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Abstract

Let K be a finite field of order m and S = PG(n,K) be a finite
projective n−space over K , n ≥ 2.Let D be the set of all faces of
a simplex in S with all subspaces of them. Consider S \D denoted
by SD. In this paper , it is proved that SD is a homogeneous Bolyai-
Lobachevsky (hyperbolic) n−space in the sense of Graves [1] if 2 ≤ n ≤
m− 1

2

(
1 +

√
4m + 5

)
, n,m ∈ N,m ≥ 7, and SD and SD′ are isomorphic

for two simplices D and D′ of S.
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1 Introduction

Graves [1] has proposed a set of axioms for finite Bolyai-Lobacevsky planes
(denoted by B-L plane) as following:

A1. The plane Π is a finite collection of elements called points(denoted by
capital letters).

A2. There are certain distinguised subsets of the plane Π, called lines(
denoted by small letters).

A3. There are at least two points on each line.
A4. Two distinct points A and B lie on one and only one line.
A5. The plane Π contains at least four points, no three of which lie in a

line.
A6. If a set of Π contains three points not on a line and contains all the

lines through any pair of its points, then that subset contains all the points of
Π.
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A7. Through each point X not on a line b there pass at least two lines not
meeting b.

Graves [1] gives an example and defines a concept of homogenity such as
”it is called a homogeneous B-L plane if the group of its collinations is tran-
sitive on points”. He suggests that it would be interesting to know additional
constructons for such planes, in particular homogeneous planes.T.G.Ostrom[2]
has proved that the interior set of an oval in a Desarguesian projective plane
of order n, n� 7, except n ≡ 1(mod 8) is a homogeneous B-L plane in the sense
of Graves[1]. R.Sandler [3] has shown that the substructure obtained from a
Desarguesian projective plane by deleting non-concurrent three lines and all
points of them is a homogeneous B-L plane. R.Kaya and E.Özcan[4] have
shown that the substructure obtained from a projective plane by deleting m
lines, no three of which are concurrent, with all points of them is a B-L plane,
under certain conditions. Thus, they have generalized the model of Sandler.
R.J.Bumcrot[5] has shown that the substructure obtained from a projective
plane of order n by deleting m lines which contain at least non-concurrent
three lines with all points of them is a B-L plane. Again, Bumcrot has defined
a finite B-L space as it is a geometrical linear space with the property that any
2-subspace is a B-L plane. It is asked if there is a finite classical model of B-L
3-space in mention Bumcrot’s paper. Ş.Olgun and I.Özgür[6] have shown that
the substructure obtained from a projective 3-space by deleting four planes,
no three of which are collinear, with their all points and lines is a B-L 3-space,
under certain conditions. Thus, the previous paper can be considered as a
generalization of the model of Sandler for B-L 3-spaces.

In this paper, it is shown that the substructure obtained from a finite pro-
jective n-space by deleting all faces of a simplex with all subspaces of them
is a B-L n-space. On the other hand, Graves’s homogenity definition is ex-
panded to B-L n-spaces such as ”a B-L n-space is called homogeneous if the
group of collineations of this space is transitive on points”. Then it is proved
that mention B-L n-space is homogeneous. Thus, Sandler’s B-L planes are
completely generalized to finite B-L n-spaces.

Now we give some basic definitions and results about linear spaces and
projective spaces.

An incidence structure is an ordered triple of sets (P,L, I) where P∩L =Ø
and I ⊂ P ×L . For P ∈ P and l ∈ L , PIl is read ”P is on l . We also write
this as lIP .

Definition 1 (Bumcrot ([5])) . A linear space is an incidence structure (P,L, I)
satisfying following statements:

L1. Each two distinct points are on exactly one line
L2. Each line is on at least two points.
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A subspace of a linear space S = (P,L, I) is a linear space S ′ = (P ′,L′, I ′)
such that P ′ ⊂ P , L′ ⊂ L and I ′ = I ∩ (P ′ × L′). We may safely write I for
I ′. S ′ is a complete subspace of S if

for all points P and lines l in S: PIl ∈ L′ =⇒ P ∈ P. The intersection
of family of subspaces of S satisfies L1 but not always L2 ; however , the
intersection of any family of complete subspaces of S is a complete subspace
of S. The complete subspace generated by a set δ = {P, Q, ..., } of elements
(lines and points ) of S is the intersection of all complete subspaces of S
that contains δ and denoted by ≺ δ � . A finite point set A is dependent if
p ∈≺ {A − {p} � for some p ∈ A. An arbitrary point set is independent if
none of its finite subsets is dependent . A basis of a complete subspace S ′ of
S is an independent point set that generates S ′. S is geometrical if for every
complete finitely generatable subspace S ′ of S any two bases of S ′ have the
same cardinality.

Definition 2 A B-L space S is a geometrical linear space with the property
that any 2-subspace (plane) is a B-L plane.

Definition 3 Let K be a finite field of order m, PG(n,K) be an n−dimensional
projective space over K. Any independent points set D ={Q0, Q1, ..., Qn},
n ≥ 2, is called a simplex. We define a corner point as each point of D.
A hyperplane generated by any n points Qi of D is called a face of D. A line
through any two distinct corner points is called an edge of D.

