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Abstract

Many years have been devoted by the Author to the development
of a theory of nuclear structure on a 4-dimensional manifold M4 that is
tangent to a pseud-Minkowskian 5-space AdS5 where much of current
nuclear research is conducted with one time coordinate associated with
energy . However recently a Holographic Principle has been formulated
that relates a spin dimension in M4 to the mass m2 in 5 space and in
this note evidence for this relationship is presented for the 10B nucleus
(shown in the Figure). This nucleus is chosen because it alone has no
spin wave function so the energy levels that decay to the ground state
are all pure E2 transitions produced by surface waves on its quadrupolar
shape which itself can readily be calculated from representations on M4

that are far more difficult in 5-space. Because we work on a surface the
quark fractional charges emerge naturally.
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1 Introduction

In Ref. [6] references a fundamental irreducible representation

1

4
Ψ = (iE4ψ1 + E23ψ2 + E14ψ3 + E05ψ4)e (1)

was found in the center D of the Dirac ring which is therefore Lorentz in-
variant.Here we use Eddington’s transparent notation and associate the com-
muting operators E23, E14 and E05 respectively with independent rotations
in 3-space,4-space and isospace which correspond to the spin σ,parity π and
charge T3 carried by a single nucleon or deuteron since the charge is double-
valued. E4 is the unit 4 × 4 matrix while ψ2, ψ3 and ψ4 are half angles of
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rotation or ’Turns’ [4]; e is a primitive idempotent. To see how E14 is related
to parity we notice that a rotation through π about t will send x to −x with-
out inverting the time axis but instead changing to a left-handed coordinate
system. Eddington’s E numbers are mapped into the Dirac γ matrices by

γν = iE0ν , Eµν = EρµEρν = −Eνµ, (2)

E2
µν = −1, EµνEστ = EστEmuν = iEλρµ < ν = 1, . . . , 5

Equation (1) and its tensor products have formed the basis for all the
analysis of nuclear structure in Minkowski 4-space since 1971 and in this con-
tribution we hope to show how the results correspond to current work in a
5-dimensional Anti-de-Sitter space which is also pseudo-Minkowskian.

We begin with the nuclear quadrupole. The fundamental association with
(1) was made by Barth and Nieto [2] who showed that the operators E23, E14, E05

are a set of one of the 15 synthemes in the Projective space P 3. They each
specify a pair of ’fix-lines’ lying in the ±i eigenspaces determined by the rela-
tion E2

µν = −1. The six fix-lines are the edges of a fundamental tetrahedron
that can be inscribed in a cube such that an edge is a diagonal, or skew-line,
of a cubic face. In fact two tetrahedra can be housed in a single cube [9]. In
this way Eqn.(1) characterizes such a tetrahedron labeled by the coordinates
X,Y ,Z,T of its corners and if it is to be invariant under the rotation- reflection
group then the required operations are the Dirac matrices

σ1 : (X, Y, Z, T )→ (Z, T,X, Y );

σ2 : (X, Y, Z, T )→ (Y,X, T, Z)

τ1 : (X, Y, Z, T )→ (X, Y,−Z,−T );

τ2 : (X, Y, Z, T )→ (X,−Y, Z,−T ) (3)

where σ1, σ2 are rotations and τ1, τ2 are reflections. According to [2] the most
general quartic that remains invariant under (3) is the Lorentz invariant Kum-
mer quadrupole

(x2y2 + z2t2) + (y2z2 + x2t2) + (x2z2 + y2t2) + kxyzt = 0, k > 6 (4)

in 5-space which is also shown in [9].
Of course the quadrupole has been extensively confirmed by nuclear energy

levels associated with E2 transitions to the ground state ( cf.eg.[1]). However
in this paper we will focus on those levels of10B where there is no contribution
by the many nucleon spin wave function.In the next section it will be seen how
the decomposition into N neutrons and Z protons proceeds automatically once
a canonical labeling has been chosen.
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In the tangent space M4 many nucleon representations are found by con-
structing the A-th tensor product with itself so there is no appeal to a La-
grangian or Hamiltonian formalism and the mass is replaced by the square
root of a spin bundle as indicated by Lawson and Michelsohn ([11],Ch.2).
Even the strong force has a geometric interpretation. As will be covered in
Section 2.

2 Nuclear Spin Ground State Wave Functions

The calculation of the tensor product of (1) with itself introduces a de Broglie
algebra with the 4A × 4A basis elements [6].

