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Abstract

It is shown that there exist infinitely many A4 quartic fields with a
power integral basis.
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1. Introduction. Let K be an algebraic number field of degree n. Let
OK denote the ring of integers of K. The field K is said to possess a power
basis if there exists an element θ ∈ OK such that OK = Z + Zθ+ · · ·+ Zθn−1.
Equivalently OK = Z[θ]. In this case we say OK or K is monogenic. We
can extend the idea of a power basis to an order of OK , that is a subring of
R of OK which contains 1 and has finite index in OK . The ring of integers
OK of K is called the maximal order. An important problem in algebraic
number theory is to decide if a number field is monogenic. Every quadratic
field is monogenic. Dedekind [1] gave an example of a cubic field which is not
monogenic. For background on the history of this problem see [4] and [7].

In [5] the author gives five parametric families of monic quartic polynomials
in Z[x]. A root ξ of any of these polynomials defines a totally complex quartic
field Q(ξ). All power bases are determined in the order Z[ξ]. One of these
five families of quartic polynomials has Galois group A4 the alternating group.
This family is

x4 + 4kx3 + 4k2x2 + 8x + 4k2 + 8k + 12, k ∈ Z.
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In fact the order Z[ξ] corresponding to a root of this family is never equal to
the maximal order for any integer k. It is easy to see this by calculating the

minimal monic polynomial of
ξ2

2
. This polynomial is

x4 − 4k2x3 + (4k4 + 2k2 − 12k + 6)x2 + (4k4 + 8k3 + 12k2 − 8)x
+k4 + 4k3 + 10k2 + 12k + 9 ∈ Z[x].

Consequently
ξ2

2
is an algebraic integer which clearly does not belong to the

order Z[ξ].
One part of the study of power bases is the process of determining which

Galois groups admit infinitely many fields whose rings of integers are mono-
genic. Therefore it seems worthwhile to give a new parametric family of A4

quartic fields with this property. We define a parametric family of polynomials
as follows.

ft(x) = x4 + 18x2 − 4tx + t2 + 81, t ∈ N.

Let θ = θt denote a root of ft(x) and set Kt = Q(θt). We prove the following
Theorem in section 3 after some useful Lemmas in section 2. As expected,
much of the work involves field discriminant calculations.

Theorem. Suppose that t is a positive integer and that t(t2 +108) is square-
free. Then Kt is a monogenic A4 quartic extension of Q. Moreover the fields
Kt are distinct.

Remark. We note that a theorem of Erdös guarantees that t(t2 + 108) is
squarefree for infinitely many positive integers t, (see [2]) so that our theorem
will imply that there exist infinitely many monogenic A4 quartic fields.

2. Some relevant Lemmas for the polynomials ft(x). Throughout this
section t denotes a positive integer, p a prime number, θt a root of ft(x) and
Kt = Q(θt). If a, k are integers with k > 0, we use the notation
p | a for p divides a, p � a for p does not divide a and pk ‖ a if pk | a but
pk+1 � a.

Lemma 2.1 If t(t2 + 108) is squarefree then ft(x) is irreducible so that Kt

is a quartic field extension of Q.

Proof. Since t(t2 + 108) is squarefree, clearly t must be odd. It is easy to
see that if t is odd then 2 ‖ t(t2 +108). Therefore ft(x) is 2-Eisenstein so that
ft(x) is irreducible and hence Kt is a quartic field as required.

Lemma 2.2 We have disc(ft(x)) = 28t2(t2 + 108)2.
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Proof. The calculation of this polynomial discriminant is straightforward.

The next Lemma involves the resolvent cubic of ft(x). We recall from [6] that
the resolvent cubic of a quartic polynomial x4 + Px2 + Qx + R is x3 − Px2 −
4Rx + (4PR − Q2).

Lemma 2.3 If t(t2 + 108) is squarefree then the resolvent cubic of ft(x) is
irreducible.

Proof. Corresponding to ft(x) the resolvent cubic is x3−18x2−4(t2 +81)x+
56t2 + 5832. Applying the transformation x = y + 6 we obtain the reduced
cubic h(y) = y3 − 4(t2 + 108) + 32(t2 + 108). Since t is a positive integer and
odd as we saw in the proof of Lemma 2.1, we have t2 + 108 greater than one
and odd. Therefore t2 + 108 is divisible by an odd prime p. Since t(t2 + 108)
is squarefree it follows that h(y) is p-Eisenstein and therefore irreducible.

The next four Lemmas are used to determine the field discriminant d(Kt).

Lemma 2.4. If t(t2 + 108) is squarefree then 28 ‖ d(Kt).

Proof. Recall from the proof of Lemma 2.1 that ft(x) is 2-Eisenstein. It
follows from [3, p. 44] that 2 � ind θt, the index of θt, so that the power of 2
dividing d(Kt) is equal to the power of 2 dividing disc(ft(x)) = 28t2(t2 +108)2

by Lemma 2.2. Recalling that t(t2 + 108) is odd we obtain the result.

The next Lemma gives a general result useful for field discriminant calcu-
lations.

Lemma 2.5. Let f(x) = xn + an−1x
n−1 + · · ·+ a1x + a0 ∈ Z[x] be irreducible

over Q. Suppose that θ is a root of f(x) and K = Q(θ). If p is a prime
number and k a positive integer with k < n such that pk ‖ a0 and pk+1−i | ai,
1 ≤ i ≤ k then the ideal < p > ramifies in K.

