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1 Introduction

There have been a number of generalizations of metric space. One such gen-
eralization is Menger space introduced in 1942 by Menger [10] who was use
distribution functions instead of nonnegative real numbers as values of the
metric. Schweizer and Sklar [16] studied this concept and then the important
development of Menger space theory was due to Sehgal and Bharucha-Reid
[13].

Sessa [14] introduced weakly commuting maps in metric spaces. Jungck [6]
enlarged this concept to compatible maps. The notion of compatible maps in
Menger spaces has been introduced by Mishra [11]. Recently, Singh and Jain
[15] generalized the results of Mishra [11] using the concept of weak compati-
bility and compatibility of pair of self maps.

In this paper, using the idea of weak compatibility due to Singh and Jain
[15] and the idea of compatibility due to Mishra [11], we prove a common fixed
point theorem for six maps under the condition of weak compatibility and
compatibility in Menger spaces and give an example to illustrate the theorem.

2 Preliminary Notes

In this section, we recall some definitions and known results in Menger space.
For more details we refer the readers to [1-5,7,8,9,12,17].
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Definition 2.1 A triangular norm ∗ (shorty t-norm) is a binary operation
on the unit interval [0, 1] such that for all a, b, c, d ∈ [0, 1] the following condi-
tions are satisfied:

(a) a ∗ 1 = a;
(b) a ∗ b = b ∗ a;
(c) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d;
(d) a ∗ (b ∗ c) = (a ∗ b) ∗ c.
Examples of t-norms are a ∗ b = max {a + b − 1, 0} and a ∗ b = min {a, b}.

Definition 2.2 A distribution function is a function F : [−∞,∞] → [0, 1]
which is left continuous on R, non-decreasing and F (−∞) = 0, F (∞) = 1.

We will denote by Δ the family of all distribution functions on [−∞,∞].
H is a special element of Δ defined by

H(t) =

{
0 if t ≤ 0,
1 if t > 0.

.

If X is a nonempty set, F : X × X → Δ is called a probabilistic distance on
X and F (x, y) is usually denoted by Fxy.

Definition 2.3 (Schweizer and Sklar [16]) The ordered pair (X, F ) is
called a probabilistic metric space (shortly PM-space) if X is a nonempty set
and F is a probabilistic distance satisfying the following conditions: for all
x, y, z ∈ X and t, s > 0,

(FM-0) Fxy(t) = 1 ⇐⇒ x = y;
(FM-1) Fxy(0) = 0;
(FM-2) Fxy = Fyx;
(FM-3) Fxz(t) = 1, Fzy(s) = 1 ⇒ Fxy(t + s) = 1.
The ordered triple (X, F, ∗) is called Menger space if (X, F ) is a PM-space,

∗ is a t-norm and the following condition is also satisfies: for all x, y, z ∈ X
and t, s > 0,

(FM-4) Fxy(t + s) ≥ Fxz(t) ∗ Fzy(s).

Proposition 2.4 (Sehgal and Bharucha-Reid [13]) Let (X, d) be a met-
ric space. Then the metric d induces a distribution function F defined by
Fxy(t) = H(t − d(x, y)) for all x, y ∈ X and t > 0. If t-norm ∗ is a ∗ b =
min {a, b} for all a, b ∈ [0, 1] then (X, F, ∗) is a Menger space. Further,
(X, F, ∗) is a complete Menger space if (X, d) is complete.

Definition 2.5 (Mishra [11]) Let (X, F, ∗) be a Menger space and ∗ be a
continuous t-norm.
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(a) A sequence {xn} in X is said to be converge to a point x in X (written
xn → x) iff for every ε > 0 and λ ∈ (0, 1), there exists an integer n0 = n0(ε, λ)
such that Fxnx(ε) > 1 − λ for all n ≥ n0.

(b) A sequence {xn} in X is said to be Cauchy if for every ε > 0 and
λ ∈ (0, 1), there exists an integer n0 = n0(ε, λ) such that Fxnxn+p(ε) > 1 − λ
for all n ≥ n0 and p > 0.

(c) A Menger space in which every Cauchy sequence is convergent is said
to be complete.

Remark 2.6 If ∗ is a continuous t-norm, it follows from (FM-4) that the
limit of sequence in Menger space is uniquely determined.

Definition 2.7 (Singh and Jain [15]) Self maps A and B of a Menger
space (X, F, ∗) are said to be weakly compatible (or coincidentally commuting)
if they commute at their coincidence points, i.e. if Ax = Bx for some x ∈ X
then ABx = BAx.

