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Abstract

This study is intended to provide a different perspective for solving a one-
dimensional nonlinear, inverse diffusion problem . At the beginning of the
study, Taylor’s series expansion is employed to linearize nonlinear terms and
then finite-difference method is used to discretize the problem domain. The
present approach is to rearrange the matrix forms of the differential govern-
ing equations and estimate unknown diffusion coefficient. The least-squares
method is adopted to find the solution. Results show that an excellent esti-
mation on the diffusion coefficient can be obtained within a couple of minutes
CPU time at pentium IV-2.4 GHz PC.

Mathematics Subject Classification: 35R30

Keywords: Inverse nonlinear diffusion problem, diffusion coefficient, Laplace
transformation, Finite difference method, Least-squares method.



Application of finite difference method 1466

1 Introduction

Numerical solution of an inverse nonlinear diffusion problem requires to deter-
mine an unknown diffusion coefficient from an additional information. These
new data are usually given by adding small random errors to the exact val-
ues from the solution to the direct problem. Inverse diffusion problems have
many applications in various branches of science and engineering. Mechanical
and chemical engineers, mathematicians and specialists in many other sciences
branches are interested in inverse problems. This paper presents the inverse
determination of the diffusion coefficient of an unknown porous medium[1].

The outline of this paper is as follows. In the section 2, we formulate an
inverse nonlinear diffusion problem, and our numerical algorithm to fined the
solution of problem is presented. Numerical experiments in section 3, confirm
our theoretical results for an unknown porous medium.

2 Mathematical formulation

The mathematical model of an inverse nonlinear diffusion problem with initial
and boundary conditions is the following form

∂u

∂t
=

∂

∂x
(a(u)

∂u

∂x
), 0 < x < 1, 0 < t < T, (1)

u(x, 0) = p(x), 0 < x < 1, (2)

−a(u(0, t))
∂u(0, t)

∂x
= g(t), 0 < t < T, (3)

∂u(1, t)

∂x
= q(t), 0 < t < T, (4)

u(0, t) = f(t), 0 < t < T, (5)

where T is a given positive constant, and g(t), p(x) and q(t) are piecewise-
continuous known functions, while u(x, t) and diffusion coefficient a(u(x, t)) >
0 are unknown which remain to be determined. Inverse problems and nonlin-
ear inverse problems including equation (1) have been previously treated by
many authors who considered certain special case of this type of problem [2-4].
In [2], Cannon and Duchateau defined an auxiliary inverse problem and sought
a class of admissible coefficient a(u) which minimize an error functional. They
have shown the existence of a solution to their auxiliary problem in a speci-
fied admissible class of functions. In this article, under certain conditions on
g(t), p(x), q(t) and f(t), we shall identify both u(x, t) and diffusion coefficient
a(u) at any time by using the overspecified condition (5) and initial boundary
conditions (2)-(4).
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The application of the present numerical method to find the solution of
problem (1)-(5),can be described as follows:

1) Since the application of the Laplace transform technique is only re-
stricted to the linear system, so that the nonlinear terms in equations (1) and
(3) must be linearized. Therefore, we used Taylor´s series expansion for lin-
earized nonlinear terms. Let Ψ(ξ1, ..., ξn) be an infinite differentiable nonlinear
function of ξ1, ..., ξn, then its Taylor´s series expansion is given as

Ψ(ξ1, ..., ξn) = Ψ(ξ̄1, ..., ξ̄n) +
n∑

λ=1

∂Ψ

∂ξλ
(ξ̄1, ..., ξ̄n)(ξλ − ξ̄λ),

where the overbar denotes the previously iterated solution.The right hand side
of equation (1) can be linearized by Taylor´s series expansion, as follows

∂

∂x
(a(u)

∂u

∂x
) =

∂2

∂x2
K(u),

where
K(u) =

∫ u

0
a(ρ)dρ,

is a nonlinear function. Now, K(u) can be linearized into the following form

K(u) = K(ū) + (
∂

∂u
K(u))u=ū(u − ū),

where ū =
(

ū0, ū1, . . ., ūN

)
denotes the previously iterated solution.

Therefore we obtain

∂

∂x
(a(u)

∂u

∂x
) = (

∂

∂u
K(u))u=ū

∂2u

∂x2
= a(ū)

∂2u

∂x2
.

Similarly

−a(u(0, t))
∂u(0, t)

∂x
= −a(ū(0, t))

∂u(0, t)

∂x
.

2) For remove time dependent terms the method of the Laplace transform
is employed. The Laplace transform of a real function ζ(t) and its inversion
formula are defined as

ζ̃(s) = £(ζ(t)) =
∫ ∞

0
exp(−st)ζ(t)dt,

and

ζ(t) = £−1(ζ̃(s)) =
1

2πi

∫ ν+i∞

ν−i∞
exp(st)ζ̃(s)ds,

where s = ν + iω, ν, ω ∈ R. Therefore we obtain
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a(ū)
∂2ũ

∂x2
= sũ − p(x), 0 < x < 1, (6)

−a(ū)
∂ũ

∂x
= G(s), x = 0, (7)

∂ũ

∂x
= Q(s), x = 1, (8)

where ũ, ∂ũ
∂x

, ∂2ũ
∂x2 , Q(s) and G(s) are Laplace transform of u, ∂u

∂x
, ∂2u

∂x2 , q(t) and

g(t) respectively and ū =
(

ū0, ū1, . . ., ūN

)
denotes the previously

iterated solution.

