
International Mathematical Forum, 1, 2006, no. 23, 1125 - 1144

A model of Inflation and Unemployment

with Multiple Regimes1

Juan Gabriel Brida
School of Economics and Management

Free University of Bolzano, Italy
JuanGabriel.Brida@unibz.it

Tel.: +39 0471 013492, Fax: +39 0471 013 009

Abstract

Economic behavior is not necessarily governed by the same dynamic
law independently of the values the state variables take off. When this
is the case, we have a multiple regime model where each system of equa-
tions is representing an economic regime. In this paper we introduce
the formalism and terminology of multiple regime dynamics. In particu-
lar, coded dynamics is proposed as the appropriate tool for the analysis
of such multi-regime dynamics, i.e. dynamics where switches between
regimes produce abrupt alterations in an economy’s qualitative dynam-
ics. Starting from there, we discuss a multi-regime model of inflation
and unemployment fluctuations. In particular, we show how the rele-
vant regime dynamics of the model can be represented by a shift of finite
type. An important consequence of this is the possibility of measuring
the complexity of the model by using the entropy measure.
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1 Introduction

Very often, economic dynamical models are consisting of one system of differ-
ential or difference equations only. Sometimes this is a useful simplification,
but in most instances, economic behavior is not necessarily ruled by the same
dynamics laws for whichever values of the state variables. The economic con-
ditions affect the dynamic behavior and then qualitative changes in these con-
ditions generate different relationships governing the behavior. More and more

1A preliminary version of this paper was presented at the III WORKSHOP ON DY-
NAMICS OF SOCIAL AND ECONOMIC SYSTEMS, Mar del Plata (Argentina), 28-30
June 2005. Financial support by the Project ”Multiregime Dynamics in Economics” - Free
University of Bolzano.
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this is recognized in the literature. If we agree in defining an economic regime
as a set of rules and institutions that represents the whole economy and gen-
erates its qualitative dynamical behavior, changes in regime are particularly
associated with changes in the economic dynamics generated by changes in
the rules and/or institutions. These changes are fundamentally discontinuous
jumps or switches. Very often, they can be modeled as the result of the sys-
tem’s reaching and overshooting certain pre-determined critical or threshold
values in the key state values and/or in its parameters. In this case, delay
result and accumulation phenomena reflecting path dependence and the like
play a crucial role.

The term regime has a long history in economics. It has been used implic-
itly or explicitly extensively in a variety of fields, with reference not only to
methodological aspects but also to analytical and economic policy, and even
political issues.2 Still, the term is generally neither uniquely nor well defined so
that it stands for different things to the various authors who have been using
it. From the mathematical viewpoint, it is easier to define regime indirectly,
by defining regime switch. This refers to a situation where there is a change
in the nature of a (system of) equation(s), in other words a qualitative change
in the functional forms of a given system taken as a model. The system be-
havior implied by any given model always implies the definition of a regime,
sometimes more than one, when the mathematical model is so set up (and
this normally introduces a demand upon its mathematical structure). In an
economic perspective, though, the notion is less firm for there is an intuitive
understanding of it that is by itself very appealing. In fact, calling on this
intuition, an economic regime is a given set of rules and/or institutions, which
are said to govern the economy as a system, and therefore it accounts for its
qualitative (static or dynamic) behaviors.

This paper is organized as follows. In section 2, we introduce the formalism
and terminology of multiple regime models and we propose coded dynamics
as an appropiate tool to represent regime dynamics. In section 3, we discuss a
model generating an endogenous unemployment-price adjustment mechanism
produced by Nickell et al.(see refs. 2-6)3 and extended in [6]. Then, two dif-
ferent employment regimes are introduced (section 4) and the regime dynam-
ics properties of the model are analyzed (section 5). Specifically, we assume
that the equations governing employment and prices undergo a discontinuous
change, or switch in regime, all times that a critical value of unemployment
rate is reached. Depending on parameter values, we show this model to be
capable of producing a rich variety of dynamic behaviors, including complex
irregular fluctuations. The main result of this paper is the regime dynamics

2These different notions of regime are critically reviewed in [3]. Summarising this litera-
ture would take us too far away from our topic, without adding anything to our argument.

3In Nickell’s model, dynamics is shock dependent.
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modelled via symbolic dynamics. In particular, this is accomplished by differ-
ent finite shifts depending on parameter values. In special cases, we can also
have a geometrical outline via directed vertex graphs. A remarkable conse-
quence is the possibility of appreciating the model’s complexity by an entropy
measure.