Definition 2.8 (Mishra [11]) Self maps A and B of a Menger space (X,
F, ∗) are said to be compatible if FABxnBAxn(t) → 1 for all t > 0, whenever
{xn} is a sequence in X such that Axn, Bxn → x for some x in X as n → ∞.

Remark 2.9 If self maps A and B of a Menger space (X, F, ∗) are com-
patible then they are weakly compatible.

The following is an example of pair of self maps in a Menger space which
are weakly compatible but not compatible.

Example 2.10 Let (X, d) be a metric space where X = [0, 2] and (X, F, ∗)
be the induced Menger space with Fxy(t) = H(t − d(x, y)), ∀x, y ∈ X and
∀t > 0. Define self maps A and B as follows:

Ax =

{
2 − x, if 0 ≤ x < 1,
2, if 1 ≤ x ≤ 2,

and Bx =

{
x, if 0 ≤ x < 1,
2, if 1 ≤ x ≤ 2.

Take xn = 1−1/n. Then FAxn1(t) = H(t− (1/n)) and lim
n→∞

FAxn1(t) = H(t) =

1. Hence Axn → ∞ as n → ∞. Similarly, Bxn → ∞ as n → ∞. Also
FABxnBAxn(t) = H(t − (1 − 1/n)) and lim

n→∞
FABxnBAxn(t) = H(t − 1) �= 1,

∀t > 0. Hence the pair (A, B) is not compatible. Set of coincidence points of
A and B is [1, 2]. Now for any x ∈ [1, 2], Ax = Bx = 2, and AB(x) = A(2) =
2 = S(2) = SA(x). Thus A and B are weakly compatible but not compatible.

Lemma 2.11 (Singh and Jain [15]) Let {xn} be a sequence in a Menger
space (X, F, ∗) with continuous t-norm ∗ and t∗t ≥ t. If there exists a constant
k ∈ (0, 1) such that

Fxnxn+1(kt) ≥ Fxn−1xn(t)

for all t > 0 and n = 1, 2..., then {xn} is a Cauchy sequence in X.
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Lemma 2.12 (Singh and Jain [15]) Let (X, F, ∗) be a Menger space. If
there exists k ∈ (0, 1) such that

Fxy(kt) ≥ Fxy(t)

for all x, y ∈ X and t > 0, then x = y.

3 Main Results

Theorem 3.1 Let A, B, S, T, L and M be self maps on a complete Menger
space (X, F, ∗) with t ∗ t ≥ t for all t ∈ [0, 1], satisfying:

(a) L(X) ⊆ ST (X), M(X) ⊆ AB(X);

(b) there exists a constant k ∈ (0, 1) such that

F 2
LxMy(kt) ∗ [FABxLx(kt).FSTyMy(kt)]

≥ [pFABxLx(t) + qFABxSTy(t)].FABxMy(2kt)

for all x, y ∈ X and t > 0 where 0 < p, q < 1 such that p + q = 1;

(c) AB = BA, ST = TS, LB = BL,MT = TM ;

(d) either AB or L is continuous;

(e) the pair (L, AB) is compatible and (M, ST ) is weakly compatible.

Then A, B, S, T, L and M have a unique common fixed point.

Proof. Let x0 be an arbitrary point of X. By (a), there exists x1, x2 ∈ X
such that Lx0 = STx1 = y0 and Mx1 = ABx1 = y1. Inductively, we can
construct sequences {xn} and {yn} in X such that Lx2n = STx2n+1 = y2n

and Mx2n+1 = ABx2n+2 = y2n+1 for n = 0, 1, 2, ....

Step1. By taking x = x2n and y = x2n+1 in (b), we have

F 2
Lx2nMx2n+1

(kt) ∗ [
FABx2nLx2n(kt)FSTx2n+1Mx2n+1(kt)

]
≥ [pFABx2nLx2n(t) + qFABx2nSTx2n+1(t)]FABx2nMx2n+1(2kt),

F 2
y2ny2n+1

(kt) ∗ [
Fy2n−1y2n(kt)Fy2ny2n+1(kt)

]
≥ [pFy2ny2n−1(t) + qFy2n−1y2n(t)]Fy2n−1y2n+1(2kt),

Fy2ny2n+1(kt)
[
Fy2n−1y2n(kt) ∗ Fy2ny2n+1(kt)

]
≥ (p + q)Fy2ny2n−1(t)Fy2n−1y2n+1(2kt),
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Fy2ny2n+1(kt)Fy2n−1y2n+1(2kt) ≥ Fy2n−1y2n(t)Fy2n−1y2n+1(2kt).

