦA(t, t0)Ψ

−1(t0)‖ ‖Ψ(t0)x0‖ ≤ γ ‖Ψ(t0)x0‖ , t ≥ t0.
Thus Ψ-uniformly stable of (2.5) is established.

Corollary 7. If Ψ(t) ise unit matrix, then the Theorem 6. is similar [6],
Theorem 2.1.

We consider various Ψ-uniformly stability problems connected with the dy-
namic system

x�(t) = [A(t) + F (t)]x(t).(3.2)

as a perturbed system of (2.5) and where A, F ∈ �(T,Rn×n). We seek
conditions under which the condition Ψ-uniform stability of (2.5) implies the
Ψ-uniform stability of (3.2).

Theorem 8. Suppose the linear state equations (2.5) is Ψ-uniformly stable.
Then the perturbed linear dynamic equation (3.2) is Ψ-uniformly stable if there
exists some β ≥ 0 such that for all τ

∞∫
τ

∥∥Ψ(σ(s))F (s)Ψ−1(s)
∥∥� s ≤ β.(3.3)

Proof. For any t0 and x(t0) = x0 , by Theorem 5. the solution of (3.2) satisfies

x(t) = ΦA(t, t0)x0 +

t∫
t0

ΦA(t, σ(s))F (s)x(s)� s,(3.4)
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where ΦA(t, t0) is the transition matrix for system (2.5). By the Ψ-uniformly
stability of (2.5), there exists a finite γ > 0 such that for any t0, x(t0), the
corresponding solution satisfies ‖Ψ(t)x(t)‖ ≤ γ ‖Ψ(t0)x(t0)‖ , t ≥ t0.

Ψ(t)x(t) = Ψ(t)ΦA(t, t0)Ψ
−1(t0)Ψ(t0)x(t0)(3.5)

+

t∫
t0

Ψ(t)ΦA(t, σ(s))Ψ−1(σ(s))Ψ(σ(s))F (s)Ψ−1(s)Ψ(s)x(s) � s,

By taking the norms of both sides of (3.5), we have

‖Ψ(t)x(t)‖ ≤ γ ‖Ψ(t0)x(t0)‖ + γ
t∫

t0

‖Ψ(σ(s))F (s)Ψ−1(s)‖ ‖Ψ(s)x(s)‖ � s,

for t ≥ t0 ≥ 0. By Gronwall’s Inequality in [4] , a result in [8], and the
inequality (3.3), we obtain

‖Ψ(t)x(t)‖ ≤ γ ‖Ψ(t0)x(t0)‖ eγ‖Ψ(σ(s))F (s)Ψ−1(s)‖(t, t0)

≤ γ ‖Ψ(t0)x(t0)‖ exp

(
t∫

t0

Log(1+μ(s)γ‖Ψ(σ(s))F (s)Ψ−1(s)‖)

μ(s)
� s

)

≤ γ ‖Ψ(t0)x(t0)‖ exp

(
∞∫
t0

Log(1+μ(s)γ‖Ψ(σ(s))F (s)Ψ−1(s)‖)

μ(s)
� s

)

≤ γ ‖Ψ(t0)x(t0)‖ exp

(
γ

∞∫
t0

‖Ψ(σ(s))F (s)Ψ−1(s)‖ � s

)

≤ γ ‖Ψ(t0)x(t0)‖ eγβ, t ≥ t0.
The inequality shows that the system (3.2) is Ψ-uniformly stable on T. The

proof is complete.

Corollary 9. If Ψ(t) ise unit matrix, then the Theorem 7. is similar [6],
Theorem 5.1.

Corollary 10. If we take T = R, then the Theorem 8. is similar with [7]
Theorem 3.4.

Now, with the aid of previous method we consider Ψ-uniformly stability of
nonhomogeneous linear dynamic systems

x�(t) = A(t)x(t) + f(t)(3.6)

Theorem 11. Suppose the linear state equations (2.5) is Ψ-uniformly stable.
Then the nonhomogeneous linear dynamic equation (3.6) is Ψ-uniformly stable
if there exists some β ≥ 0 such that for all τ ∈ T

∞∫
τ

‖Ψ(σ(s))f(s)‖� s ≤ β(3.7)
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Proof. For any t0 and x(t0) = x0, by Theorem 5. the solution of (3.6) satisfies

x(t) = ΦA(t, t0)x0 +

t∫
t0

ΦA(t, σ(s))f(s)� s,(3.8)

where ΦA(t, t0) is the transition matrix for system (2.5). By the Ψ-uniformly
stability of (2.5), there exists a finite γ > 0 such that for any t0, x(t0), the
corresponding solution satisfies ‖Ψ(t)x(t)‖ ≤ γ ‖Ψ(t0)x(t0)‖ , t ≥ t0.

Ψ(t)x(t) = Ψ(t)ΦA(t, t0)Ψ
−1(t0)Ψ(t0)x(t0)(3.9)

+

t∫
t0

Ψ(t)ΦA(t, σ(s))Ψ−1(σ(s))Ψ(σ(s))f(s)� s,

By taking the norms of both sides of (3.9), we have

‖Ψ(t)x(t)‖ ≤ γ ‖Ψ(t0)x(t0)‖ + γ
t∫

t0

‖Ψ(σ(s))f(s)‖ � s,

≤ γ ‖Ψ(t0)x(t0)‖ + γ
∞∫
t0

‖Ψ(σ(s))f(s)‖� s,

≤ γ ‖Ψ(t0)x(t0)‖ + γβ,
let β = β∗ ‖Ψ(t0)x(t0)‖ so that β∗ > 0
‖x(t)‖ ≤ γ ‖Ψ(t0)x(t0)‖ + γβ∗ ‖Ψ(t0)x(t0)‖

≤ γ(1 + β∗) ‖Ψ(t0)x(t0)‖
≤ γ∗ ‖Ψ(t0)x(t0)‖

The inequality shows that the system (3.6) is Ψ-uniformly stable on T. The
proof is complete.
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