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1 Introduction

There have been a number of generalizations of metric space. One such gen-
eralization is Menger space introduced in 1942 by Menger [10] who was use
distribution functions instead of nonnegative real numbers as values of the
metric. Schweizer and Sklar [16] studied this concept and then the important
development of Menger space theory was due to Sehgal and Bharucha-Reid
[13].

Sessa [14] introduced weakly commuting maps in metric spaces. Jungck [6]
enlarged this concept to compatible maps. The notion of compatible maps in
Menger spaces has been introduced by Mishra [11]. Recently, Singh and Jain
[15] generalized the results of Mishra [11] using the concept of weak compati-
bility and compatibility of pair of self maps.

In this paper, using the idea of weak compatibility due to Singh and Jain
[15] and the idea of compatibility due to Mishra [11], we prove a common fixed
point theorem for six maps under the condition of weak compatibility and
compatibility in Menger spaces and give an example to illustrate the theorem.

2 Preliminary Notes

In this section, we recall some definitions and known results in Menger space.
For more details we refer the readers to [1-5,7,8,9,12,17].
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Definition 2.1 A triangular norm * (shorty t-norm) is a binary operation
on the unit interval [0, 1] such that for all a,b,c,d € [0, 1] the following condi-
tions are satisfied:

(a) ax1=a;

(b) axb=bx*a;

(¢) axb < cxdwhenever a < cand b < d;

(d) ax (bxc)=(axb)x*c.

Examples of t-norms are a * b = max {a +b— 1,0} and a * b = min {a, b}.

Definition 2.2 A distribution function is a function F : [—o0, 00| — [0, 1]
which is left continuous on R, non-decreasing and F(—o0) =0, F(co0) = 1.

We will denote by A the family of all distribution functions on [—o0, c0].
H is a special element of A defined by

0 if ¢t <0,
H(t)_{ 1 if t>0.°

If X is a nonempty set, F' : X x X — A is called a probabilistic distance on
X and F'(z,y) is usually denoted by Fj,.

Definition 2.3 (Schweizer and Sklar [16]) The ordered pair (X, F') is
called a probabilistic metric space (shortly PM-space) if X is a nonempty set
and F' is a probabilistic distance satisfying the following conditions: for all
x,y,z€ X and t,s >0,

(FM-0) Fiy(t) = 1 <=z = y;
(FM-1) F,,(0) =
(FM-2) Foy = Fyo

(FMS)F ():1 F(s)=1= F,(t+s) =1

The ordered triple (X, F, %) is called Menger space if (X, F') is a PM-space,
x is a t-norm and the following condition is also satisfies: for all z,y,z € X
and t,s > 0,

(FM-4) Fo (t+s) > Fy.(t) % F,y(s).

Proposition 2.4 (Sehgal and Bharucha-Reid [13]) Let (X, d) be a met-
ric space. Then the metric d induces a distribution function F defined by
Foy(t) = H(t — d(z,y)) for all z,y € X and t > 0. If t-norm * is ax b =
min {a,b} for all a,b € [0,1] then (X, F,x*) is a Menger space. Further,
(X, F, %) is a complete Menger space if (X,d) is complete.

Definition 2.5 (Mishra [11]) Let (X, F,*) be a Menger space and * be a
continuous t-norm.
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(a) A sequence {z,} in X is said to be converge to a point x in X (written
x, — x) iff for every € > 0 and A € (0, 1), there exists an integer ng = ng(e, \)
such that F, ,(¢) > 1 — A for all n > ny.

(b) A sequence {x,} in X is said to be Cauchy if for every ¢ > 0 and
A € (0,1), there exists an integer ng = ng(e, A) such that F, ., (¢) > 1 — A
for all n > ng and p > 0.

(¢) A Menger space in which every Cauchy sequence is convergent is said
to be complete.

Remark 2.6 If x is a continuous t-norm, it follows from (FM-4) that the
limit of sequence in Menger space is uniquely determined.

