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Abstract

In this paper the Fourier Series Method has been used successfully
to obtain an analytical solution for flow generated by a vortex. The
analytical solution has been derived from the solution of the biharmonic
equation outside a circular cylinder with a vortex placed in the solution
domain. As the drag, lift and moment on the circular cylinder are the
most important physical quantities have been derived.
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1 Introduction

In this paper the problem numerically discussed by ElBashir (2000), namely
that of a vortex of non dimensional unit strength placed at a non dimensional
distance c, where c > 1, from a cylinder whose radius a has been used as the
non-dimensional length scale is investigated by an analytical approach. With
the origin of the coordinates coinciding with the center of the cylinder, then
the non-dimensional polar coordinate system (r, ϑ), where

x = r cos ϑ, y = r sinϑ, (1)

has the boundary of the cylinder at r = 1 and the position of the vortex at
(c, 0), as shown in Figure 1. Since the equations to be considered are those aris-
ing for two dimensional Stokes flow, then the elimination of the pressure terms
from these equations, together with the introduction of a non dimensional
stream function ψ, results in the biharmonic equation being the governing
equation.
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Figure 1: Position of circular cylinder and vortex.

In the present approach it is required to solve the biharmonic equation

∇4ψ = 0 (2)

for the stream function ψ(r, ϑ), where r ≥ 1 and ∇2is the standard Lapla-
cian operator. The no slip and no normal flow boundary conditions imposed
by the circular cylinder are

ψ =
∂ψ

∂r
= 0, on r = 1. (3)

At present there appears no obvious condition to impose at infinity on the
flow developed locally by a vortex placed outside a cylinder. However, without
any restrictions whatsoever then there are an infinite number of possibilities.
As such if one is to allow for the locally generated flows at infinity to be present,
then it appears realistic to assume that the flow which is established there is
that with the slowest possible growth rate. This would seem plausible due to
such a solution requiring the least amount of energy.

2 Main Results

Before embarking on the present approach a few words relating to the solution
by ElBashir (2000) ought to be included due to its relatively simplistic nature.
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The knowledge that the solution of the biharmonic equation can be expressed
as the sum of two solutions of Laplace’s equation, namely

ψ = φ1 + (r2 − 1)φ2, (4)

where φ1and φ2are harmonic functions, enabled the function φ1to be taken as
the potential solution for the flow due to a vortex or stokelet outside a circular
cylinder. This means that the function φ1satisfies the constant stream function
condition on the boundary due to being formed from the singularity itself and
the two images inside the cylinder at the image point and the origin. The choice
of (r2 − 1) multiplying the harmonic function φ2results in the streamfunction
maintaining its constant value on the boundary of the cylinder. Hence, the
only requirement still outstanding in order to determine the complete solution
is that on the boundary of the cylinder the normal derivative of (r2 − 1)φ2is
the negative of the normal derivative of φ1. This usage of (r2 − 1), instead of
the usual r2, results in the above reducing to the necessity of find an harmonic
function φ2whose value on r = 1 is half the known normal derivative of φ1there.
It is this neat argument that enables the construction of the solution

ψ = ln(R1) − ln(R2c) + ln(r) +
(r2 − 1)(rc cosϑ− 1)

R2
2c

2
, (5)

from what appears at first glance to be void of any analysis, where R1and
R2are the distances from the vortex and the image vortex in the cylinder, and
are given by

R1 = (r2 + c2 − 2rccosϑ)1/2 (6)

and

R2 = (r2 +
1

c2
− 2

r

c
cosϑ)1/2 (7)

respectively. The present method is a more routine and less sophisticated
approach than that mentioned above, however it follows a similar method but
without the clever insight. Initially the value of ψ is expressed as

ψ = ψ1 + ψ2, (8)

where ψ1is the streamfunction corresponding to a single vortex at (c, 0) and
ψ2is the change caused to this flow due to the presence of the cylinder and is
free of any singularities in the region r > 1. The expression for1ψ

ψ1 =
1

2
ln(r2 + c2 − 2rccosϑ) (9)

is obviously an even function in ϑ and following Oberhettinger (1973) can be
expressed as a Fourier Series representation, namely
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ln(c) −
∞∑

n=1

rn

ncn
cos(nϑ) 1 ≤ r ≤ c. (10)