Definition 4 Let S = PG(n,K). Then a maping f : S → S is called a colli-
nation of S if f is a bijection which preserves incidence. That is, if πr and πs

are subspaces of S and πr ⊂ πs, then f(πr) ⊂ f(πs).

Proposition 1 (Hirschfeld [7]) If {Q0, Q1, ..., Qn+1}, {Q′
0, Q

′
1, ..., Q

′
n+1} are

sets of n+2 points of PG(n,K) such that no n+1 points chosen from the same
set lie in a hyperplane of PG(n,K) (or two set form (n + 2)−arcs), then there
exists a unique collination f such that f(Qi) = Q′

i for all i ∈ {0, 1, ..., n + 1}.

2 A Finite Model of some B-L n−spaces,n≥ 2

The question of existence of finite hyperbolic spaces dimension greater than
two is, ingeneral, open. However, under additional regularity assumptions and
geometrical assumptions, strong non existance results have been pointed out
in Bumcrot [5].

The following theorem which is main result of this article gives a partial
answer to the question ” Do none of the clasical models of hyperbolic n−space
admit finite analogs?” in Bumcrot [5].
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Theorem 2 Let {Q0, Q1, ..., Qn} be a simplex in S = PG(n,K) of order
m , D be the set of all faces of this simplex with all subspaces of them and
SD be the substructure obtained from PG(n,K) by deleting D. If 2 ≤ n ≤
m− 1

2
(1+

√
4m + 5),with m ≥ 7 then SD is a finite homogeneous B-L n-space

in the sense of Graves [1].

Proof. First, we show that SD is a hyperbolic n− space .

Let π be a projective plane (a complete 2− subspace ) of S. It is clear that
π contains at most two corner points or one edge. Thus there are three cases
for π ∩ D. On the other hand, it is easily seen that every 2-subspace (plane)
of SD is in the form π\(π ∩ D).

Case 1. π ∩ D contains exactly two corner points. In this case , π ∩ D is
a set of n lines li, i = 1, 2, ..., n such that no three of which are concurrent. If
2 ≤ n ≤ m − 1

2
(1 +

√
4m + 5), by Kaya- Özcan [4] , every complete subspace

of dimension 2 of SD obtained from π by deleting all of lines li, and all points
of them is a B-L plane in the sense of Graves [1]. Hence SD is a B-L n− space
by Definition 1.2 .

Case 2 . π ∩ D contains exactly one corner point. In this case , π ∩ D is
a set of n + 1 lines li ,i = 1, 2, ..., n + 1 such that n of them are concurrent . If
2 ≤ n ≤ m− 1

2
(1 +

√
4m + 5) , by Kaya- Özcan [4] , the complete 2−subspace

of SD obtained from π by deleting all of lines li, and all points of them is a B-L
plane in the sense of Graves [1]. Hence SD is a B-L n− space by Definition
1.2.

Case 3. π ∩D does not contain any corner point. In this case , π ∩D is a
set of n+1 lines li ,i = 1, 2, ..., n+1 such that no three of which are concurrent .
If 2 ≤ n ≤ m− 1

2
(1+

√
4m + 5), by Kaya- Özcan [4] , every complete subspace

of dimension 2 of SD obtained from π by deleting all of lines li, and all points
of them is a B-L plane in the sense of Graves [1] . Hence SD is a hyperbolic
n− space by Definition 1.2.

Now , we prove that SD is a homogeneous B-L n-space.

It is clear that the group of collineations of SD is a subgroup of the group of
collineations of S which leaves invaryant D. So any collineation of SD leaves
,also, invaryant the simplex {Q0, Q1, ..., Qn}. Let X and Y be any points of
SD. Consider the sets {Q0, Q1, ..., Qn, X}, {Q0, Q1, ..., Qn, Y }.Since any n+1
points of them are independent, there is a unique collineation f of S such
that f(Qi) = Qi, i = 0, 1, ..., n, f(X) = Y by Proposition 1.1. Hence, SD is a
homogeneous B-L n-space since f is, also, a collineation of SD.

Theorem 3 Let {Q0, Q1, ..., Qn} and {Q′
0, Q

′
1, ..., Q

′
n},n ≥ 2, be any two sim-

plices of S = PG(n,K) and SD and SD′ be B-L n-spaces with associated sim-
plices {Q0, Q1, ..., Qn} and {Q′

0, Q
′
1, ..., Q

′
n}, respectively, as in Theorem2.1.

Then SD and SD′ are isomorphic.
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Proof. For two simplices {Q0, Q1, ..., Qn} and {Q′
0, Q

′
1, ..., Q

′
n} of S, there

exists a unique collineation f such that f(Qi) = Q′
i, i = 0, 1, ..., n, by Proposi-

tion1.1. So f(D) = D′. Since such a collineation f induces a bijection mapping
from SD on to SD′which preserves incidence, SD and SD′ are isomorphic.
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[6] Olgun, Ş. and Özgür, İ. On some finite Hyperbolic 3−spaces , Tr. J. of
Mathematics 18 (1994) , 263 − 271.

[7] Hirschfeld, J.W.P. Projective Geometries over finite fields Clarendon press.
Oxford (1979).

Received: March 24, 2006


