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Abstract

F-rpp semigroups are initially researched by Guo-Li-Shum (see, In-
ternational Mathematical Forum, 1(2006), p. 1571-1585). They in-
troduced the concept of SFR-systems and established the structure of
a class of F-rpp semigroups, namely, strongly F-rpp semigroups. In
this paper we define FR-systems by weakening the conditions of SFR-
systems and further obtain the structure of general F-rpp semigroups
in terms of FR-systems.
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1 Introduction

A semigroup S is called rpp if for any a € S, aS! regarded as an S'-system
is projective. Dually, we can define Ipp semigroups. In order to investigate
well rpp semigroups, Fountain [3] and [4] introduced usual Green’s *-relations
LY R*,H*, D" and J*. He pointed out that a semigroup S is rpp if and
only if each L*-class of S contains at least an idempotent. As in [4], S is
called abundant if each L*-class and each R*-class of S contains at least an
idempotent. Equivalently, a semigroup is abundant if and only if it is both rpp
and Ipp. Regular semigroups are abundant semigroups. Abundant semigroups
have attracted due attractions.
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An inverse semigroup S is called F-inverse if there exists a group congru-
ence o on S such that each o-class has a greatest element with respect to
the natural partial order < on S. There are many authors having been in-
vestigating (see, McFadden and O’Carrol [9] and others). It was showed that
the notion of F-inverse semigroups are generalizations of residuated inverse
semigroups introduced by Blyth [1]. Later on, Edwards [2] investigated reg-
ular semigroups with the same property of F-inverse semigroups and called
F-regular semigroup. She proved that an F-regular semigroup is indeed an
F-orthodox semigroups.

As analogue of F-regular semigroups, the second author in [5] defined F-
abundant semigroups. By an F-abundant semigroup, we mean an abundant
semigroup in which there exists a cancellative congruence ¢ such that each o-
class contains a greatest element with respect to the Lawson order < (see, [8]).
At the same reference, we established the structure of a class of F-abundant
semigroups, namely, strongly F-abundant semigroups. In [10], Ni-Chen-Guo
obtained a structure of general F-abundant semigroups by introducing the
concept of pre-homomorphisms. The natural problem whether F-abundant
semigroups are strongly F-abundant semigroups or not is now open.

In order to generalize F-abundant semigroups in the range of rpp semi-
groups, Guo-Li-Shum [6] defined F-rpp semigroups and gave a construction
method of a class of F-rpp semigroups, so-called strongly F-rpp semigroups.
But we left an open problem: whether is any F-rpp semigroup a strongly F-rpp
semigroup or not? In this paper we shall establish a construction of general
F-rpp semigroups by introducing the concept of FR-systems. In addition, we
provide an example which can illustrate that strongly F-rpp semigroups form
a proper subclass of F-rpp semigroups. In other words, there exist F-rpp semi-
groups which are not strongly F-rpp semigroups.

2 Results

In this section, we shall establish the structure of F-rpp semigroups. To begin
with, we recall some concepts.
Let S be an rpp semigroup. As in [8], we define a relation S:

x <gyif and only if L*(z) C L*(y) and there exists f € E(S) () L:
such that x = yf,

where L*(z) is the left *-ideal generated by x (see Fountain [4]) and L denotes
the L£*-class of S containing x. Then <, is a partial order on S (see, [6]).
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A congruence p on a semigroup S is called a left cancellative monoid con-
gruence on S if S/p is a left cancellative monoid.

By an F-rpp semigroup, we mean an rpp semigroup in which there exists a
left cancellative monoid congruence o on S such that each o-class of S contains
a greatest element with respect to the Lawson order <,. In this case, the o
is indeed the smallest left cancellative monoid congruence on S (see, [6]). We
denote by m, the greatest element of the o-class of S containing a and by
a* an idempotent in L¥. An F-rpp semigroup S is called strong if for each
a €S, E(SYm! =m:E(S), i.e. m} is central in E(S) (where E(S) is the set
of idempotents of S) (for detail, see [6]).