Definition 2.7 (Singh and Jain [15]) Self maps A and B of a Menger
space (X, F,x) are said to be weakly compatible (or coincidentally commuting)
if they commute at their coincidence points, i.e. if Ax = Bx for some x € X

then ABx = BAzx.

Definition 2.8 (Mishra [11]) Self maps A and B of a Menger space (X,
F, %) are said to be compatible if Faps,pas,(t) — 1 for allt > 0, whenever
{z,} is a sequence in X such that Ax,,, Bx,, — x for some z in X asn — oo.

Remark 2.9 If self maps A and B of a Menger space (X, F,*) are com-
patible then they are weakly compatible.

The following is an example of pair of self maps in a Menger space which
are weakly compatible but not compatible.

Example 2.10 Let (X, d) be a metric space where X = [0,2] and (X, F, )
be the induced Menger space with Fy,(t) = H(t — d(z,y)), Vx,y € X and
vVt > 0. Define self maps A and B as follows:

J2—z, f0<x <], Sz, f0<z <,

Ax_{Q, ifl<z<o oM B‘r—{z, fl<az<2.
Take v, = 1—1/n. Then Fa,,1(t) = H(t—(1/n)) and lim Fy4,,1(t) = H(t) =
1. Hence Ax, — oo as n — oo. Similarly, Bx, — oo as n — oo. Also
Fape,pas,(t) = H(t = (1 = 1/n)) and lim Faps,par,(t) = H(t = 1) # 1,
YVt > 0. Hence the pair (A, B) is not compatible. Set of coincidence points of
A and B is [1,2]. Now for any x € [1,2], Ax = Bx = 2, and AB(z) = A(2) =

2=_5(2) = SA(x). Thus A and B are weakly compatible but not compatible.

Lemma 2.11 (Singh and Jain [15]) Let {x,} be a sequence in a Menger

space (X, F, ) with continuous t-norm x and txt > t. If there exists a constant
ke (0,1) such that

Fxn$n+1 (kt) Z Fl’nfll’n (t)
for allt >0 and n =1,2..., then {x,} is a Cauchy sequence in X.
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Lemma 2.12 (Singh and Jain [15]) Let (X, F,*) be a Menger space. If
there exists k € (0,1) such that

Fry(kt) = Fry(1)

forallz,y € X andt > 0, then z = y.

3 Main Results

Theorem 3.1 Let A, B,S,T,L and M be self maps on a complete Menger
space (X, F,x) with t xt >t for all t € [0, 1], satisfying:

(a) L(X) C ST(X), M(X) C AB(X)
(b) there exists a constant k € (0, 1) such that

E7 onpy(kt) % [Fapore (k). Fsryar, (k)]
> [PFaBara(t) + ¢FaBasry(t)]-Fapzny(2kt)
for all x,y € X and ¢t > 0 where 0 < p,q < 1 such that p+ ¢ =1;
(¢) AB=BA,ST =TS,LB=BL,MT =TM,
(d) either AB or L is continuous;
(e) the pair (L, AB) is compatible and (M, ST) is weakly compatible.
Then A, B, S, T, L and M have a unique common fixed point.

Proof. Let xy be an arbitrary point of X. By (a), there exists z1,z5 € X
such that Lzg = STx; = yo and Mz, = ABx, = y;. Inductively, we can
construct sequences {x, } and {y,} in X such that Lz, = STxon11 = y2n
and M$2n+1 = ABZE2n+2 = Yon+1 for n = 0, ]_, 2,

Stepl. By taking x = x9, and y = x9,,; in (b), we have

FgacgnM:vgnH (kt) * [FAB&EanxQn(kt)FSTIQnHM:EQnH (kt)]
> [pFAszanQn (t) + qFAsznSTmnH (t)]FAszannH (th)a
Fy22ny2n+1 (kt) * [Fy?n—ly?n (kt)FQQnQQn-'ﬂ (kt)}
Z I:prQ”n,anfl (t) + quQ”nflan (t)]FanflyQ”n,«l»l (th>7

Fy2ny2n+l (kt) |:Fy2n71y2n (kt) * Fy2ny2n+l (kt)]
Z (p + q) Fy2ny2n71 (t)Fanflanﬁ»l (th)7
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F92n92n+1 (kt>Fy2n—1y2n+l (th> 2 FQQn—lan (t)FQQn—1y2n+l (th> .