The restriction on the domain of r is due to the series being convergent only
for r ≤ c. Using the result that the general solution of

∇4ψ2 = 0, (11)

can be written as ψ2 = φ1 + r2φ2, where φ1and φ2are harmonic functions,
enables ψ2to be expressed as

ψ2 = c0 +
∞∑

n=1

(bn sin(nϑ) + cn cos(nϑ))/rn

+r2d0 +
∞∑

n=1

(an sin(nϑ) + dn cos(nϑ))/r(n−2). (12)

Obviously, the lowest positive power of r in the choice of φ1and φ2is taken
subject to being able to find aψ which satisfies the boundary conditions on
r = 1, and hence produces the solution with the slowest possible growth as
r → ∞ . Applying the boundary conditions given by expressions (3) results in

c0 = − ln c, d0 = 0

a1 = b1 = c1 = 0, d1 =
1

2

an = bn = 0, cn =
1

cn
(
1

n
− 1), dn =

1

cn
, n ≥ 1. (13)

The series in expression (12) can now be summed to produce the result ob-
tained by ElBashir (2000), namely expression (5). Using the relationship be-
tween the vorticity ω and the streamfunction ψ,

ω = ∇2ψ (14)

establishes the vorticity as

ω =
4

c
[
r cos ϑ

R2
2

− 2r(rc cosϑ− 1)(rc− cosϑ)

R4
2c

2
+

(rc cosϑ− 1)

cR2
2

]. (15)

As the biharmonic equation and the boundary conditions are linear then the
modification of the problem to accommodate the circular cylinder rotating
with a non-dimensional clockwise angular velocity α, instead of being at rest,
can easily be achieved by the addition of the term α ln(r) to expression (5).
This is possible since ln(r) is a solution of the biharmonic equation and satisfies
the boundary conditions
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vr = −1

r

∂ψ

∂ϑ
= 0 and vϑ =

∂ψ

∂r
= α on r = 1. (16)

Hence, the streamfunction becomes

ψ = ln(R1) − ln(R2c) + ln(r) +
(r2 − 1)(rc cosϑ− 1)

R2
2c

2
+ α ln(r), (17)

whilst the vorticity remains unchanged.

2.1 Forces and Moment on the Cylinder

The components of force (Fx, Fy) and the moment M acting on a volume of
fluid V surrounded by the surface S can be expressed as

Fx =
∫

S
(σxxnx + σxyny)dS, (18)

Fy =
∫

S
(σyxnx + σyyny)dS, (19)

M =
∫

S
x(σyxnx + σyyny) − y(σxxnx + σxyny)dS, (20)

respectively, where = (nx, ny) is the normal vector on the surface
S. The quantity σijdenotes the stress acting in the direction on a surface

element whose normal is in the direction. The reason for initially using the
cartesian stress tensor rather than the cylindrical polar form will become clear
in the the next section. In the special case when the surface is a cylinder
with radius r, r ≥ 1, and is represented in Figure 2 either by CSCor by CSCR,
whose centres coincide with that of the fixed cylinder of radius unity, the above
expressions can be written as

Fx =
∫

S
(σrr cosϑ− σrϑ sinϑ)rdϑ, (21)

Fy =
∫

S
(σϑr cosϑ+ σrr sinϑ)rdϑ, (22)

M =
∫

S
rσrϑrdϑ. (23)

Introducing the constitutive relations

σrr = −p+ 2μ
∂Vr

∂r
, (24)

σrϑ = σϑr = μ{r ∂
∂r

(
Vϑ

r
) +

1

r

∂Vr

∂ϑ
}, (25)
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Figure 2: Concentric surfaces with centre O. CSCand CSCRrepresent concen-
tric surfaces enclosing the circular cylinder and both the circular cylinder and
the vortex respectively.