Let M be a left cancellative monoid with identity 1 and E be a band with
identity €. Denote by End(FE) the set of endomorphisms of E into itself. It
is well known that with respect to the composition of mappings, End(F) is a
semigroup. Define mappings

giM—)E; m = gm,

P:MxM—E;, (mn)— pmn

and
U: M — End(E); m— pn,

where
Om B — E; x— xpp,.

The above quadruple (M, E;G,P; V) is called an FR-system if the following
conditions are satisfied:

(Gl) g1 =¢e.

(G2) Forallme M,x € E, §,,29m = gmT-

(P1) Forall me M,pn1 = gm.

(P2) Forall m,n € M, pmn = DmnPin € W(gmn), Where

W(gmn) ={e € E | € = €gmn = gmne}-

) 1 is the identity mapping on E.

) Forallme M,x € E,xp,, € w(gm)-

FR1) Forall m,ne€ M,z € E,pyn(20men) = (T0mn)Pmn-
) Forall m,ne M,z € w(gn) and y, z € w(gy,),
pmyn(mpn)y = pmyn(mpn)z = (x@n)y = (xgpn)z

(FR3) Forall m,n,t € M, ppntPnt = Pmnt(Pmnpt)-

Now, for a given FR-system (M, E; G, P; V), put

FR=FR(M,E;G,P;¥)={(m,x) e M x E: 2 € w(gm)}
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Define a multiplication on F'R by

(mv I) © (n7y) = (mn,pmyn(xgon)y).

Note that p,,, € w(gmn). We observe that pp, ,(x¢n)y € w(gmn) by (G2), and
so (m,z)o(n,y) € FR. Thus o is well-defined and (F'R, o) is a semigroup (see
Section 3).

The following is the structure theorem of F-rpp semigroups.

Theorem 2.1 Let (M, E;G,P; V) be an FR-system. Then FR(M, E; G, P;¥)
1s an F-rpp semigroup. Conversely, any F-rpp semigroup can be constructed
in this manner.

Recall from Guo-Li-Shum [6] that an SFR-system is just an FR-system
(M, E;G,P; V) in which g,, is central in E for all m € M. Now, by Theorem
2.1, we can easily obtain the structure of strongly F-rpp semigroups (that is,
[6, Theorem 3.10]). On the other hand, by the same arguments as [6, Theorem
4.3], we can obtain the following structure theorem for F-abundant semigroups
and we omit the detail proof.

Theorem 2.2 Let (M, E;G,P;V) be an FR-system. Assume that M is a
cancellative monoid and for all (m,z) € FR = FR(M, E; G, P; V), there exists
m,x] € E such that
(ABF1) ([m,x]om)r =2
(ABF2) Forallne M andy,z € w(gy),
pn,m(y‘zpm)x = pn,m('zwm)x = y[ma x] = Z[ma x]
(IC) For somey € w(x), there exists z € E such that (zgm,)r =y.

Then FR(M, E;G,P;V) is an F-abundant semigroup. Conversely, any F-
abundant semigroup can be constructed in this manner.

3 Proofs

The following result shall be used in the sequel.

Lemma 3.1 [8] Let S be an rpp semigroup and x,y € S. Then x <, y if and
only if for all [for some| y*, there exists a unique f € w(y*) such that x =yf.

Note that the proofs [6, Lemma 3.3, Lemma 3.4, Lemma 3.5, Lemma 3.6
and Lemma 3.7] need not use the assumption that each ¢, is central in FE.
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Then by the same argument, we can show that FR(M, E;G,P; V) is an F-rpp
semigroup if (M, F; G, P; ¥) is an FR-system. Thus we need only prove that
any F-rpp semigroup is isomorphic to some FR(M, E;G,P; V).