Hence, we have

F,

Y2nY2n+1

(kt> 2 FQQn—lan (t) .

Similarly, we also have

F,

Y2n+1Y2n+2

(kt) Z Fy2ny2n+l (t)

In general, for all n even or odd, we have

F,

YnYn+1

(kt) = Fy, 1y, (1)

for k € (0,1) and all ¢ > 0. Thus, by Lemma 2.11, {y,} is a Cauchy
sequence in X . Since (X, F| %) is complete, it converges to a point z in X.
Also its subsequences converge as follows: {Lxo,} — z, {ABx9,} — 2,
{Mz9p+1} — z and {STx2,41} — 2.

Case 1. AB is continuous. Since AB is continuous, AB(AB)xy, — ABz
and (AB)Lxs, — ABz. Since (L, AB) is compatible, L(AB)xs, — ABz.

Step 2. By taking © = ABuxy, and y = 23,41 in (b), we have

F2 Ay zan Mamnsr (KE) % [FAB(AB)son L(AB)z2n (k) FsTun, 1 Moy (KT)]
> [PFAB(AB)won L(AB)wan (1) + QFAB(AB)22n5Twons1 (1) FAB(AB) w20 Mannsr (2K1)

This implies that, as n — oo

FZABZ(kt) * [FABzABz(kt)Fzz(kt)] Z [pFABzABz (t) + szABz(t)]FzABz(th)
Z [p + szABz (t)]FzABz(kt)a

Foap.(kt) > p+qF.ap.(t)
> p+szABz(kt)a
p
Foap.(kt) > —— =1

for k € (0,1) and all ¢ > 0. Thus, we have z = ABz.
Step 3. By taking = z and y = x9,41 in (b), we have

FEzMacgnH (kt) * [FABsz(kt)FSTx%HMx%H (kt)]
> [pFapar:(t) + ¢FAB:STwam s (O FaB2Mas, . (2K).
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This implies that, as n — oo

Fsz(kt) * [Fop.(kt) oo (k)]
F2_(kt) * F.p.(kt)

>
>

Servet Kutukcu

[DF.p.(t) + qF..(1)]F..(2kt)

Noting that F% (kt) <1 and using (c) in Definition 2.1, we have

F.p.(kt)

>
>

szLz(t) + q

Fsz(kt) 2

q

1—

p

1

for k € (0,1) and all ¢ > 0. Thus, we have z = Lz = ABz.

Step 4. By taking © = Bz, y = z9,,1 with « = 1 in (b), we have

FZ 3oypan, o (Kt) % [FapB2)182) (kt) FsTay, oy Masn s (KT)]
> [PFapB2)182) (1) + 4FaB(B2)5T o201 (O] FAB(B2) Masn (2Kt).

Since AB = BA and BL = LB, we have L(Bz) = B(Lz) = Bz and

AB(Bz) = B(ABz) = Bz. Letting n — oo, we have

F2p, (kt) % [Fp.p.(kt)F..(kt)] > [pFp.ps(t) + qF.5.(t)| Fap.(2kt),

FZQBz(kt) Z
>

Fsz(kt)

[p+ qF.p.(t)|F.p.(2kt)
[p+ qF.p.(t)|F.p.(kt),

>
>

p+qF.p.(t)

Fsz(kt) 2

p

1—

q

1

for kK € (0,1) and all ¢ > 0. Thus, we have z = Bz. Since z = ABz, we

also have z = Az. Therefore, z = Az = Bz = Lz.