σϑϑ = −p+ 2μ{1

r

∂Vϑ

∂ϑ
+
Vr

r
}, (26)

into expressions (21), (22) and (23) results in

Fx =
∫ 2π

0
r[
∂p

∂ϑ
+ 2μ

1

r

∂

∂r
{∂

2ψ

∂ϑ2
+ ψ} − μ∇2ψ] sinϑdϑ, (27)

Fy = −
∫ 2π

0
r[
∂p

∂ϑ
+ 2μ

1

r

∂

∂r
{∂

2ψ

∂ϑ2
+ ψ} − μ∇2ψ] cosϑdϑ, (28)

M = μ
∫ 2π

0
r2[
∂2ψ

∂r2
− 1

r

∂ψ

∂r
− 1

r2

∂2ψ

∂ϑ2
]dϑ. (29)

On using the equations of motion, namely Stokes Equation, and the vorticity,
the equations (27) − (29 can be written in the form

Fx = μ
∫ 2π

0
r[r

∂ω

∂r
− ω +

2

r

∂

∂r
(
∂2ψ

∂ϑ2
+ ψ)] sin(ϑ)dϑ, (30)

Fy = −μ
∫ 2π

0
r[r

∂ω

∂r
− ω +

2

r

∂

∂r
(
∂2ψ

∂ϑ2
+ ψ)] cos(ϑ)dϑ, (31)
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M = μ
∫ 2π

0
r2[ω − 2

r

∂ψ

∂r
− 2

r2

∂2ψ

∂ϑ2
] dϑ. (32)

The above expressions are still dimensional, so expressions (5) and (15) need to
be modified accordingly before they are substituted. So, if one has commenced
with a vortex of strength Γ at (c, 0), which means that the circulation around
the vortex is 2πΓ, then the coefficient values would have to be multiplied by Γ.
Unfortunately, the resulting integrals are such that they need to be calculated
numerically. Using Simpson’s rule to undertake this evaluation results in

Fx = Fy = 0 and M = 0, for 1 ≤ r < c; (33)

and Fx = Fy = 0 and M = −4πμΓ, for r > c. (34)

2.2 An Alternative Method of Obtaining the Force and

Moment

Instead of using the expressions for ψ and ω from equations (5) and (15) re-
spectively, one can view the solution of the biharmonic equation by separation
of variables as

ψ = F0(r) +
∞∑

n=1

{Fn(r) sin(nϑ) +Gn(r) cos(nϑ)}, (35)

since periodicity in ϑ is required. Due to the linearity of the terms in the inte-
grands of equations (30)− (32) it is relatively straightforward to see that con-
tributions to the force must arise from the F1(r) sinϑ and G1(r) cosϑ, whereas
any contribution to the moment is solely due to the F0(r) term. On substitut-
ing expression (35) into equation (2) one obtains

F0(r) = A0(r
2 ln(r) − r2) +B0r

2 + C0 ln(r) +D0, (36)

F1(r) = FA1r
3 + FB1rln(r) + FC1r + FD1r

−1, (37)

G1(r) = GA1r
3 +GB1rln(r) +GC1r +GD1r

−1, (38)

whereA0, B0, C0, Do,FA1, FB1, FC1, FD1,GA1, GB1, GC1andGD1are constants.
The forms of Fn(r) and Gn(r) can be derived if required as

Fn(r) = FAnr
n+2 + FBnr

n + FCnr
−n+2 + FDnr

−n, (39)

Gn(r) = GAnr
n+2 +GBnr

n +GCnr
−n+2 +GDnr

−n. (40)

At this stage a further digression from the original problem is undertaken.
Since the usual Stokes problem is likely to involve either (i)a uniform stream
at infinity, so requiring the streamfunction to behave like rcosϑ or rsinϑ at large
values of r, or (ii)a rotational flow, so needing the streamfunction to behave as
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r2at large values of r, it seems appropriate to set A0, FA1, FB1, GA1andGB1all
to be zero. However, whether this restriction should be applied to FB1and to
GB1is debatable since if one considers the classical problem of uniform flow
past a circular cylinder such terms are present in the solution. Although it
should be stressed that this solution only satisfies the biharmonic equation
and the boundary conditions on the cylinder. The failure of the solution at
infinity is due to the presence of the rln(r) sinϑ term which must be maintained
in order for both the velocity components to vanish on the cylinder. The
solution that tends to infinity most slowly as r → ∞ is obtained by discarding
only the FA1r