Proof. Suppose that < p > does not ramify in K. Then there exist distinct
prime ideals ℘1, . . . ℘r such that

< p >= ℘1 · · ·℘r.

As pk ‖ a0 we have as ideals in OK , < a0 >= ℘k
1 · · ·℘k

r < b > for some b ∈ Z
with p � b. Thus ℘i �< b > for i = 1, . . . , r. Since N(θt) = ±a0 ≡ 0(mod p)
the ideal < θt > must be divisible by at least one ℘i say ℘. As ℘k+1−i | ai

1 ≤ i ≤ k we have

a0 = a0 − f(θt)
= (−a1θt − · · · − akθ

k
t ) − (ak+1θ

k+1
t − · · · − θn

t ) ≡ 0(mod ℘k+1).
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since ℘k+1 clearly divides each term inside the pairs of brackets, contradicting
pk ‖ a0. Thus < p > ramifies in K.

Lemma 2.6. If t(t2 + 108) is squarefree and p | t then the ideal < p >
ramifies in Kt.

Proof. We begin by giving the minimal polynomial of θ2
t + 9. A standard

calculation results in

x4 + 2t2x2 − 16t2x + t4 + 144t2 (2.1)

Before we can apply Lemma 2.5 we must check that this polynomial is irre-
ducible so that Q(θ2

t + 9) = Q(θt). We have already noted that if t(t2 + 108)
is squarefree then t is odd. Additionally it is clear that 3 � t. Therefore we
can write t = 3m ± 1 for some positive integer m. Substituting for t in (2.1)
and factoring modulo 3 gives

(x + 2)(x3 + x2 + 2)

It follows from this factorization that if the polynomial given in (2.1) is re-
ducible then its factorization must be equal to a linear polynomial times an
irreducible cubic and θ2

t + 9 is a root of one of these factors. The first possi-
bility is impossible since otherwise θ2

t + 9 would satisfy a linear equation over
Q implying that the degree [Kt : Q] ≤2, contradicting Lemma 2.1 If θ2

t + 9
were a root of an irreducible cubic then Kt would have a cubic subfield which
is impossible for a quartic field. Therefore the polynomial (2.1) is irreducible.
Observe that p2 is the exact power of p in the constant term of (2.1). There-
fore we can apply Lemma 2.5 to (2.1) and the given p, with k = 2 and the
result follows.

Lemma 2.7 If t(t2 +108) is squarefree and p | t2 +108 then the ideal < p >
ramifies in Kt.

Proof. We begin by giving the minimal polynomial of θ2
t + 3. A standard

calculation results in

x4 + 24x3 + 2(t2 + 108)x2 + 8(t2 + 108)x + (t2 + 108)(t2 + 12) (2.2)

Before we can apply Lemma 2.5 we must check that this polynomial is irre-
ducible so that Q(θ2

t + 9) = Q(θt). However the proof of Lemma 2.6 shows
that Q(θ2

t + 9) = Q(θt) and clearly Q(θ2
t + 3) = Q(θ2

t + 9) so irreducibility is
immediate. Observe that p exactly divides the constant term of (2.2). There-
fore we can apply Lemma 2.5 to (2.2) with the given p, and k = 1 to complete
the proof.
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3. Proof of Theorem. Let t be a positive integer such that t(t2 + 108) is
squarefree. We must show

(1). Gal(ft(x)) � A4.
(2). d(Kt) = disc(ft(x)).
(3). The fields Kt are distinct.

By Lemma 2.1 we know that ft(x) is irreducible. To show that the Galois
group of ft(x) � A4 we must show that disc(ft(x)) is a perfect square in Z
and that the resolvent cubic of f has no rational roots. See [6] for details.
Lemma 2.2 gives disc(ft(x)) = 28t2(t2 + 108)2. Lemma 2.3 shows that the
resolvent cubic is irreducible so has no rational root. This establishes (1).

By Lemma 2.4 28 | d(K). Since t(t2 +108) is squarefree t is squarefree and
odd. Let p be a prime with p | t. By Lemma 2.6 < p > ramifies in Kt so
p | d(K). However there exists a positive integer c such that

d(K)c2 = disc(ft(x)) = 28t2(t2 + 108)2. (2.3)

It follows that d(K) is a square so that p2 | d(K) and hence as t is squarefree
we have t2 | d(K). Exactly the same argument applied to the primes dividing
t2 + 108 gives (t2 + 108)2 | d(Kt). Since t(t2 + 108) is squarefree we deduce
that the integers 28, t2 and (t2 + 108)2 are pairwise relatively prime. Hence
their product 28t2(t2 + 108)2 | d(Kt). Combining this statement with (2.3) we
deduce that c = 1 and d(Kt) = disc(ft(x)) so that {1, θ, θ2, θ3} is an integral
basis for Kt. Therefore Kt is a monogenic A4 quartic field and we have verified
(2).

To finish our proof and show that the fields Kt are distinct we just have
to show that for each positive integer n there is at most one value of t such
that 28t2(t2 + 108)2 = n2. Therefore we obtain infinitely many different field
discriminants from the infinite set of positive integers t such that t(t2 +108) is
squarefree, which guarantees that our fields Kt are distinct. Since t, t(t2+108)
and n are positive we can reduce to showing that for any positive rational
number r, t(t2 +108)− r has at most one solution. Viewed as a polynomial in
t the discriminant is equal to −2839 − 27r2 < 0. Hence this cubic polynomial
has one real root and (3) follows.
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