El
µν = E4 ⊗ . . .⊗ E4 ⊗ Eµν ⊗ E4 ⊗ . . .⊗ E4 (5)

with Eµν in the l-th position. The elements El
µν ,E

l+1
µν commute. The de Broglie

generators are

Γ(A)
ν =

1

2
(E1

0ν + E2
0ν + . . .+ EA

0ν), ν = 1, . . . , 5 (6)

σ(A)
µν = [Γ(A)

µ ,Γ(A)
ν ] =

1

2
(E1

µν + . . .+ EA
µν), µ < ν = 1, . . . , 5 (7)

η(A)
ν = E0ν ⊗ . . .⊗ E0ν = E1

0νE
2
0ν . . . E

A
0ν , η

(A)
µν = η(A)

µ η(A)
ν

= E1
µνE

2
µν . . . E

A
µν (8)

where A is the atomic number and (6) is the trace of η(A)
ν . Then the irreducible

representations of the enveloping algebra A(γ) of the Dirac ring are

Ψ(A) =
∑
λ

C[λ]P[λ], (9)

where P[λ] is a projection operator,

P[λ] = i−A(iAψ1
λ1ψ2

λ2ψ3
λ
3ψ4λ4

+η
(A)
23 ψ

λ2
1 ψ

λ1
2 ψ

λ4
3 ψ

λ3
4 )εA

+i−A(η
(A)
14 ψ

λ3
1 ψ

λ4
2 ψ

λ1
3 ψ

λ2
4

+η
(A)
5 ψλ41 ψ

λ3
2 ψ

λ2
3 ψ

λ1
4 )εA (10)

satisfying
P 2

[λ] = P[λ]ψ
λ1
1 ψ

λ2
2 ψ

λ3
3 ψ

λ4
4 (11)

Here [λ] = [λ1λ2λ3λ4] is a partition of A = λ1 +λ2 +λ3 +λ4 and εA = e⊗ . . .⊗e
is idempotent so thatP[λ] has precisely the same form in configuration space
as (1) has in 4-space.
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A canonical labeling associates (λ3 + λ4) with Z and (λ1 + λ2) with N. In
this way P[λ] decomposes into a nucleus characterized by T3 = i(Z−N) and its
mirror image T3 → −T3. Moreover if (λ2 + λ3) is the number of nucleons with
negative spin then each part of the decomposition (10) exhibits both positive
and negative spin.

The essential difference between (1) and (10) lies in the fact that the op-
erators E23, E14, E05 are replaced by their tensor products η23, η14, η05 but this
will not affect the fix-lines because El

µν , E
(l+1)
µν commute so that each nucleon

in the ensemble of A will determine the same tetrahedron and fix the nu-
clear quadrupole. Normally this is accounted for by positing a strong force in
Anti-de-Sitter 5-space.

The nuclear spin wave function resides in the threeform

C[Λ] = iΛ1σΛ2
0 πΛ3

0 TΛ4
0 −

∑
iλ1σλ20 π

λ3
0 T

λ4
0 (12)

where

σ0 = 2σ1 = (E1
23 + . . .+ EA

23) = 2is,

π0 = 2π1 = (E14 + . . .+ EA
14),

T0 = 2Γ5(A) = (E1
05 + . . .+ EA

05) = i(Z −N) = T3 (13)

and the spin and parity for any given state or mode [λ] are respectively

s =
1

2
(A− 2(λ2 + λ3), p =

1

2
(2(λ2 + λ4)− A). (14)

The ground state is denoted by[Λ] = [Λ1Λ2Λ3Λ4] and is unique because Λ1 =
Λ4 ≥ (Λ2,Λ3) otherwise there is no Hodge decomposition of (12) in the pro-
jective space P 3.

The summation in (12) contains all those terms arising from repeated
indices, eg. Ek

23E
k
23 = i2, Ek

23E14k = iEk
05, E

k
23E

k
05 = iEk

14 = Ek
05E

k
23 and

Ek
14E

k
05 = iEk

23 etc. that yield a single term by (2). For example

P (Ei
23E

j
23) = σ0T0 − iπ0 (15)

where the unknown permutation P embodies a summation over the A!/(A−n)!
combinations in the bracket and n is the number of terms found there (in this
case n=2). Then we ’add’ one nucleon at a time by multiplying by σ0, π0 or
T0 until Λ2 + Λ3 + Λ4 = A− Λ1 by utilizing relationships like

π0 × (σλ20 π
λ3
0 T

λ4
0 ) = σλ20 π

(λ3+1)
0 T λ40

+iλ2S
(λ2−1)P λ3T (λ4+1) + iλ4S

(λ2+1)P λ3T (λ4−1)

+i2λ3(A+ 1− (λ2 + λ3 + λ4)Sλ2P (λ3−1)T λ4 (16)
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where π0, σ0 and T0 may be interchanged because they commute and eg.