2 Regimes and regime dynamics

In this section we translate the intuitive notion of regime into a formal defi-
nition. This definition is based upon the idea that a change in the equations
representing a dynamical model generates a change of regime. We can formal-
ize this fact as follows.4

Definition 1. If D is a subset of Rn, {D1, D2, . . . , Dn} a partition of D
and fi : Di −→ D (i = 1, 2, . . . , n) is a family of functions, then each pair
Ri = (Di, fi) (i = 1, 2, . . . , n) is a regime. Conversely, given a dynamical sys-
tem (D, f) and a partition {D1, D2, . . . , Dn} of the domain D, a regime is a
pair (Di, fi) (i = 1, 2, . . . , n) where fi = f |Di

is the restriction of the function
f to the set Di.

5

This definition reflects the fact that different regimes are described as areas
of a state space in which the state variables exhibit characteristic behaviors
and take on characteristic quantities. The global dynamics of the multiregime
model is represented by dynamical system (D, f), while dynamics within region
Di is represented by the difference equation xt+1 = fi (xt) , xt ∈ Di.

Of course, when n = 1, we are in the standard one regime situation. An
interesting partition slices the state space into (at least) two or more non empty
sets Di.

6 The presence of multiple regimes provides alternatives: a variety of
regimes is available to construct an economy´s history. This can be quite rich,
for we have a twofold dynamics, one within a given regime and one across
regimes. The first represents the dynamical behavior of each regime and the
second formalizes the concept of regime change. Their mixing can produce
any kind of dynamic behavior. Regime changing corresponds to a form of

4We will consider only dynamics in discrete time.
5As usual in Symbolic Dynamics theory - see e.g. Ref. 8, p. 125-126- in this paper we

will abuse terminology in calling a “partition” of the state space D , a collection of subsets
of D, which have pairwise disjoint interiors and whose union is D. E.g., a partition of an
interval I is a collection of subintervals whose union is I and which are pairwise disjoint
except perhaps at the endpoints. For a well defined dynamic rule, at a point x such that
x ∈ Di ∩Dj , fi (x) = fj (x) must hold, of course.

6Observe that fi(Di) is not necessarily a subset of Di. Thus, paths can traverse from
one regime to another.
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structural change because is the very model of the system that is changing.
So, in this work we will focus upon this dynamics across regimes (we call it
regime dynamics) to study structural changes. For a description of methods
of analysis of the stability properties of a multiple regime model see [7] and
[8].

The key to our definition is that the partition of the state space into a finite
number of regime domains goes together with multiple dynamic models in a
specific way. We can think of each of the regimes Ri = (Di, fi) (i = 1, 2, . . . , n)
as the mathematical representation of a class of models in the economist’s
sense. Dynamics across regimes is defined on a finite set of regimes (and then
it has a discrete domain) while dynamics within regime i is defined in the state
space Di as usual.

States which are sets only need a finite number of symbols to be represented.
To represent such multiregime dynamics it is natural to resort to the idea
of coding. The coding procedure translates a classical trajectory in a given
state space into a trajectory in the space of regimes, whatever the dimension
k of the original space. Hence, some of the limits that are encountered in
the analysis of multidimensional systems can in principle be overcome. This
representation of a system’s dynamics is obtained by associating a symbol with
a chosen regime and then coding observed dynamics into a string of symbols.
That is, each trajectory of a multiregime model is a sequence of traverses of
regimes and then, to represent regime dynamics we make the next move: we
label each regime by a symbol of an adequate alphabet and we describe the
evolution of the system in terms of regime changing with a symbolic sequence.
The arithmetical precision of conventional analysis gets lost. On the other
hand, coding dynamics may be a way to disentangle complicated, irregular
patterns, identify discontinuous jumps that represent structural changes from
the smoother displacements within a given regime and, possibly, to check some
form of regularity is hiding behind them.

Formally, if we define the index of regimes by the function

π : D −→ A = {1, 2, . . . , n} such that π (x) = i⇐⇒ x ∈ Di (i = 1, . . . , n)

then the symbolic sequence

(sn (x))n∈N = π (x) π (f (x))π
(
f 2 (x)

)
π
(
f 3 (x)

)
· · · = (π [fn (x)])n∈N

gives the representation of the system as a sequence of regimes.
This representation is called coded dynamics and is related (and partly over-

laps) with the mathematical branch called symbolic dynamics.7 It implies a re-
coding of paths described in real number coordinates from the infinite sequence

7In [5] there is an intuitive introduction to the formalism and terminology of coded
dynamics in multi-regime models. For an introduction to symbolic dynamics, see [9] and [1].
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x, f(x), f 2 (x) , . . . , fn (x) , . . . through an initial state x, into a symbolic string
s0s1s2 . . . sn, . . . of symbols from a chosen alphabet A = {1, 2, . . . , n}. If we
start with f(x) then the symbolic sequence will be π (f (x))π (f 2 (x))π (f 3 (x)) · · · .
So the dynamics on the space of symbol sequences just consists of shifting to
the right:

s0s1s2 . . . sn . . . 7−→ s1s2 . . . sn . . .