Step 5. Since L(X) C ST(X), there exists v € X such that z = Lz =

STwv. By taking z = x9,, y = v in (b), we have

>

FgacgnMv(kt) * [FAsznLaczn (kt)FSTUMv(kt)]

[pFABxgangn t) + qFABxgnSTv(t)]FABxgnMU(th>
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which implies that, as n — oo

FZMU(“) * [ (kt) Fopro(Kt)] > [pFLL (1) + qFoz ()] Faaro(2K1),

Fng(kt) * Fsz(kt) Z (p + Q) FzMU(QICt)
Noting that F?,,(kt) < 1 and using (c) in Definition 2.1, we have

F. a0 (kt) Foar0(2kt)

Fsz(t)
Thus, by Lemma 2.12, we have z = Mv and so z = Mv = STv. Since

(M, ST) is weakly compatible, we have STMv = MSTv. Thus, STz =
Mz.

Step 6. By taking = x9,, y = z in (b) and using Step 5, we have

szgan(kt) * [FAsznLaczn (kt)FSTzMZ(kt)]
Z [pFABmgangn t) + qFABmgnSTz(t)]FAngan(th)

>
>

which implies that, as n — oo

FgMz(kt) * [Fzz(kt)FMzMz(kt)] Z [szz(t) + szMz(t)]FzMz(th)v
FAn(kt) > [p+ qFons ()] o (2k1)
[0+ qFon= ()] Fan (K),

P+ qF.n:(1)

>

Fan(kt) > 2 =1.

l—q
Thus, we have z = Mz and therefore z = Az = Bz = Lz =Mz = ST=z.
Step 7. By taking z = x9,, y = Tz in (b), we have
Ffyv1(ray (k) % [FABas, s, (k) Forraynrs) (kt)]
> [PFABxoy Lasn (t) + 0 ABws s7(12) (0| FABzs, m(12) (2K1).

Since MT = TM and ST = TS, we have MTz = TMz = Tz and
ST(Tz) =T(STz) =Tz. Letting n — oo, we have

Fsz(kt) * [Fzz(kt)FTsz(kt)] Z [szz(t) + szTz(t)]Fsz(th)v
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Fsz(kt) > [p+ qFlr.(t)| For.(kt),

Fsz(kt> > p+ qFZTZ(t)
p
Fu(kt) > —2— —1

Thus, we have z = T'z. Since Tz = STz, we also have z = Sz. Therefore,
z2=Az=Bz=Lz= Mz =Sz =Tz, that is, z is the common fixed
point of the six maps.

Case II. L is continuous. Since L is continuous, LLxy, — Lz and
L(AB)xs, — Lz. Since (L, AB) is compatible, (AB)Lxs, — Lz.

Step 8. By taking = Lxg,, y = xa,41 in (b), we have

FgLacgnM;vgnH (kt) * [FABLCBQnLLszn(kt)FSTanrlenH (kt)]

> [PFABLsn LLwon (t) + QFABLzoy STxom 11 (0 FAB L3y Mo .1 (2KE).

This implies that, as n — oo

F2 (kt) % [Frop.(kt)Fo.(kt)] > [pFrar.(t) + qFor.(t)] For. (2kt),

Fsz(kt) [p + szLZ(t)]Fsz(th>

D+ qF.r.(t)] Fap.(kt),

(AVARAYS

p + szLz(kt)a

(AVARYS

p
F.p.(kt) > — = 1.
1elit) = 72
Thus, we have z = Lz and using Steps 5-7, we have z = Lz = Mz =
Sz="Tz.

