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Abstract
In this paper, we present a new method for solving of the Burger’s equation by
combination of method of lines (MOL) and matrix free modified extended backward
differential formula (MF-MEBDF). The method of lines semi discretization approach
is used to transform the model partial differential equations (PDEs) in a system of
first order ordinary differential equations (ODEs). Firstly theory of application of
MOL on Burger’s equation presented. Secondly we considers some examples to show
goodness of new method. Computational results using a code based on our method
are presented for this examples . The numerical results obtained by this way have
been compared with the exact solution to show the efficiency of the method.
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1 Introduction

We consider the following initial boundary value problem

Ut + UUx = μUxx, 0 < x < 1, 0 < t < T, (1)

which is the one dimensional quasilinear parabolic partial differential equation and
μ > 0 is the coefficient of the kinematics viscosity of the fluid. This equation was only
intended as an approach to the study of turbulence, shock wave and gas dynamics
[6, 10, 14]. This equation involves nonlinearity, dissipation and is relatively simple.
We consider Eq.(1) with the following initial and boundary conditions:

U(x, 0) = ϕ(x), 0 < x < 1,
U(0, t) = g1(t), U(1, t) = g2(t), t > 0.

(2)

Many researchers have introduced various methods to solve the Burger’s equation
as a model of turbulence. Darvishi and Javidi [11] studied a numerical solution of
Burger’s equation by pseudospectral method and Darvishi’s preconditioning. Abdou
and Soliman [3] used variational iteration method for solving Burger’s and coupled
Burger’s equations. Berzins and Dew [5] a note on C0 Chebyshev methods for
parabolic PDE’s. Cole [10] studied the general properties of the Burger’s equation.
Öziş and Aksan [16] used a finite element approach for solution of Burgers’ equation.
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Aksan and Özdeş [4] solved the equation by a variational method constructed on
the method of discretization in time. Abbasbandy and Darvishi [1] introduced a
numerical solution of the Burgers’ equation by modified Adomian method. They also
[2] solved the problem by time discretization of Adomian’s decomposition method.
In this paper, Burger’s equation is solved by combination of method of lines and
MF-MEBDF method. Here, we consider two test problems of [13] and one test
problem of [3]. The numerical results are compared with the exact solutions. It was
seen that, the numerical solutions were in good agreement with the exact solutions.
Problem 1. Let us consider the Burger’s equation [13] with the initial condition

ϕ(x) = U(x, 0), 0 ≤ x ≤ 1 (3)

and non-homogeneous boundary conditions

g1(t) = U(0, t), g1 = U(1, t), 0 ≤ t ≤ T = 1. (4)

The exact solution of the Burger’s equation

U(x, t) =
0.1e−A + 0.5e−B + e−C

e−A + e−B + e−C
, (5)

A =
0.05
μ

(x − 0.5 + 4.95t), B =
0.25
μ

(x − 0.5 + 0.75t)

and

C =
0.5
μ

(x − 0.5 − 0.375t).

Problem 2. Let us consider the Burger’s equation [3] with the initial condition

ϕ(x) = U(x, 0)

and the boundary conditions

g1(t) = U(0, t), g2(t) = U(1, t), t ≥ 0.

The exact solution of the Eq.(1) is:

U(x, t) =
α + β + (β − α) exp(α

μ (x − βt − λ))

1 + exp(α
μ (x − βt − λ))

,

where the parameters α, β and λ are arbitrary constants and the parameter μ > 0
in Eq.(1), which is so-called viscosity term, plays an important role in determining
the behavior of the solution.
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2 Semi discrete models for Burger’s equation

An approach related to the finite difference method, which has found interesting ap-
plication the numerical treatment partial differential equation (PDE), is the method
of lines, makes use of the finite difference method in the construction of discrete-
analytical model of given partial differential equation in which all but one of its
independent variables are discretized . This procedure leads to a system of ordinary
differential equations (ODEs) in the remaining variable.
We shall consider the problem (1)-(2), to solve it numerically the problem is dis-
cretized respect to x-direction by finite difference method and that the variable t
remains undiscretized. For this, we define a uniform partition P of the interval
0 ≤ x ≤ 1 as:

P : 0 = x0 ≤ . . . ≤ xi ≤ xi+1 ≤ . . . ≤ xn+1 = 1, (6)

with a constant spacing h = xi+1 − xi = 1
n+1 , i = 0, 1, . . . , n.

We use an o(h4) difference scheme to estimate ∂U
∂x (xi, t) and ∂2U

∂x2 (xi, t) on the internal
nodes. Hence we have the following difference scheme(see [12]):
for x = x1 we use

∂U

∂x
(x1, t) =

1
24h

(−6y0(t) − 20y1(t) + 36y2(t) − 12y3(t) + 2y4(t)) = E1(t) (7)

and for x = xi , i = 2, . . . , n − 1 we use

∂U

∂x
(xi, t) =

1
24h

(2yi−2(t) − 16yi−1(t) + 16yi+1(t) − 2yi+2(t)) = Ei(t), (8)

forx = xn we use

∂U

∂x
(xn, t) =

1
24h

(−2yn−3(t) + 12yn−2(t) − 36yn−1(t) + 20yn(t) + 6g2(t)) = En(t), (9)