This implies that for a model with n regimes, regime dynamics is defined in
a subset of the set of all symbol sequences (called one-side n-full shift and
denoted by Σn) and the dynamics is given by the shift map σ : Σn −→ Σn

that shifts all coordinates one side to the right. We often think of an element
s0, s1, s2, . . . , sn, . . . of the full shift as a time series, with s0 representing the
actual regime and s1, s2, . . . , sn, . . . its future. The action of the shift map is
like a tick of the clock, moving us one step into the future. The shift map
is trivial so all the structure of the regime dynamics is given by the space
of symbolic sequences generated by the map f . The complexity of the regime
dynamics of a particular model is measured by the ”size” of the space of feasible
symbolic trajectories. For instance, certain sequences may not occur at all, or
differ in probability. We can use the tools of Information Theory to study
the set of feasible symbolic sequences and in some cases we can write out an
abstract automata which generates the symbol sequences produced the regime
dynamics. If the original partition is well chosen, every point in the map’s state
space has a unique string of symbols, and vice versa, and shifting a string to
the right is equivalent to iterating the map. When this is the situation one can
find generating partitions (introduced later) where there is an almost one-to-
one correspondence between continuous states and the symbol sequences they
generate. In these important cases we are in the field of symbolic dynamics
and studying the symbolic sequences is completely equivalent to studying the
original (pointwise) dynamics.

Generating partitions are not easily obtained in practice and unfortunately,
it is well known that it is possible, that the state space can be so partitioned,
only for a comparatively small class of special cases. On the other hand, there
are no maps where it is known that it is definitely impossible to construct a
generating partition. But the coding procedure of transforming the trajectory

x, f(x), f 2 (x) , . . . , fn (x) , . . .

into the symbolic sequence

π (x) π (f (x))π
(
f 2 (x)

)
π
(
f 3 (x)

)
· · ·

can also be done when the partition is not generating. In this case we say that
we have a coded dynamics. The proximity between coded and symbolic dy-
namics often permits the use of well-established symbolic dynamics techniques,
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as we will illustrate in the next sections. This proximity shows up in particular
when a mathematically more appropriate partition can be used that is finer
than the regime partition induced by economic reasoning alone. To generate
the former, whenever possible, we have to resort to a cross product of economic
and the mathematical criteria. In fact, while our chosen definition of regime
implies a partition of the system’s state space, the latter may be introduced
without paying any attention to its economic significance, and the two need
not be consistent to one another. Still, a regime classification on the basis of
some specific economic motivation can be a reasonable starting point to try to
construct a mathematically useful construction. Broadly speaking, symbolic
dynamic techniques can be effectively used whenever economic-theory induced
partitions are included in those demanded by the former. This happens when-
ever they satisfy the requirement of being e.g. a generating partition. In this
case, a multiregime dynamical system can be transformed into a simple map
called a shift of finite type and then the apparatus of symbolic dynamics theory
can be implemented. That there are cases where this is possible (as showedf
in this paper), is a good reason for further investigation.

In order to illustrate these concepts, we will analyze a simple macroeco-
nomic model generating an endogenous unemployment-price dynamics with
two different employment regimes. The symbolic dynamics methods are then
used to represent in a simple and effective way the regime dynamics of the
model. Next section begins by summarizing the Nickell model and its main
features.

3 The static model

In this section we discuss a static model generating an endogenous unemployment-
price adjustment mechanism which is one of the paradigms in economic theory,
as reflected by, e.g., the important role of Phillips curve in macroeconomics.
The model is described by the aggregate demand function

Y = eα0

(
M

P

)α1

Gα2 (1)

linking the aggregate output Y , the supply M of money, the general price
level P and the autonomous expenditure G. Furthermore the production func-
tion

Y = BLβ (2)

provides Y through the aggregate labour L. Pricing behavior in the goods
and labour markets are represented by two equations determining the target
price P of output and the desired real wage. The first (target price of output)
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is:

P = eπ0W

(
L

Y

)
D (3)

where eπ0 is the markup under conditions of full capacity and stable prices,
and where the adjustment D for anticipated price changes and under-utilized
capacity is given by:

D =

(
P e

P

)π1 (Y
Ŷ

)b
=

(
P e

P

)π1 (L
L̂

)π2
(4)

where P e is anticipated price, Ŷ is potential output, L̂ is the potential size
of the labor force in terms of a standard work week and π2 = βb.