3 sinϑ and GA1r
3 cosϑ terms. The resulting solution is valid

at points not too far from the cylinder but deteriorates as one moves further
away. It also fails to determine the value of the constant FB1. It should
be noted that no value of GB1is required due to the streamfunction being
anti-symmetric and thus one requires only terms in sinϑ. However, the above
unknown constant FB1can be found by treating the solution found so far as the
first approximation to the inner flow past the circular cylinder as the Reynolds
number tends to zero, and matching with the solution from the outer region
derived from the Oseen equations. Full details regarding these expansions and
matching procedure can be found in Proudman and Pearson (1957).

Returning now to the expressions (30), (31) and (32), when the F1(r) sinϑ,
G1(r) cosϑ and F0(r) are substituted respectively into the integrands in these
expressions, the following values are produced

[r
∂ω

∂r
− ω +

2

r

∂

∂r
{∂

2ψ

∂ϑ2
+ ψ}] = −4FB1

r
sinϑ, (41)

[r
∂ω

∂r
− ω +

2

r

∂

∂r
{∂

2ψ

∂ϑ2
+ ψ}] = −4FB1

r
cosϑ, (42)

[ω − 2

r

∂ψ

∂r
− 2

r2

∂2ψ

∂ϑ2
] = −2C0

r2
(43)

The evalution of the resulting integrals result in

Fx = −4πμΓFB1a
−1, Fy = 4πμΓGB1a

−1, (44)

M = −4πμΓC0. (45)

As all these quantities are independent of the radius of the surface on which
the evaluation of the integrals has been undertaken, it would appear that the
force components and the moment will be the same on the cylindrical body as
what they are on any concentric circular region of fluid enclosing that body.
This phenomenon will be discussed in greater detail in the next section where
it will be generalised.

It should, however, be mentioned that for the force components and mo-
ment to remain unchanged as the radius of the cylindrical surface CSC increases
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there must be no additional singularities of the flow included in the increased
volume of fluid. In addition if the terms A0(r

2 ln(r)−r2), FA1r
3and GA1r

3had
been retained in the expansions of F0(r), F1(r) and G1(r), so allowing solutions
which grow much more rapidly as r → ∞, then whilst Fxand Fywould have
remained unchanged the value of the moment M would have been modified to
included a contribution from A0, so

M = −4πμΓ(C0 − r2A0). (46)

Initially this may appear to be a contradiction of a result to be established
later, namely that the moment on a surface CSC is independent of the radius,
however it can be seen that the inclusion in the streamfunction of the term
A0(r

2 ln(r) − r2) results in

ω = ∇2ψ = 4A0(ln(r) + 1), (47)

which in turn produces a pressure distribution

p = 4A0ϑ (48)

to within an arbitrary constant. The multivaluedness of the pressure must
obviously be avoided in the present problem and hence the requirement that

A0 = 0 (49)

has to be imposed. This produces the invariance of the moment on any surface
CSC , provided that 1 ≤ r < c.

If one now refers back to

ψ = ψ1 + ψ2, (50)

where ψ1and ψ2are given by expressions (10) and (12), respectively, provided
that 1 ≤ r < c, then the absence of any of the terms rln(r) sinϑ, rln(r) cosϑ and
ln(r) confirms the earlier result given by expression (33) that in the problem
of flow caused by a vortex outside a circular cylinder both the components of
the force and the moment acting on the cylinder are zero.

However, the expansion in expression (10) is valid only for 1 ≤ r < c,
whilst the expansion in (12) is valid for r ≥ 1. This means that to continue the
solution analytically into r > c one must replace expression (10) by expression
(9), but expression (12) is perfectly acceptable as the contribution for ψ2. In
the region r > c expression (9) can be written as

Ψ1 = ln(r) +
1

2
ln(1 +

c2

r2
− 2

c

r
cosϑ), (51)

which in turn can be expanded as
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ψ1 = ln(r) −
∞∑

n=1

cn

nrn
cos(nϑ) r > c. (52)

If in the region r > c one takes the streamfunction to consist of the sum of
expressions (12) and (51), then one can see that C0will no longer be zero.
Hence, although the components of force acting on a concentric cylindrical
surface CSCRof fluid of radius r > c will be zero, as they were on an identical
shaped surface CSCbut with radius r < c, the moment on such surface will
now be −4πμΓC0, where C0 = 1. This change in the moment value from zero
to −4πμΓ as the radius of the surface increases above c will be discussed in
detail in the next section.