In the rest of this section, we always assume that S is an F-rpp semigroup
with a left cancellative monoid congruence p on S such that each p-class con-
tains a greatest element, and that E is the idempotent band of S. We denote
by M the set of greatest elements in all p-classes of S. In general, M does not
form a subsemigroup of S. Now define a multiplication x as follows:

m % n = the greatest element of the p-class of S containing mn.

It is not difficult to check that (M, x) is a semigroup isomorphic to S/p.

Lemma 3.2 [6] (1) E(S) is a band with identity.

(2) For allm € M and m*, m*E(S) C E(S)m*.

(3) For allm € M and e € E(S), there exists a unique f € w(m*) such
that em = mf.

(4) For each x € S, there exists a unique idempotent f, € w(m?) such that
r = mygfe. In this case, f,L*x.

Denote by 1 the identity of E. It is easy to see that 1 € M. For m € M,
we let m* be a fixed idempotent in L7 , where 1* = 1.
Define a mapping G by

M — E; mw— g, =m"
Obviously, g1 = 1* = 1 and whence G satisfies (G1). By Lemma 3.2 (2), for
allm € M and e € E, we have m*em* = m*e. This implies that ¢,,€9,, = gme
for all m € M. That is, G satisfied (G2).

Let m,n € M. Note that mnpm xn. Then by Lemma 3.1, there exists a
unique f,, € w((mxn)*) such that mn = (m*n) f,,. Now, define a mapping
P as follows:

MxM—E; (mn)— Dmn= frn-

Consider that mx1 = m,, xm; = My, = m,, = m and m = mm*. We
have that m = (m * 1)m* and since m = ml = (m * 1) f,,1, then by the
uniqueness of f,,, we have p,,1 = fi,1 = m* = g,,. Thus P satisfies (P1).
On the other hand, since mn = (m * n) fi,, with f, € w((m*n)*), we have
Pmn € w((mxn)*). Compute

(m*n)(fran™) = mnn* = mn = (m*n) fon.
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Since fin € w((m+n)*) and

fmnn* = (m*n)*fmnn*
= (m*n)*fran* (m*n)* = fun*(m*n)* (by Lemma 3.2),

we have f,,n* € w(gmsn). By the uniqueness of f,,, this shows that f,., =

fmnn™. That 1S, Prn = Dmnln = PmaPin € W(Gmwn). Thus P satisfies (P2).
Now let m € M and e € E. Since (em)pm and em <, m, there exists an

unique fe,, € w(m*) = w(g,,) such that em = mf,,,. Define a mapping 6, by

E—FE;, ew—eb, = fon.
If g € E, then (eg)m = mfegm. On the other hand, we have

mfegm = (eg)m - e(gm) - e(mfgm) = (em)fgm = mfemfgm‘

Note that fegm, femfgm € w(m*). By the uniqueness of f,,,, we have f.g, =
femfgm- That is, (eg)0, = (ef)(g0m). This means that 6,, is a homomor-
phism of E into itself.

Finally, we define a mapping © of M into End(E) by

M — End(E); m+— 0,,.
It is clear that © satisfies conditions (PH1) and (PH2).
Lemma 3.3 (M, E;G,P;0) is an FR-system.
Proof: Let myn € M and x € E. Since

(m*n)pmn(x0,0,) = mn(x0,0,) = m(z0,)n
xmn = (m*n)pmyp = (M * 1) (X040 Pmn

and P, n (20,01, (8psn ) Pmn € w((m*n)*), by Lemma 3.2, we have py, »(26,,,0,) =
(20p%n ) Pm.n- That is, (FR1) holds.