The second (target real wage) is

W

P
= eγ0

Y

L
H (5)

where Y
L

is the average output of labor, eγ0 is the target share given full
employment and constant prices with γ0 < 0. Finally, H is an adjustment
factor for the outcome of bargaining when the prices are expected to change
and unemployment exists:

H =

(
P e

P

)γ1 (L
L̂

)γ2
(6)

In a full employment competitive equilibrium where workers receive the
marginal product we have eγ0 = β and eπ0 = 1

β
. Out of equilibrium, the out-

come depends on the relative strengths of management and labor of employ-
ment, which in turns depend on the price expectations, the level of employment
and the capacity utilization as represented by the adjustment factors D and
H. Then we can interpret π1 and γ1 as reflecting nominal inertia and π2 and
γ2 as measuring real rigidity.

Taking natural logarithms in (1), (2), (3) and (5) (after the substitution of

D and H in (3) and (5) respectively), using that Ŷ = BL̂β, and denoting by
p = lnP, w = lnW, l = lnL, y = lnY, m = lnM and g = lnG, we obtain the
price equation

p = π0 + w + l − y + π1 (pe − p) + π2

(
l − l̂

)
(7)

the wage equation

w − p = γ0 + y − l + γ1 (pe − p) + γ2

(
l − l̂

)
(8)

the demand equation

y = α0 + α1 (m− p) + α2g (9)
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and

ŷ − y = β
(
l̂ − l

)
= βu (10)

Equations (7)-(10) form a complete static model that determines temporary
equilibrium of output, prices, real wages and unemployment u for given values
of: m, g and pe.

At a self-fulfilling price equilibrium at which pe = p̃, we get the stationary
states

l̃ = l̂ − π0 + γ0
π2 + γ2

, ũ = l̂ − l̃ =
π0 + γ0
π2 + γ2

, (11)

ỹ = ŷ − βũ = ŷ − βπ0 + γ0
π2 + γ2

, (12)

p̃ = m+
α0 + α2g − ỹ

α1

, (13)

w̃ = p̃+ γ0 − γ2ũ+ (β − 1) l̃. (14)

Observe that under the hypothesis of pe = p̃, the parameters π1 and γ1
reflecting nominal inertia do not appear at the equilibrium levels, but the real
inertia ones π2 and γ2 do. We highlight that the equilibrium value ũ of the
unemployment depends on the importance of real inertia and on the extent to
which the markup coefficient π0 and the target wage share coefficient γ0 depart
from the competitive equilibrium values (of − ln β and ln β respectively).

4 Dynamics of the model with naive expecta-

tions

The dynamics of the model depends on the expectation formation. Let pet be
the price expected at the beginning of period t and suppose that

pet+1 = pt (15)

that is, the price estimate for the next period is simply the current price.
This is called naive expectations. Substituting (15) into equations (7) and
(8) we obtain a standard Phillips curve modelling the trade-off between the
prices growth and the rate of unemployment, which depends on parameters
measuring both nominal and real rigidities

∆p = pt+1 − pt = −π2 + γ2
π1 + γ1

ut+1 +
π0 + γ0
π1 + γ1

= −π2 + γ2
π1 + γ1

(ut+1 − ũ) . (16)
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Using equations (7)-(10) and expectations assumed about prices, we ob-
tain the first order difference equation representing the dynamic behavior of
unemployment:

ut+1 = λut + (1− λ) ũ (17)

where

λ =
β (π1 + γ1)

β (π1 + γ1) + α1 (π2 + γ2)
(18)

The dynamics of the model is very simple.8 If 0 < λ < 1 (or equivalently
if β (π1 + γ1) and α1 (π2 + γ2) are positive) then the steady states ũ and p̃
are attractors and there are no business cycles. If λ > 1 (or equivalently if
α1 (π2 + γ2) is negative)9 the adjustment process is unstable. In this case, if
the initial unemployment level u0 verifies u0 > ũ, then the unemployment
and the price level will increase monotonically in a inflationary depression. If
u0 ≤ ũ, then unemployment and price level will go down monotonically in a
deflationary boom.