2.3 Relations between the Forces and Moments Acting

on Different Surfaces

Returning to the expressions (18), (19) and (20) it is a relatively straightfor-
ward matter to show that the force and moment acting on any simply con-
nected volume of fluid V , void of any singularities, are both zero. Since the
surface integrals representing Fxand Fycan both be converted by the divergence
theorem into the following volume integrals

Fx =
∫

V
[
∂σxx

∂x
+
∂σxy

∂y
]dV, (53)

Fy =
∫

V
[
∂σyx

∂x
+
∂σyy

∂y
]dV, (54)

and the integrands are zero from the Stokes equations, namely

0 =
∂σxx

∂x
+
∂σxy

∂y
, (55)

0 =
∂σyx

∂x
+
∂σyy

∂y
, (56)

and hence both components of force Fxand Fyare zero.
The evaluation of M for the same volume of fluid requires the integrand

first being manipulated into the form

(xσyx − yσxx)nx + (xσyy − yσxy)ny, (57)

which can be transformed into a volume integral by the divergence theorem,
resulting in

M =
∫

V
[
∂

∂x
{xσyx − yσxx} +

∂

∂y
{xσyy − yσxy}]dV (58)
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=
∫

V
[σyx + x

∂σyx

∂x
− y

∂σxx

∂x
+ x

∂σyy

∂y
− σxy − y

∂σxy

∂y
]dV. (59)

The Stokes equations (55) and (56), together with the symmetry of the stress
tensor, σij , produce the moment on the region as zero. The above results
mean that the force and moment on a surface S, which surrounds an object
around which the fluid motion is governed by Stokes equations, are identical
to the force and moment values on any other surface S1which encloses the
surface S. This can easily be seen by introducing a cut in the region between
S and S1, so that the volume between the two surfaces can be treated as a
simply connected region. This enables information from the surface at infinity
to predict the values of force and moment on the object. It is this information
which resulted in both the force components and the moment in the earlier
section being unchanged on any concentric cylindrical surface of fluid SCCof
radius r, where 1 < r < c. However, it is possible to see that the same
result applies on all surfaces GSCof fluid, regardless of their shape, which
contain within it the circular cylinder, provided that the surface does not
enclose any singularity. The same information shows why the force components
and the moment on concentric cylindrical surfaces CSCRthat, in addition to
the cylinder, contain the vortex singularity at (c, 0) and have a radius r, where
r > c, possess constant values. Again the values remain unchanged on any
surface GSCRcontaining the cylinder and the vortex regardless of the shape of
the surface. The surfaces GSCand GSCRare shown in Figure 3.

One can also see why there is a difference in the value of the moment of
−4πμΓ between surfaces containing the cylinder and those which in addition
contain the vortex. Yet, there is no difference in the value of the force com-
ponents between surfaces containing the cylinder and those which in addition
contain the vortex. In the case of the moment on any surface GSCRof fluid
containing both the cylinder and the vortex this value is equal to the sum of
the moment on any surface CSCof fluid containing only the cylinder plus the
contribution from the moment on the vortex. As the streamfunction near the
vortex can be expressed as

ψ ≈ ln(R1), (60)

which is equivalent to a ln(r) term in F0(r) in the expansion of the streamfunc-
tion given by expression (35), the contribution to the moment from the vortex
is −4πμΓ. Hence, the zero contribution on the inner surface GSCcombined
with that from the vortex produces the result for the moment established ear-
lier on the outer surface GSCR. In a similar manner the force components
between the two surfaces can be related. However, the form of the stream-
function near the vortex, given by expression (60), results in there being no
force in either direction on the vortex. This results in the force components
on the two surfaces GSCand GSCRremaining the same. Hence, since they are
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Figure 3: Generalised surfaces. GSc and GSCRrepresent general surfaces en-
closing the circular cylinder and both the circular cylinder and the vortex
respectively.