3)In this step, we use central finite difference approximation for discretizing
problem. Therefore

a(ūi)
ũi+1 − 2ũi + ũi−1

h2
= sũi − p(ih), i = 0, 1, ..., N, (9)

−a(ū0)
ũ1 − ũ−1

2h
= G(s), x = 0, (10)

ũN+1 − ũN−1

2h
= Q(s), x = 1. (11)

Problem (9)-(11) may be written in the following matrix form

AŨ = B, (12)

where

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2a(ū0) − sh2 2a(ū0) 0 0
a(ū1) −2a(ū1) − sh2 a(ū1) 0

. . . .

. . . .

. . . .
0 a(ūN−1) −2a(ūN−1) − sh2 a(ūN−1)
0 0 2a(ūN) −2a(ūN) − sh2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

and
Ũ t =

(
ũ0 ũ1 . . . ũN−1 ũN

)
,

Bt =
(

b0 b1 ... bN−1 bN

)
.

where b0 = −h2p(0) − 2hG(s), bi = −h2p(ih), i = 1, ..., N − 1 and bN =
−h2p(Nh) − 2ha(ūN)Q(s).
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Note that equation (12) is a linear equation.

4) The Gaussian elimination algorithm is used to solve Ũ .

5) The numerical inversion of the Laplace transform technique is applied
to invert the transformed result to the physical quantity U t = (u0 u1 ... uN),
[5,6].

6) The unknown function a(u) approximated as

a(u) = a0 + a1u + a2u
2 + ... + aqu

q, (13)

where a0, a1, ..., aq are constants which remain to be determined simultane-
ously.

7) To minimize the sum of the squares of the deviations between u0(t)
(calculated) and f(t), at the specific times t = tr, we use least squares method.
The error in the estimate is

E(a0, a1, ..., aq) =
N∑

j=0

(u0(tj) − f(tj))
2, (14)

which remain to be minimized. The estimated values of ai are determined
until the value of E(a0, a1, ..., aq) is minimum.

3 Numerical experiment

In this section, we are going to demonstrate some numerical results for diffusion
coefficient in the inverse problem (1)-(5). All the computations are performed
on the PC. However, to further demonstrating the accuracy and efficiency of
this method, the present problem is investigated and one example is illustrated.

Example 3.1

In this example, let us consider the following inverse nonlinear diffusion prob-
lem

∂u

∂t
=

∂

∂x
(a(u)

∂u

∂x
), 0 < x < 1, 0 < t < T, (15)

u(x, 0) = x, 0 < x < 1, (16)

−a(u(0, t))
∂u(0, t)

∂x
= −1 − t, 0 < t < T, (17)

∂u(1, t)

∂x
= 1, 0 < t < T, (18)

u(0, t) = t, 0 < t < T. (19)
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Now the diffusion coefficient a(u) defined as the following form

a(u) = a0 + a1u,

For determine a0 and a1 we use

E(a0, a1) =
N∑

j=0

(u0(tj) − f(tj))
2,

therefore the coefficients can be obtained.

Tables 1 and 2, respectively, are shown the values of U in x = ih and
t = jk when k = 1

10
, h = 1

6
, τi = 0.05. The estimated values of a0, a1 are

a0 = 1.011972 and a1 = 1.015392.

Numerical Exact Numerical Exact Numerical Exact
j u0,j u0,j u1,j u1,j u2,j u2,j

1 0.104984 0.1 0.262430 0.266667 0.432231 0.433333
2 0.197723 0.2 0.359956 0.366667 0.533045 0.533333
3 0.299121 0.3 0.466376 0.466667 0.621015 0.633333
4 0.396968 0.4 0.559963 0.566667 0.738498 0.733333
5 0.506004 0.5 0.665567 0.666667 0.832346 0.833333

Table

1.

Numerical Exact Numerical Exact Numerical Exact
j u3,j u3,j u4,j u4,j u5,j u5,j

1 0.595562 0.6 0.760569 0.766667 0.933109 0.933333
2 0.694758 0.7 0.861468 0.866667 1.030244 1.033333
3 0.805076 0.8 0.959019 0.966667 1.135260 1.133333
4 0.905749 0.9 1.063750 1.066667 1.283990 1.233333
5 1.005760 1.0 1.166206 1.166667 1.328260 1.333333

Table 2.

Fig. 1

2 3 4 5

0.6

0.7

0.8

Numeric

Exact



Application of finite difference method 1471

Fig. 2
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Figs. 1 and 2 show the comparison of the surface temperature distributions
ui,j between the exact results and the present numerical results where i = 2, 3
and j = 1(1)5.

4 Conclusion

In this paper, from the illustrated example it can be shown that the proposed
numerical method is efficient and accurate to estimate the diffusivity of an
unknown porous medium. Owing to the application of the Laplace transform,
the present method is not a time-stepping procedure. Thus the unknown
diffusion coefficient at any specific time can be determined without any step-
by-step computations from t = t0.
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