Hence, we have

Fy2ny2n+1(kt) ≥ Fy2n−1y2n(t).

Similarly, we also have

Fy2n+1y2n+2(kt) ≥ Fy2ny2n+1(t).

In general, for all n even or odd, we have

Fynyn+1(kt) ≥ Fyn−1yn(t)

for k ∈ (0, 1) and all t > 0. Thus, by Lemma 2.11, {yn} is a Cauchy
sequence in X. Since (X, F, ∗) is complete, it converges to a point z in X.
Also its subsequences converge as follows: {Lx2n} → z, {ABx2n} → z,
{Mx2n+1} → z and {STx2n+1} → z.

Case I. AB is continuous. Since AB is continuous, AB(AB)x2n → ABz
and (AB)Lx2n → ABz. Since (L, AB) is compatible, L(AB)x2n → ABz.

Step 2. By taking x = ABx2n and y = x2n+1 in (b), we have

F 2
L(AB)x2nMx2n+1

(kt) ∗ [
FAB(AB)x2nL(AB)x2n

(kt)FSTx2n+1Mx2n+1(kt)
]

≥ [pFAB(AB)x2nL(AB)x2n(t) + qFAB(AB)x2nSTx2n+1(t)]FAB(AB)x2nMx2n+1(2kt)

This implies that, as n → ∞
F 2

zABz(kt) ∗ [FABzABz(kt)Fzz(kt)] ≥ [pFABzABz(t) + qFzABz(t)]FzABz(2kt)

≥ [p + qFzABz(t)]FzABz(kt),

FzABz(kt) ≥ p + qFzABz(t)

≥ p + qFzABz(kt),

FzABz(kt) ≥ p

1 − q
= 1

for k ∈ (0, 1) and all t > 0. Thus, we have z = ABz.

Step 3. By taking x = z and y = x2n+1 in (b), we have

F 2
LzMx2n+1

(kt) ∗ [
FABzLz(kt)FSTx2n+1Mx2n+1(kt)

]
≥ [pFABzLz(t) + qFABzSTx2n+1(t)]FABzMx2n+1(2kt).
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This implies that, as n → ∞

F 2
zLz(kt) ∗ [FzLz(kt)Fzz(kt)] ≥ [pFzLz(t) + qFzz(t)]Fzz(2kt)

F 2
zLz(kt) ∗ FzLz(kt) ≥ pFzLz(t) + q.

Noting that F 2
zLz(kt) ≤ 1 and using (c) in Definition 2.1, we have

FzLz(kt) ≥ pFzLz(t) + q

≥ pFzLz(kt) + q,

FzLz(kt) ≥ q

1 − p
= 1

for k ∈ (0, 1) and all t > 0. Thus, we have z = Lz = ABz.

Step 4. By taking x = Bz, y = x2n+1 with α = 1 in (b), we have

F 2
L(Bz)Mx2n+1

(kt) ∗ [
FAB(Bz)L(Bz)(kt)FSTx2n+1Mx2n+1(kt)

]
≥ [pFAB(Bz)L(Bz)(t) + qFAB(Bz)STx2n+1(t)]FAB(Bz)Mx2n+1(2kt).

Since AB = BA and BL = LB, we have L(Bz) = B(Lz) = Bz and
AB(Bz) = B(ABz) = Bz. Letting n → ∞, we have

F 2
zBz(kt) ∗ [FBzBz(kt)Fzz(kt)] ≥ [pFBzBz(t) + qFzBz(t)]FzBz(2kt),

F 2
zBz(kt) ≥ [p + qFzBz(t)]FzBz(2kt)

≥ [p + qFzBz(t)]FzBz(kt),

FzBz(kt) ≥ p + qFzBz(t)

≥ p + qFzBz(kt),

FzBz(kt) ≥ p

1 − q
= 1

for k ∈ (0, 1) and all t > 0. Thus, we have z = Bz. Since z = ABz, we
also have z = Az. Therefore, z = Az = Bz = Lz.