both zero on the inner surface, they are both zero on the outer surface. This
means that provided one knows the expansion of the streamfunction for flow
around a body at large values of r, and the expansion close to any singularity,
it is possible using the coefficients of FB1and GB1to determine the compo-
nents of force acting both on a surface of fluid containing the object at infinity
and on the surface around the singularity. The difference in these quantities
will produce the force on the body. In a similar manner the moment on the
body can be produced from the difference between the moment on the sur-
face of fluid at large values of r which contains the body and the moment on
the singularity. In this case, the two moments are obtained directly from the
values of the coefficients of C0in the appropriate regions, and their difference
produces the moment on the body itself.

2.4 Flows at Infinity due to Prescribed Forces and Mo-
ments on the Cylinder

It has been establish earlier how the expansion of the streamfunction may be
used to predict the force and the moment acting on the circular cylinder. The
reverse situation will now be discussed, that is given a force and a moment
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acting on a circular cylinder in the presence of a vortex, what is the stream-
function and how does this behave at large values of r?

In order to have a prescribed force −4πμΓ(A,−B)a−1, together with a mo-
ment −4πμΓC, acting on the circular cylinder it is necessary for the expansion
at large values of r to include the C0 ln(r), FB1rln(r) sinϑ and GB1rln(r) cosϑ
terms. Obviously as these terms are solutions of the biharmonic equation and
satisfy the boundary condition that the normal velocity on the cylinder is zero,
the linearity of the problem allows them to be combined with the earlier result
given by applying the boundary conditions in expression (3). All that remains
is to combine this result with another solution of the biharmonic equation
which satisfies the zero normal boundary condition but has a non zero tan-
gential velocity. The obvious choice of this additional solution is the uniform
stream potential flow solution past such a circular cylinder in order to balance
the FB1rln(r) sinϑ and FB1rln(r) cosϑ terms, together with a rigid body ro-
tation arising from an (r2 − 1) term. The correct combination of the above
extra solutions will produce the required zero tangential velocity boundary
condition on r = 1. Hence, the complete additional solution is

C0[ln(r) − 1

2
(r2 − 1)] + FB1[rln(r) − 1

2
(r − r−1)] sinϑ

+GB1[rln(r) − 1

2
(r − r−1)] cosϑ (61)

and in order to produce the prescibed force it will be necessary for

FB1 = A, GB1 = B, (62)

and C0 = C + 1. (63)

The moment on a surface GSCRsurrounding the circular cylinder and the vor-
tex will have a moment −4πμΓ(C+1). When the value of the moment on the
vortex −4πμΓ is subtracted for this value, it will produce the required value
of −4πμΓC on the circular cylinder itself. Hence, the required streamfunction
is

ψ = ln(R1) − ln(R2c) + ln(r) +
(r2 − 1)(rc cosϑ− 1)

R2
2c

2

+C[ln(r) − 1

2
(r2 − 1)] + A[rln(r) − 1

2
(r − r−1)] sinϑ

−B[rln(r) − 1

2
(r − r−1)] cosϑ, (64)

together with a vorticity value given by

ω =
4

c
[
r cosϑ

R2
2

− 2r(rc cosϑ− 1)(rc− cosϑ)

c2R4
2

+
(rc cosϑ− 1)

cR2
2

]



1030 T.B.A. El Bashir

−2C +
2(A sinϑ−B cosϑ)

r
. (65)

The expression (64), with A = B = 0, corresponds to the result obtained by
Avudainayagam and Jothiram (1987) for eccentric rotational flow around a
circular cylinder in the presence of a vortex singularity. The form of the above
streamfunction at large values of r will be

ψ ≈ −1

2
Cr2 + Arln(r) sinϑ−Brln(r) cosϑ− 1

2
Arsinϑ

+
1

2
(
2

c
− B)rcosϑ+ (C + 1) ln(r). (66)

In the special situation when there is no force or moment on the circular
cylinder then