For m,n € M and © € w(gm),y,2 € w(gn), if Prn(20,)y = Dmn(z0,)z,
then we have

many = mn(z0,)y = (M *n)pm.n(20,)y
= (m*n)pmn(x0,)z = mn(zb,)z = maxnz

Since mL*g,, = m*, by the above formula, we have m*zny = m*xnz and
so n(z6,)y = n(x6,)z. This shows that n*(z0,)y = n*(x0,)z since nL*n*.
Consequently, (z0,,)y = (z6,)z by the definition of 6,,, and hence (FR2) holds.
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Finally, let m,n,t € M. Since

(m * N & t)pm,n*tpn,t - m(” * t)pn,t = mnt
= (mxn)pmnt = (m*n)t(Pmnbh)
= (m * N *x t)pm*n,t (pm,net)

and m *nxtL*(m*nxt)*, we have

(m * Nk t)*pmm*tpn,t - (m * Nk t)*pm*n,t (pmmet) (]->

Since Prsn.ts Pmast € W((Mmrnxt)*), we have pr, natDnts Pmsnt(Pmnbt) € w((mx
nxt)*) and, by the above equality (1), we obtain that p., nstPn.t = Dimsn.t(Dm.nbt)-
That is, (FR3) also holds. This completes the proof. O

Proof of Theorem 2.1. It remains to prove that S = FR = FR(M, E; G, P; O).
We only need to prove that the mapping

¢:S— FR=FR(M,E;G,P;0); s+ (ms, fs),

where m; and f; have the same meanings as Lemma 3.2, is an isomorphism.
By Lemma 3.2 (4), ¢ is well-defined and we have (mz)p = (m,z) for all
(m,z) € FR. Hence ¢ is surjective. That ¢ is injective follows from Lemma
3.2.

Finally, let s,t € S. Then we have

(ms * mt)fst = mstfst = st = msfsmtft

= msmt(fsemt)ft = (ms * mt)pms,mt(fsemt)ft'
This implies that fs = P, m, (fsOm,) f:- Thus we have
(st)p = (M * Mt Py iy (fsOm, ) fr) = (s, fs) (M, fr) = (s9) ()

and so ¢ is a homomorphism from S onto F'R. Hence ¢ is an isomorphism, as
required. O

4 An example

In this section we provide an example which illustrates that strongly F-rpp
semigroups form a proper subclass of F-rpp semigroups.
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Example 4.1 Let M be a left cancellative semigroup, E be a left zero band.
Let S = MUFEU{e}, where ¢ is neither an element of M nor one of E. Define
a multiplication o on S by

ab ifa,be M,

a ifae M,be EU{e}
ifae EU{e},be M

aocb=<¢a ifa,beFE

e ifa=e=0>

b ifa=¢e beFk

a ifack b=c¢

\

Then (S,0) is an F-rpp semigroup but not a strongly F-rpp semigroup.

Proof: A routine calculation can show that (.5, 0) is a monoid with identity
and E(S) = EU{e}. We prove next that S is rpp. For this, we let m € M, e €
E z,y € S and mx = my. We consider the following two cases:

(1) One of x and y in EU{e}. Without loss of generality, we assume x € EU{e}.
Then max = m =my and y € EU{e}. Tt is clear that ex = ey for all e € F.

(2) z,y € M. Note that M is left cancellative. Then mx = my implies that
x = y. This shows that ex = ey for all e € F.

However, mx = my can imply that ex = ey, for all e € E. By the definition
of multiplication, me = m. We have now proved that mL*e for all e € E and
m € M. Therefore S is rpp.

Define a relation p on S as follows:

p={(z,y) € Sx 9 :(x,y) € (FU{e}) x (FU{e}) or x =y € M}.

It is easy to see that p = [(F U {e}) x (E U {e})] U Ay, where Ay, is the
identity relation on M. Furthermore, from the above proof (1) and (2), it
is not difficult to check that p is a left cancellative monoid congruence on S.
Note that p, = {z} if € M while p, = EU{e} if 2 € EU{e}. Then
each p-class of S contains a greatest element with respect to <, since ¢ is the
greatest idempotent. This means that S is an F-rpp semigroup.

For e, f € E, we have that e # f implies that ef = e # f = fe, hence each
element of E is not central in E(S) = F U {c}, and thus S is not strong. O
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