Step 9. Since M (X) C AB(X), there exists v € X such that z = Mz =
ABwv. By taking x = v, y = 23,41 in (b), we have

FEUMacgnH (kt) * [FABULU(kt)FSTwananH (kt)]
> [pFaBoro(t) + ¢FABusTzom 1 ()] FaBuMza, 1 (2KT)
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which implies that, as n — oo

Fij(kt) * [Fsz(kt)FZZ(kt)] Z [szLv(t) + szz(t)]FzZ(th)a

F2

zLv

(kt) * F,p,(kt) pF.r.(t) + ¢

=
Noting that F%  (kt) < 1 and using (c) in Definition 2.1, we have

Fsz(kt) 2 szLv(kt) + q,

q
Fonrp(kt) > —— = 1.
(k) 2 T

Thus, we have z = Lv = ABwv. Since (L, AB) is weakly compatible,
we have Lz = ABz and using Step 4, we also have z = Bz. Therefore
z2=Az=Bz=8Sz=Tz= Lz = Mz, that is, z is the common fixed
point of the six maps in this case also.

Step 10. For uniqueness, let w (w # z) be another common fixed point
of A,B,S,T,L and M. Taking x = z, y = w in (b), we have
ngMw(kt) * [FABzLZ(kt)FSTwa(kt)]
Z [pFABsz(t) + qFABzSTw (t)]FABzMw(th)

which implies that

F, (kt) [P+ qF o (8)] Fru (2K1)

[p + szw(t)]sz(kt)’

AV

F.,(kt) P+ qF..,(t)

>
2 p + szw(kt)a

p
F(kt) > —— =1.
(k) =

Thus, we have z = w. This completes the proof of the theorem.

If we take B =T = Ix ( the identity map on X) in the main Theorem, we
have the following:

Corollary 3.2 Let A, S, L and M be self maps on a complete Menger space
(X, F, %) with t «t >t for all t € [0, 1], satisfying:
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(a) L(X) € S(X), M(X) € A(X);
(b) there exists a constant k € (0,1) such that

szMy(kt) * [FA:va(kt)'FSyMy(kt)]
> [PFarra(t) + ¢Fuzsy ()] Fazay(2kt)

for all z,y € X and t > 0 where 0 < p,q < 1 such that p+q¢g =1;
(c) either A or L is continuous;
(d) the pair (L, A) is compatible and (M, S) is weakly compatible.

Then A, S, L and M have a unique common fixed point.
If we take A=S,L =M and B =T = [y in the main Theorem, we have
the following:

Corollary 3.3 Let (X, F,*) be a complete Menger space with txt >t for all
t €10,1] and let A and L be compatible maps on X such that L(X) C A(X).
If A is continuous and there exists a constant k € (0,1) such that

Ff oy (kt) % [Fagre (k). Fayr, (kt)]
> [pFarra(t) + qFazay(t)]. Fazry(2kt)

forall z,y € X andt > 0 where 0 < p,q < 1 such that p+q =1, then A and
L have a unique fized point.

Example 3.4 Let X = [0, 1] with the metric d defined by d(z,y) = |z — y|
and define Fy,(t) = H(t — d(x,y)) for all x,y € X,t > 0. Clearly (X, F,*) is
a complete Menger space where t-norm * is defined by a * b = min {a,b} for
all a,b € [0,1]. Let A, B,S,T, L and M be maps from X into itself defined as

x x x x
Ax =z, Br = — =" Toe==Lr=0Mzx=5=
r=ux,Br 2,53: 5 x 3 x=0Mx 5

for all x € X. Then

LX) = {0} [0%] — ST(X) and M(X) = {0,—} c {o,

Clearly AB = BA,ST = TS,LB = BL,MT = TM and AB, L are con-
tinuous. If we take k = 1/2 and t = 1, we see that the condition (b) of the
main Theorem is also satisfied. Moreover, the maps L and AB are compatible
if im0 x,, = 0, where {x,} is a sequence in X such that lim,,_., Lz, =
lim,, ..o ABx, =0 for 0 € X. The maps M and ST are weakly compatible at
0. Thus, all conditions of the main Theorem are satisfied and 0 is the unique
common fized point of A, B, S, T, L and M.
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