Step 5. Since L(X) ⊆ ST (X), there exists v ∈ X such that z = Lz =
STv. By taking x = x2n, y = v in (b), we have

F 2
Lx2nMv(kt) ∗ [FABx2nLx2n(kt)FSTvMv(kt)]

≥ [pFABx2nLx2n(t) + qFABx2nSTv(t)]FABx2nMv(2kt)



A Fixed Point Theorem 1549

which implies that, as n → ∞
F 2

zMv(kt) ∗ [Fzz(kt)FzMv(kt)] ≥ [pFzz(t) + qFzz(t)]FzMv(2kt),

F 2
zMv(kt) ∗ FzMv(kt) ≥ (p + q)FzMv(2kt).

Noting that F 2
zMv(kt) ≤ 1 and using (c) in Definition 2.1, we have

FzMv(kt) ≥ FzMv(2kt)

≥ FzMv(t)

Thus, by Lemma 2.12, we have z = Mv and so z = Mv = STv. Since
(M, ST ) is weakly compatible, we have STMv = MSTv. Thus, STz =
Mz.

Step 6. By taking x = x2n, y = z in (b) and using Step 5, we have

F 2
Lx2nMz(kt) ∗ [FABx2nLx2n(kt)FSTzMz(kt)]

≥ [pFABx2nLx2n(t) + qFABx2nSTz(t)]FABx2nMz(2kt)

which implies that, as n → ∞
F 2

zMz(kt) ∗ [Fzz(kt)FMzMz(kt)] ≥ [pFzz(t) + qFzMz(t)]FzMz(2kt),

F 2
zMz(kt) ≥ [p + qFzMz(t)]FzMz(2kt)

≥ [p + qFzMz(t)]FzMz(kt),

FzMz(kt) ≥ p + qFzMz(t)

≥ p + qFzMz(kt),

FzMz(kt) ≥ p

1 − q
= 1.

Thus, we have z = Mz and therefore z = Az = Bz = Lz = Mz = STz.

Step 7. By taking x = x2n, y = Tz in (b), we have

F 2
Lx2nM(Tz)(kt) ∗ [

FABx2nLx2n(kt)FST (Tz)M(Tz)(kt)
]

≥ [pFABx2nLx2n(t) + qFABx2nST (Tz)(t)]FABx2nM(Tz)(2kt).

Since MT = TM and ST = TS, we have MTz = TMz = Tz and
ST (Tz) = T (STz) = Tz. Letting n → ∞, we have

F 2
zTz(kt) ∗ [Fzz(kt)FTzTz(kt)] ≥ [pFzz(t) + qFzTz(t)]FzTz(2kt),
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F 2
zTz(kt) ≥ [p + qFzTz(t)]FzTz(kt),

FzTz(kt) ≥ p + qFzTz(t)

≥ p + qFzTz(kt),

FzTz(kt) ≥ p

1 − q
= 1.

Thus, we have z = Tz. Since Tz = STz, we also have z = Sz. Therefore,
z = Az = Bz = Lz = Mz = Sz = Tz, that is, z is the common fixed
point of the six maps.

Case II. L is continuous. Since L is continuous, LLx2n → Lz and
L(AB)x2n → Lz. Since (L, AB) is compatible, (AB)Lx2n → Lz.

Step 8. By taking x = Lx2n, y = x2n+1 in (b), we have

F 2
LLx2nMx2n+1

(kt) ∗ [
FABLx2nLLx2n(kt)FSTx2n+1Mx2n+1(kt)

]
≥ [pFABLx2nLLx2n(t) + qFABLx2nSTx2n+1(t)]FABLx2nMx2n+1(2kt).

This implies that, as n → ∞

F 2
zLz(kt) ∗ [FLzLz(kt)Fzz(kt)] ≥ [pFLzLz(t) + qFzLz(t)]FzLz(2kt),

F 2
zLz(kt) ≥ [p + qFzLz(t)]FzLz(2kt)

≥ [p + qFzLz(t)]FzLz(kt),

FzLz(kt) ≥ p + qFzLz(t)

≥ p + qFzLz(kt),

FzLz(kt) ≥ p

1 − q
= 1.

Thus, we have z = Lz and using Steps 5-7, we have z = Lz = Mz =
Sz = Tz.