A = B = C = 0 (67)

and at large values of r the above form of the streamfunction reduces to

ψ ≈ 1

c
rcosϑ+ ln(r) +

1

c2
cos(2ϑ) − ln(c) +O(r−1). (68)

In fact the O(r−1) term is (3cos(3ϑ)). If ln(R1) is retained in the expansion (68)
rather than ln(r) then the O(r−1) term is (3cos(3ϑ)+ ccos(ϑ)). Physically ex-
pression (68) represents at large distances from the cylinder, a uniform stream
of non-dimensional magnitude flowing toward the origin from the direction of
the negative y axis, together with the effects of a vortex of non-dimensional
strength unity at the origin. Hence, one has the situation first established by
ElBashir (2000), namely, that provided a vortex is added at the correct po-
sition to the problem of a uniform flow past a circular cylinder, its strength
dependent on its distance from the origin and the magnitude of the uniform
stream, then what originally is an ill posed Stokes problem becomes well posed.
If ” * ” is used to denote dimensional quantities, then expression (68) for the
dimensional streamfunction becomes

ψ∗ ≈ Γ[
1

c∗
r∗ cosϑ+ ln(r∗/a) +

a2

c∗2 cos(2ϑ) − ln(c∗/a) +O(r∗
−1

), (69)

where c = c ∗ /a, so the dimensional position of the vortex is (c∗, 0). The
substitution of expressions (64) and (65) into expressions (30), (31) and (32),
together with the evaluations of the resulting integrals using Simpson’s rule,
confirmed the values of A,B and C used to produce the analytical results. It
possible should show the force components and moments arising by Simpsons
rule corresponding to some values of A, B and C for which forces and moments
are known.
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Numerical values of the integrals in expressions (30), (31) and (32) were
evaluated by Simpson’s rule for the non-dimensional streamfunction and vor-
ticity given by expressions (5) and (15) respectively. The procedure was re-
peated with the non-dimensional steamfunction and vorticity represented by
expressions (17) and (15) respectively, with the value of α equal to 1 and then
2. In each situation the contours along which the integrations were undertaken
where circles, with radii of 1, 2, 4, and 5, concentric with the circular cylinder.
The first two contours enclose only the cylinder, whereas the last two enclose
both the cylinder and the vortex. Due to the different contours over which
the integrations were performed, different step lengths were required in order
to acquire four decimal place accuracy. However, a step length of h = 1/40
proved sufficient to achieve this requirement on all the contours. Details of the
values of Fx, Fy and M on the various contours are shown in Table 3.5.1.

TABLE (3.5.1)
The values of Fx, Fy and M on concentric circles around the circular cylinder.

Radius of concentric circle α Fx/(μΓa−1) Fy/(μΓa−1) M/(μΓ)
1 0 0.0000 0.0000 0.0000
2 0 0.0000 0.0000 0.0035
4 0 0.0000 0.0000 −12.5635
5 0 0.0000 0.0000 −12.5643
1 1 0.0000 0.0000 −12.5664
2 1 0.0000 0.0000 −12.5628
4 1 0.0000 0.0000 −25.1299
5 1 0.0000 0.0000 −25.1306
1 2 0.0000 0.0000 −25.1327
2 2 0.0000 0.0000 −25.1292
4 2 0.0000 0.0000 −37.6962
5 2 0.0000 0.0000 −37.6970

These results are as expected. Since in the case of the force components
Fx and Fy are both zero due to the absence of any rln(r)sinϑ and rln(r)cosϑ
terms from the non-dimensional streamfunction expression (5) and (17). The
M should undertake the value −4πμΓ(α + 1) on contours whose radius ex-
ceeds the value C, that is includes the vortex as well as the circular cylinder.
Whereas, on contours which exclude the vortex the value should be −4πμΓα,
due to the need to exclude the contribution to the moment from the vortex. In
addition, when the non-dimensional angular velocity of the cylinder is α, the
analytical form of the non-dimensional streamfunction results in the asymp-
totic expansion at large values of r containing an (α+1)ln(r) term. The above
numerical values confirm the theoretical result that the moment on the circu-
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lar cylinder is −4πμΓ times the coefficient of the ln(r) term in the asymptotic
expansion, provided any contributions from singularities are excluded.
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