Similarly for x = x1 we use

∂2U

∂x2
(x1, t) =

1
12h2

(20g1(t) − 30y1(t) − 8y2(t) + 28y3(t) − 12y4(t) + 2y5(t)) = R1(t)(10)

and for x = xi , i = 2, . . . , n − 1 we use

∂2U

∂x2
(xi, t) =

1
12h2

(−2yi−2(t) + 32yi−1(t) − 60yi(t) + 32yi+1(t) − 2yi+2(t)) = Ri(t)(11)

forx = xn we use

∂2U
∂x2 (xn, t) = 1

12h2 (2yn−4(t) − 12yn−3(t) + 28yn−2(t) − 8yn−1(t) − 30yn(t) + 20g2(t)) = Rn(t), (12)

where U(xi, t) = yi(t).
By substituting (7)-(12) into (1) and taking into account that y0(t) = g1(t) and
yn+1(t) = g2(t) we obtain the following system of ODEs with the initial condition

y′i(t) + yi(t)Ei(t) = μRi(t)
yi(0) = ϕ(xi) , i = 1, · · · , n.

(13)
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Then the system (13) can be rewritten in the following form:{
y′(t) = f(t, y(t)),

y(0) = f0,
(14)

where
y(t) = [y1(t), y2(t), . . . , yn(t))]T ,

y0 = [y1(0), y2(0), . . . , yn(0)]T ,

y′(t) = [y′1(t), y
′
2(t), . . . , y

′
n(t))]T ,

f(t, y(t)) = [f1(t, y(t)), f2(t, y(t)), . . . , fn(t, y(t))]T

and

fi(t, y(t)) = −yi(t)Ei(t) + μRi(t), i = 1, 2, . . . , n. (15)

Consider system (14) and suppose that it is stiff. In the backward differentiation
formula (BDF), we have

yn =
k∑

j=1

αjyn−j + Δtβkf(tn, yn), (16)

where k is the order of scheme and the values of αj and βk are given in [8]. From
(16) we have the following system of nonlinear equations to be solved:

F (xn) = xn − Δtf (tn, αn + βkxn), (17)

where αn =
∑k

j=1 αjyn−j and xn = Δtf (tn, yn), see [9]. Usually, to solve a system
like (17), a modified Newton method is used. Then a direct method is usually used
to solve any resulting system of linear equations. Hence in each step, we need to
obtain the jacobian matrix and its related decomposed matrices. Therefore causing
more computational cost and running time. In matrix free (MF-BDF) method, the
jacobian matrix is not used explicitly, because the exact Newton method is used
and then the IOM algorithm, see [17], is applied to solve the resulting system of
linear equations. Cash, modified the BDF method, this modification led to the
EBDF method [8], and MEBDF method [7]. In [15], authors applied the Cashes
modification to the MF-BDF scheme and obtained a new method to solve ODE’s
and PDE’s. They called their method MF-MEBDF.
In this study we want to apply the MF-MEBDF methods to solve system of ODEs.

3 Numerical results

We now obtain numerical solutions of Burger’s equation. To show the efficiency of
the present method for our problem in comparison with the exact solution we report
norm two of error which is defined by

||E||2 = (
n∑

i=1

(Û (xi, t) − U(xi, t))2)
1
2
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where Û(xi, t) is the solution obtained by equation (14) solved by MF-MEBDF
method and U(xi, t) is the exact solution.
Problem 1. In Table 1 we show norm two of error for various values of μ, t and n
with Δt = 0.0001.
Table1. Norm two of error for various values of μ, t and n

μ, n μ = 1, n = 10 μ = 1, n = 20 μ = 0.1, n = 10 μ = 0.1, n = 20
t

0.2 2.4244E − 11 1.7892E − 10 2.9949E − 5 2.7542E − 6
0.4 6.4101E − 11 1.8886E − 10 6.7446E − 5 5.1001E − 6
0.6 3.7221E − 10 5.0883E − 10 8.9219E − 5 6.9656E − 6
0.8 6.0105E − 10 6.8384E − 10 8.2415E − 5 7.3609E − 6
1 6.3600E − 10 7.2012E − 10 5.5745E − 5 5.7378E − 6

Problem 1. In Table 2 we show norm two of error for various values of μ, t and n
with Δt = 0.0001 with α = 0.4, λ = 0.125 and β = 0.6.

Table2. Norm two of error for various values of μ, t and n

μ, n μ = 1, n = 10 μ = 1, n = 20 μ = 0.1, n = 10 μ = 0.1, n = 20
t

0.2 6.0661E − 10 1.6111E − 11 6.2557E − 5 7.6966E − 6
0.4 6.7393E − 10 3.0020E − 11 8.5129E − 5 1.4013E − 5
0.6 1.0850E − 9 5.1813E − 10 2.0394E − 4 1.8400E − 5
0.8 1.2968E − 9 7.9854E − 10 2.5610E − 4 2.1588E − 5
1 1.3264E − 9 8.3287E − 10 2.3027E − 4 2.0974E − 5

4 Conclusions

In this paper, we have proposed an efficient method for solving Burger’s equations,
with high convergence and small error. As seen in Table 1-2, errors are very small
and they are very better than the results of another papers cited in this article.
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