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Abstract

A generalized quasilinearization method for the nonlinear forced
Diiffing equation with mixed boundary conditions is developed and a se-
quence of approximate solutions converging monotonically and quadrat-
ically to the solution of the given mixed boundary value problem is
presented.
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1. Introduction

The method of quasilinearization [2] provides an excellent approach for
obtaining approximate solutions of nonlinear differential equations. This tech-
nique works fruitfully only for the problems involving convex/concave functions
and gives the sequence of approximate solutions converging monotonically and
quadratically to the solution. Later after that the convexity assumption was
relaxed and the method was generalized and extended in various directions to
make it applicable to a large class of problems [5-9]. The generalized quasi-
linearization method was discussed for second order boundary value problems
[11-14]. A generalized quasilinearization method was developed for a second
order ordinary nonlinear differential equation with mixed boundary conditions

[1].
The Diiffing equation is a well known nonlinear equation of applied
science which is used as a powerful tool to discuss some important practical
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phenomena. In this paper the aim is to consider and study a second order
ordinary nonlinear differential equation, namely, the forced Diiffing equation
with mixed boundary value conditions without requiring the nonlinear force
function involved to be convex/concave, and obtain a sequence of approximate
solutions converging quadratically to a solution of the problem. Moreover, this
paper shows that, if the damping part in the forced Diiffing equation vanishes,
then this will give [1] as a special case.

2. Preliminaries
The Diiffing equation with mixed B.C.

() — k() = M(t), teJ=[0,7]
$(0) = ¥'(m) =0,

has a nontrivial solution if and only if v = % cot*1(§), where v = 7“1’\2”“2 and

0= _Tk, where k € R. If k = 0, then the above mixed boundary value problem
has a nontrivial solution if and only if A = [(2m — 1)/2]*> (m =1,2,3---) as
shown in [1]. For v # %Cot_l(%‘s) and w(t) € C[0, 7], the unique solution of
the mixed boundary value problem
—"(t) — kY (t) — N = w(t), teJ=]0,7],
¥(0) = ¢

is given by
P(t) = / Gi(t,v)w(v)dv.
0

Here, G\(t,v) is the Green’s function, where G,(t,v) for A > %2, is given by

(5™ (8 sinym + 7 cos ymr)] el

sin yv
)
x[cosy(m —t) — —siny(m — t)],
Y
0 < v<t<m,

(97 (8 sin ym + 7 cos ymr)] el HTY)

sin vyt
J
X[cosy(m —v) — 5 siny(m — v)],

0 < t<v<m
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And G, (t,v) for A < '%f, is given by

—165(’U+ﬂ'—t) sinh o,

[ (§ sinh y7 + 7 cosh y7)]
J
x[cosh~y(m —t) — 5 sinh y(m — t)],
0 < vt

[ (§ sinh y7 + y cosh )] ~LedFT=Y)

sinh vt
J
x[coshy(m — v) — = sinhy(7m — v)],
g
0 < t<v<

When \ = ’%f, then G2 (t,v) is given by
4

[(1 4 8m)(cosh 67 + sinh §7)]~*[v(cosh v + sinh §v) cosh &(m — t)],
0 < v<t<nr
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0 < t<v <.

Note that, putting £ = 0 in the given mixed BVP, then this will give [1] as a
special case.
Now, consider the following nonliner mixed BVP

—u"(t) — ku'(t) = f(t,u(t)), teJ=][0,7], (2.1)

uw(0) =u(r) = 0,

where f : J x R — R is a continuouse real valued function. A function
a € C?[J, R] is a lower solution of (2.1) if

=3"(t)—kp'(t) = f(t,8(), te,
> 0, f(r) = 0.

The following lemma plays a crucial role in the sequel and we sketch its proof
for the sake of completeness.

Lemma 2.1. Assume that o, 8 € C?[J, R] are lower and upper solutions
of (2.1), respectively, such that a(t) < §(t) for every t € J. Then there exists
a solution u(t) of (2.1) such that a(t) < u(t) < B(t) for t € J.
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Proof. Let p: J x R — R be a mapping defined by

p(t,u) = max{a(t), min{u(t), 5(¢)}}-

Then, extend f(t,u(t)) to J xR by setting F'(t,u(t)) = f(t, p(t,u(t))).
Observe that F(t,u(t)) is bounded. Let us consider the modified (2.1) BVP

—u"(t) — ku'(t) = F(t,u(t)), teJ, (2.2)

uw(0) =u'(7) = 0,

which is solvable, that is (2.2) has a solution of u(t) on J. Using the arguments
similar to those of [4,11], it can be shown that

a(t) <u(t) < B(t) on J.

