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Abstract

The purpose of this paper is to introduce and discuss the concept of
orthogonality in normed spaces. A concept of orthogonality on normed
linear space was introduced. We obtain some subspaces of Banach
spaces which are topologically complemented.
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1. Introduction

Suppose X is a normed linear space and x, y ∈ X, x is said to be orthogonal
to y and is denoted by x ⊥ y if and only if ‖x‖ ≤ ‖x + αy‖ for all scalar α.
If M1 and M2 are subsets of X, it is defined M1 ⊥ M2 if and only if for all
g1 ∈ M1, g2 ∈ M2, g1 ⊥ g2. (see [1]). Let M be a subspace of X, it is defined
the set of the metric complemente

M̂ = {x ∈ X : x⊥M} = {x ∈ X : ‖x‖ = ‖x + M‖},

and the set of the cometric complemente

M̆ = {x ∈ X : M⊥x}.

We know that a point g0 ∈ M is said to be a best approximation (resp.
best coapproximation) for x ∈ X if and only if ‖x − g0‖ = ‖x + M‖ =
dist(x,M) (resp. ‖g0 − g‖ ≤ ‖x − g‖ ∀ g ∈ M). It can be easily proved that
g0 is a best approximation (resp. best coapproximation) for x ∈ X if and only
if x − g0 ∈ M̂ (resp. x − g0 ∈ M̆). The set of all best approximations (resp.
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best coapproximations) of x ∈ X in M is shown by PM(x) (resp. RM(x)). In
other words,

PM(x) = {g0 ∈ M : x − g0 ∈ M̂}
and

RM (x) = {g0 ∈ M : x − g0 ∈ M̆}.
If PM(x)(resp. RM (x)) is non-empty for every x ∈ X, then M is called an
Proximinal (resp. coproximinal) set. The set M is Chebyshev (resp. cocheby-
shev) if PM(x)(resp. RM(x)) is a singleton set for every x ∈ X.

The problems of coapproximation was initially introduced by Franchetti
and Furi ,[1], in order to study some characteristic properties of real Hilbert
spaces, and such problems were considered further by Papini and Singer [7],
and Rao et. al [8-12]. Also there are some results on coapproximation in [2-5].
In this context, we shall obtain some results on orthogonality and coproxim-
inality subspaces of normed space, and obtain properties on normed spaces
that are similar to orthogonality in Hilbert spaces.

Suppose M is a closed subspace of a topological vector space X. If there
exists a closed subspace N of X such that

X = M + N and M
⋂

N = {0},
then M is said to be complemented in X. In this case, X is said to be the
direct sum of M and N , and the notation X = M ⊕ N. Let M be a closed
subspace of a topological vector space X. It is well known results that if X is
locally convex and dimM < ∞ or dim(X/M) < ∞, then M is complemented
in X.

In this section we shall present a list of known lemmas which are needed
in the proof of main results.

Lemma 1.1. Let X be a normed linear space. Let M be a linear subspace of
X, and u ∈ X\M . Then the following statements are equivalent:
1) u ∈ M̆
2) For all g ∈ M , there exists fg ∈ X∗ such that ‖fg‖ = 1, fg(g) = ‖g‖ and
fg(u) = 0.

Lemma 1.2. Let X be a normed linear space. Let M be a linear subspace of
X, and u ∈ X\M . Then the following statements are equivalent:
1) u ∈ M̂ .
2) There exists f ∈ X∗ such that ‖f‖ = 1, f(u) = ‖u‖ and f |M = 0.

Lemma 1.3 ([4]). Let M be a closed subspace of a normed linear space X.
Then
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i) M
⋂

M̆ = {0}.
ii) d(g, M̆) = ‖g‖ for every g ∈ M .
iii) M is coproximinal subspace if and only if X = M + M̆ .
iv) M is cochebyshev subspace if and only if X = M ⊕M̆ , where ⊕ means that
the sum decomposition of each element x ∈ X is unique.

Lemma 1.4 ([13]). Let M be a closed subspace of a normed linear space X.
Then
i) M

⋂
M̂ = {0}.

iii) M is proximinal subspace if and only if X = M + M̂ .
iv) M is Chebyshev subspace if and only if X = M ⊕ M̂ .

2. Orthogonality complemented

We want characterization the orthogonal complemented subspace in a normed
space. In this section suppose X is a normed linear space.

Definition 2.1. Suppose M is a subspace of X then M is called orthogonal
complemented subspace, if either M is Chebyshev and M̂ is a subspace of X
or M is cochebyshev and M̆ is a subspace of X.

Lemma 2.2. Let X be a normed space and M be a closed subspace of X.
Then
a) M̆⊥M if and only if M̆ ⊆ M̂ ,
b) M⊥M̂ if and only if M̂ ⊆ M̆ .

Proof. a). For all x ∈ M̆ , we have M⊥x if and only if M̆ ⊆ M̂ . Also proof
of b) is similar to a).

Lemma 2.3. Let M be a closed subspace of an inner product space X then
M⊥ = M̂ = M̆ . That is, M is orthogonal complemented subspace.

Theorem 2.4. Let X be a smooth Banach space and M be a coproximinal
subspace of X. Then M is an orthogonal complemented subspace of X.

Proof. Since X is a smooth space, from Lemma 1.1, M̆ is a subspace of X.
Also M ∩ M̆ = {0}, and αM̆ ⊆ M̆ , therefore M is cochebyshev subspace. It
follows that M is orthogonal complemented subspace of X.

Theorem 2.5. Let be a normed space and M be a proximinal (resp. coprox-
iminal) subspace of X. If M̂ (resp. M̆) is convex. Then M is an orthogonal
complemented.

Proof. We can prove that if M is proximinal (resp. coproximinal) and
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M̂ (resp. M̆) is convex, then M is a Chebyshev (resp. cochebyshev) subspace
of X. Therefore M is orthogonal complemented.

There exist a Banach space which is not inner product space and has an
orthogonal subspace.

Example 2.6. Let (M1, ‖.‖1) and (M2, ‖.‖2) be arbitrary Banach space. Put
X = M1⊕M2 with the norm ‖x+y‖ = ‖x‖1 +‖y‖2. We know that if M = M1

then M̂ = M2. Therefore M is Chebyshev and M̂ is subspace. It follows that
M is an orthogonal complemented subspace.
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