S(λ2−1)P λ3T (λ4+1) = P (E1
23E

2
23 . . . E

(λ2−1)
23 Eλ2

14 . . .

Eλ3
14E

(λ3+1)
05 . . . E

(λ4+1)
05 )

In the case of 10B we find that the threeform

C[3223] = i3/(2!2!3!)P (Ei
23E

j
23E

k
14E

l
14E

m
05E

n
05E

o
05) (17)

vanishes whenT0 = i(Z − N) = 0, so there is no contribution to a spin wave
function in laboratory space but contributions from E2 transition modes will
now be investigated.

3 Comparison with Experiment

According to Lawson and Michelsohn([11],Ch.2): ’for any compact Kaehler
manifold X with vanishing first Chern class c1(X) the spin structures on X
are in one-to one correspondence with the holomorphic square root of the
canonical spin bundle of X’.Now the projective spaceP 3 of Section 2 is Kaehler
and Ricci-flat withc1(x) = 0 (cf.eg.[8])so these conditions hold for the spin-
isospin label [λ] which may be considered as a fiber bundle consisting of all
those states with the same quantum numbers of spin and parity. But there
are altogether N[λ] =!/λ1!λ2!λ3!λ4! possible permutations of spin,parity and
isospin in the state [λ] so the spin bundle is obtained by factoring out the
charge permutations, namely N[T ] = A!/(λ1 + λ2)!(λ3 + λ4)! and we write
N[λ] = N[λ]/N[T ]. Then a spin structure (Ibid) is defined as a bundle of

orthonormal frames which would correspond physically to the modes of sur-
face waves generated by the nuclear quadrupole and evinced by E2 transitions.
But according to Witten[12] such modes determine energies E that by Lawson

and Michelsohn’s theorem are in one-to one correspondence with
√
N[λ].This

relationship was investigated by de Wet[7] and tolerable agreement was found
with some of the energy levels of 10B,10Be,10C,12Cand16O, but the investiga-
tion was not restricted to E2 transitions to the ground state and no account
was taken of modes generated by the spin wave functions themselves which
are not always zero.In fact interference results in degenerate N values for the
same wave function mode which is not the case for10B as shown by Fig.1.

Here all of the six E2 transitions with T=0 are shown in serial order and
plotted against increasing symmetry of

√
Ngs −

√
N − [λ]. Thus the square

root of the ground state Ngs with the most symmetric spin bundle is mapped
into the highest energy of 5.92 MeV and there is a linear relationship except for
E=4.77 MeV which ,however, does not decay directly to the ground state(cf.[1])

Returning to equation (1)the operators E23, E14 are mapped into the gener-
ators M23,M01 of the Poincare’ group and the only term of the 4-dimensional
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Poincare’ vector is the energy E4 that generates a time translation associated
with ψ1.Futhermore there is a contraction of the de Sitter Lie algebra o(3, 2) to
the Poincare’ Lie algebra (cf.eg.[3],Ch.1) and in this way one time coordinate
in AdS5 may be identified with energy.

4 Conclusion

In this contribution we have covered two mappings between 4-dimensional
physics conducted on the surface of a 5-dimensional pseudo-Minkowskian space
AdS5; namely the square root relationship shown in Fig.1 and the nuclear
quadrupole. Moreover the octupole is a double covering of the quadrupole ac-
cording to Ref.[2] and the hexadecupole , or E4 transition, is a double covering
of the octupole [5].A rotating octupole or hexadecapole would be indistinguish-
able form the deformed spherical shell actually measured.

We have not yet touched on the fact that a quasi-particle moving on a
surface can have a fractional charge. But in [10] de Wet finds a beautiful
gluon braid on the surface covering the rotations and reflections of the fun-
damental tetrahedron with 4 vertices mapped into 3 quarks and the gluon
propagator.This accounts for fractional charges carried by the gluons.
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Fig.1 Comparison of the E2 transitions of 10B with the square root of the spin

bundle.