Step 9. Since M(X) ⊆ AB(X), there exists v ∈ X such that z = Mz =
ABv. By taking x = v, y = x2n+1 in (b), we have

F 2
LvMx2n+1

(kt) ∗ [
FABvLv(kt)FSTx2n+1Mx2n+1(kt)

]
≥ [pFABvLv(t) + qFABvSTx2n+1(t)]FABvMx2n+1(2kt)
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which implies that, as n → ∞
F 2

zLv(kt) ∗ [FzLv(kt)Fzz(kt)] ≥ [pFzLv(t) + qFzz(t)]Fzz(2kt),

F 2
zLv(kt) ∗ FzLv(kt) ≥ pFzLv(t) + q

≥ pFzLv(kt) + q.

Noting that F 2
zLv(kt) ≤ 1 and using (c) in Definition 2.1, we have

FzMv(kt) ≥ pFzLv(kt) + q,

FzMv(kt) ≥ q

1 − p
= 1.

Thus, we have z = Lv = ABv. Since (L, AB) is weakly compatible,
we have Lz = ABz and using Step 4, we also have z = Bz. Therefore
z = Az = Bz = Sz = Tz = Lz = Mz, that is, z is the common fixed
point of the six maps in this case also.

Step 10. For uniqueness, let w (w �= z) be another common fixed point
of A, B, S, T, L and M . Taking x = z, y = w in (b), we have

F 2
LzMw(kt) ∗ [FABzLz(kt)FSTwMw(kt)]

≥ [pFABzLz(t) + qFABzSTw(t)]FABzMw(2kt)

which implies that

F 2
zw(kt) ≥ [p + qFzw(t)]Fzw(2kt)

≥ [p + qFzw(t)]Fzw(kt),

Fzw(kt) ≥ p + qFzw(t)

≥ p + qFzw(kt),

Fzw(kt) ≥ p

1 − q
= 1.

Thus, we have z = w. This completes the proof of the theorem.

If we take B = T = IX ( the identity map on X) in the main Theorem, we
have the following:

Corollary 3.2 Let A, S, L and M be self maps on a complete Menger space
(X, F, ∗) with t ∗ t ≥ t for all t ∈ [0, 1], satisfying:
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(a) L(X) ⊆ S(X), M(X) ⊆ A(X);

(b) there exists a constant k ∈ (0, 1) such that

F 2
LxMy(kt) ∗ [FAxLx(kt).FSyMy(kt)]

≥ [pFAxLx(t) + qFAxSy(t)].FAxMy(2kt)

for all x, y ∈ X and t > 0 where 0 < p, q < 1 such that p + q = 1;

(c) either A or L is continuous;

(d) the pair (L, A) is compatible and (M, S) is weakly compatible.

Then A, S, L and M have a unique common fixed point.
If we take A = S, L = M and B = T = IX in the main Theorem, we have

the following:

Corollary 3.3 Let (X, F, ∗) be a complete Menger space with t∗t ≥ t for all
t ∈ [0, 1] and let A and L be compatible maps on X such that L(X) ⊆ A(X).
If A is continuous and there exists a constant k ∈ (0, 1) such that

F 2
LxLy(kt) ∗ [FAxLx(kt).FAyLy(kt)]

≥ [pFAxLx(t) + qFAxAy(t)].FAxLy(2kt)

for all x, y ∈ X and t > 0 where 0 < p, q < 1 such that p + q = 1, then A and
L have a unique fixed point.

Example 3.4 Let X = [0, 1] with the metric d defined by d(x, y) = |x − y|
and define Fxy(t) = H(t − d(x, y)) for all x, y ∈ X, t > 0. Clearly (X, F, ∗) is
a complete Menger space where t-norm ∗ is defined by a ∗ b = min {a, b} for
all a, b ∈ [0, 1]. Let A, B, S, T, L and M be maps from X into itself defined as

Ax = x,Bx =
x

2
, Sx =

x

5
, Tx =

x

3
, Lx = 0, Mx =

x

6

for all x ∈ X. Then

L(X) = {0} ⊂
[
0,

1

15

]
= ST (X) and M(X) =

[
0,

1

6

]
⊂

[
0,

1

2

]
= AB(X).

Clearly AB = BA, ST = TS, LB = BL,MT = TM and AB, L are con-
tinuous. If we take k = 1/2 and t = 1, we see that the condition (b) of the
main Theorem is also satisfied. Moreover, the maps L and AB are compatible
if limn→∞ xn = 0, where {xn} is a sequence in X such that limn→∞ Lxn =
limn→∞ ABxn = 0 for 0 ∈ X. The maps M and ST are weakly compatible at
0. Thus, all conditions of the main Theorem are satisfied and 0 is the unique
common fixed point of A, B, S, T, L and M .
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