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Abstract. In this paper we considered Apostol’s article [2] and we defined
for B-Binomial convolution associated arithmetical function S. We show that
this function and B-Binomial convolution associated with Ramanujan Sums
are connected.
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1. INTRODUCTION
Let n and d’s standart forms are n = [[pi*and d = [[p{* respectively. We
k k

know that d|n if and only if d, < my [6]. Let (Z:) be classical Binomial

coefficent. For positive integer n and d is a divisor of n , the function
B(n,d) is defined by,

B(n,d)—H( >_ 0

, Zf dy, > ny,

For each positive integer n, , we choose a nonempty subset of the set of
divisors of ny , that is B(ng) = {dx : dx <np A B(n,d) = 1}.Let

ng, L, iof dy, € B(ny
B(n,d) = dll (dk) ={ 0, if dj ; Bgnk;

With this for arithmetical functions f and g, we define B-Binomial con-
volution as;
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breno) () = 3 F(di)g (2) Bln,d).

dp<ny
b(f+pg)(ni) generalize the Dirichlet convolution. In fact, providing di €
B(ny), from equation (1) we directly obtain

(frp9)m) = Y fldg ( )

dr€B(ny)

Theorem 1. For fived ny, , Equation (1) expresses biy.,q)(ng) as a dirichlet
convolution,

bipsng) (i) = (ap * p~") (na),

where

Proof.

(ap*p)(m) = Y ap(diu™ (Z_:)

dp<ny
= 3 sty (”—) B(n, du~! (Z—)
- 3 st (%) o)
= b(frpg)(nk)

which proves Theorem 1.

Theorem 2. For fized ny, Equation (1) expresses biy.,q)(ni) as a Drichlet
convolution

b(fepg) (M) = (ap> * g)(np),

where
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Proof.
ng
(ap *g)(nk) = Y ay(di)g 4

dip<ny

= Y F(d)B(n.d)g (Z—:)

dp<ng

= 3 st (5) o)

dip<ny
= b(f*B 9) (nk)

which proves Theorem 2.

Definition 1. If k is a nonnegative integer, the function (. is defined by
Ce(n) = n*.The function ¢ = (o is called the zeta function and for all n,

((n) =1 [4

Definition 2. For n = [[p}* , Liouville function is defined by A(1) = 1 and
A(n) = (—1)orteat-tar 71/

|

Theorem 3. (*' =X where ((n) =1 [2].

The following inversion theorem for B-Binomial convolution is given by
Haukkanen and A Liouville function is served as ;1 Mobius function in classical
inversion theorem /3]

Theorem 4. (Inversion Theorem) For all n;

f(n) =3 B(n,d)g(d)

din

if and only if

g(n) = > B d)f(dA ()

dln

[4].

2. RAMANUJAN SUMS FOR B-BINOMIAL CONVOLUTION

2miay,
Definition 3. For any integers ay and by , let e(ar , b, ) =€ % and let
ng be an integer positive, negative or zero and ry be a positive integer. Then
Ramanujan Sum for B-Binomial convolution is defined by,
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Cp(ng, 1) = Z e(ngrg, 1)
(ni>rk)p=1

It should be noted that the sum is taken over all z; such that 1 <z, <r,
and (zy, ) = 1, but it could be over any reduced residue system (Mod ry).
This is becouse, if z;, = x;g (Mod ry) then e(ngxy, i) = e(nkx;,rk).

For fixed r,, and with n;, restricted to the positive integers, we obtain an
arithmetical function Cp(., 7).

On the other hand, for fixed ny, ,we obtain an arithmetical function Cg(ny, .).

Classical Ramanujan Sum has following property,

Proposition 5. For all n and r,

C(n,r) = Z)du <§>

d|(n,r

[5].
We introduce and prove an analogue property of the classical Ramanujan
Sum, called Ramanujan Sum for B-Binomial Convolution in our M.s. Thesis.

Theorem 6. For all ni, and ry,

Cp(ni, ri) = > drAB (Z—:)

di < (ng, k)
dp € B(nk)
[4].

In Theorem 6 when r, = 0, we obtain Euler’s function related to Ramanu-
jan Sum. Indeed

CB(nka Tk) = Z drAp (Z—:)

di < (ng, %)
dy € B(nk)
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Cp(nk, 0) = op(ng).

In the following theorem we prove some basic properties of Ramanujan Sum
for B-Binomial convolution.

Definition 4. Let h and g be multiplicative arithmetical functions and con-
sider the sum.

S(epg) (ks k) = Y. Bdh(dyg (Z—:) Ap (Z_’;)

dp < (ng, 1)
d, € B(nk)

where ny is an integer and 7, is a positive integer. For B-Binomial convo-
lution associated arithmetical function S is defined by

S(nk) = S(fspg) (M, 0) for all ng,
Theorem 7. Let h=(; and g =y .Then

S(fepg) (M, k) = Cp (N, 1), S(ni) = ¢p(ng).

Proof. For h=_; =d, and g=(y=1

syl = X Bonan(dg () e ()

di < (ng, %)
dy € B(nk)

N
= E 1.d; 1.\ —
kL1.AB (dk)

dr < (ng,ry)
dy € B(nk)

= CB(nk, T'k).

Now again for h =(; =d, and g =y =1and r, =0; we
clearly obtain (ng,rx) = (ng, 0) = ng.
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S() = sgepp () = S B(nd)h(dy)g (Z—:) A (@)

dy,
dr < (ng,71)
dy € B(nk)

4 g%k,o) Pl (Z_Z) e (Z_:)
dy € B(ny)

s e
dy
di, < ny
dy € B(nk)

S(nk) = pp(nk)

which proves theorem 6. Here, we obtain at the same time as a bonus
S(nk) = S(fepg) (M, 0) = Cp(ng, 0) = wp(ng). N
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