Finally, since any solution of (2.2) is also a solution of (2.1), it follows that
u(t) is a solution of (2.1). O

3. Main result
Theorem 3.1. Assume that
(A1) ap, By € C?*[J,R] are lower and upper solutions of (2.1), respec-
tively, such that ag(t) < Gy(t) on J,
(Ag) f € C[Q, R] is such that f,(¢,u), fu.(t,u) exist and are continuous
for every (t,u) € Q, where

Q= {(tu)EJxR ap(t) < u(t) < Bo(t)},
(A3) fu(t,u) <O for every (t,u) € Q.
Then there exists monotone nondecreasing sequence {a,, } which converges
uniformly to a solution of (2.1) and the convergence is quadratic.
Proof. Let F': J xR — R is such that F(t,u), F,,(t,u) and F,,(t,u) are
continuous on J X and

Fuultiu) =0, (t,u)eJxR. (3.1)

Motivated by Eloe and Zhang [3], take ®(t,u) = F(t,u) — f(t,u) on J xR. In
view of (3.1), we see that

F(t,u) > F(t,v) + F,(t,0)(u—v)
for u > v and therefore
Fltw) = f(t,0) + Fu(t,v)(u—v) — [®(t,u) — B(t,v)]. (3.2)
Now, consider the mixed BVP
—" () — k' (t) = g(t,u; 00) = f(t, a0) + Fult, ao)(u — ag) (3.3)

—[@(t,u) = ®(t, a0)],
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uw(0) =u'(7) = 0.
The inequality (3.2) and (A;) imply

—ag(t) —kag(t) < f(t ao(t) = g(t, ao; ap),
—0y (t) = kBo(t) = f(t, Bo(t)) = f(t, a0) + Fult,a0)(Bo — ao)

—[®(t, Bo) — D(t, )]
= g(t, Bo; ).

By lemma 2.1, there exists a solution «; of (3.3) such that ag(t) < aq(t) < Bo(t)
on J. Next, consider the mixed BVP

—u"(t) — ku'(t) = g(t, u; aq), (3.4)
uw(0) =u'(7) = 0.
Observe that

—ay(t) —kay(t) = g(t, a1; )
= f(t, Oé()) + Fu(t, Oé())(Oél — O[()) — [@(t, Oél) — q)(t, Oé())]
f(tv al) = g(tv Qg al)a

N

—Bo(t) = kBy(t) = f(t,Bo(t)) = f(E, an) + Fult, 0n)(Bo — )
_[(I)(taﬂo) - q)(taal)]
= g(taﬁo;aﬁ:

in view of (3.2). It follows from lemma 2.1 that there exists a solution as such
that aq(t) < az(t) < Fo(t) on J. Thus, ap(t) < ay(t) < ao(t) < Bo(t) on J.
Employing the same arguments successively, we conclude

ap(t) < aq(t) < ag(t) - < an(t) < Bo(t)  on J,

where the elements of the monotone sequence {«,(t)} are the solutions of the
mixed BVP

—u" —ku' = gt,u;an1) = ft,an_1) + Fu(t,an_1)(u — an_1)
_[(I)(tv u) - CI)(t, an—l)]v
uw(0) = u'(m) = 0.

The monotonicity of the sequence {a,(t)} ensures the existence of its (point-
wise) limit u.
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Let us consider the linear mixed BVP
2
_u(t) = fn(t)a (35)

—u"(t) — ku'(t) — 1

uw(0) =u'(7) = 0,

where

fu(t) = g(t, cn(t); a1 (t)), om te

The continuity of g on © implies that the sequence { f,,} is bounded in C[J, R]
and so

lim f,(t) = f(t,u(t)), te.

Here

anlt) = [ G lt5)fulo)is

where a,(t) is a solution of (3.5). Thus {a,(t)} is bounded in C?[J, R] and
{an(t)} T u uniformly on J. Consequently,

— /07r G% (t,s)f(s,u(s))ds, teJ.

Hence u is a solution of (2.1).
For quadratic convergence, we set the error as p,(t) = u(t) — a,(t). Using
the mean value theorem repeatedly, we obtain

—pp(t) = kpl(t) = f(tu(t)) = g(t, an(t); (1))

= f(t,u(®) = ft an-1(t) — Fult, an-a(t))[on(t) — an-1(t)]
[D(E, an(t)) — D(t, 01 (2))]
(t,u(t)) = F(t, an-1(t)) = Fult, an-1(t))[an(t) — om1(t)]
[D(E, an(t)) — D(F, u(t))]
u(t, §)[u(t) — an1 ()] = Fult, an-1(t))lom(t) — an-1(t)]
[D(E, an(t)) — D(t, ut
Fu(t,8) — Fu(t, ana(0))u(t) — ana(0)] + Fult, -1 (t))
X [u(t) — an(t)] + [2(t, @ t)) O(t, u(t))]
= Fu(t,0)[§ — an- 1( Nu(t) = an—1(H)] + Fu(t, an-1(1))

X [u(t) — an(t)] — Pu(t,n)[u(t )— an(t)]

where
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Set

and

In(t) = Fuu(t, 0)[§ = s (D][u(t) — an_s(t)] = Mp;, 4 (2),

where 0 < F,,(t,v) < M, (t,v) € Q. Clearly [,,(t) < 0. Since F, is nondecreas-
ing and «,,_1(t) < 7, it follows by (Aj3) that there exists A < % and an integer
N such that h,(t) < A\, t € J for n > N. thus the error p, satisfies the mixed
BVP

—Pp(t) = kp(8) = Apa(t) = [ha(t) = Alpa(t) + Mpp_y (t) + 1a(t)
pn(()) = p;(ﬂ') = 0.

This implies that

pult) = / "Gty ) ([ (5) — Npa(s) + Mp?y(5) + La(s))ds |

which gives
pa(t) < M/ Ga(t,s)p2_,(s)ds, n>=N.
0

Hence, there exists a constant 6 > 0 such that
[P IS pa-t 2, n =N,

where || u ||= max{| z(¢) |: t € J} is the usual uniform norm on C[J, R]. O
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