To allow the possibility of generating irregular fluctuations, we can -as the
empirical economists do- add random shocks to the model, but (as we will
show), irregular fluctuations can also be brought only by the intrinsic forces
represented in the model if we assume some unstable regimes of unemployment.
Each regime, characterized by a particular adjustment mechanism, represents
different dynamical behaviors and the transition from one regime to another
(switch) may be rather abrupt. For example, if the inflation rates are low,
the expectation about future price changes may not play a great role, but
with inflation exceeding certain levels, a qualitative change may occur in the
economic mechanisms allowing people to protect themselves against future
price changes. Following [6], we assume that when such a threshold is passed,
either prices or wage-settings strategies or both, change. The above threshold
is represented by some value of the unemployment rate, us that divides Regime
1 of low employment from Regime 2 of high employment. This critical value
us is just separating an economy with high unemployment rates from a low
rates one. Let us denote by π1

0, γ
1
0 , π

1
1, γ

1
1 , π

1
2 and γ12 , the prevailing values of

the parameters for unemployment rates below us; the corresponding model is:

ut+1 = λ1ut + (1− λ1) ũ1 (19)

where

λ1 =
β (π1

1 + γ11)

β (π1
1 + γ11) + α1 (π1

2 + γ12)
(20)

8The dynamics of inflation are described by the difference equation pt+1 = λpt+(1− λ) p̃.
9Note that π2, which measures the marginal influence of unemployment on price markup,

could be negative. This is suggested if economies to scale occurred at relatively low output
levels, but at higher levels diseconomies prevailed. If the change over is rather abrupt, then
π2 could also change rather abruptly as some output or unemployment level was reached.
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and

ũ1 =
π1
0 + γ10
π1
2 + γ12

(21)

For unemployment rates above us, we denote the prevailing values of the pa-
rameters by π2

0, γ
2
0 , π

2
1, γ

2
1 , π

2
2 and γ22 , and the corresponding model by

ut+1 = λ2ut + (1− λ2) ũ2 (22)

where

λ2 =
β (π2

1 + γ21)

β (π2
1 + γ21) + α1 (π2

2 + γ22)
(23)

and

ũ2 =
π2
0 + γ20
π2
2 + γ22

(24)

Then different sets of equations for different specific situations govern the
behavior of the economic system and though the single elements of this model
are linear, the overall system is not. Then, this model is a clear example of the
intuition of regime we have in mind: each regime coincides with a particular
local model. In our model, the intervals R1 = [0, us] and R2 = [us,+∞) are
the respective domains of regime 1 and 2.

If we define the function f as:

f (u) =

{
λ1u+ (1− λ1) ũ1 if u ≤ us

λ2u+ (1− λ2) ũ2 if u > us
(25)

the model will consist of the first-order difference equation

ut+1 = f (ut) (26)

The map f is piecewise linear with a discontinuity at us and the relevant
dynamics will depend upon the values of λ1, ũ1, λ2 and ũ2.
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Figure 1. Graph of the map f . The intervalsR1 = [0, us] andR2 = [us,+∞)
are respectively regimes 1 and 2 and f is linear in each regime. At us there is
a discontinuity of f that allows for regime switching.

Notice that being linear in each regime, the map f could have two, one
or zero fixed points. There is a great variety of possible dynamical scenarios
for the model depending upon the slope of f at each regime, and the number
of fixed points. But we are not going to analyze all these possibilities: it is
enough to show that the model is capable of generating a very complex regime
dynamics. This will be the aim of the next section.

5 Regime dynamics of the model

Let z1 = f (us) = λ1u
s+(1− λ1) ũ1 and z2 = λ2u

s+(1− λ2) ũ2. The difference
between z1 and z2 measures the intensity of the jump from one regime to the
other. It’s easy to show that for a continuous of parameter values λ1, ũ1, λ2
and ũ2 the interval [z2, z1] is a trapping set: all trajectories must enter this
interval and remain there. This is the first case we will analyze. In the second
case we will show that there are parameter values so that the introduction of
regimes in the model doesn’t affect the qualitative dynamics. Obviously, this
is not an interesting case because it is not possible to change regime.

5.1 Case 1: the interval [z2, z1] is a trapping set

If z1 > us > z2 ≥ ũ1, ũ2 /∈ (z2, z1) (i.e., ũ2 ≥ z1 or ũ2 ≤ z2 ) the interval [z2, z1]
is invariant by f and all the trajectories with initial condition between ũ1 and
ũ2 become trapped in it. In these cases, the phase diagram of the dynamical
system appears as in figure 2.10

10Note that, when λ1 ≥ 1 and λ2 ≤ 1 there are no steady states, and all the trajectories
become trapped in the interval [z2, z1].
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Figure 2. Graph of the map f when z1 > us > z2 ≥ ũ1, ũ2 /∈ (z2, z1).

Thus, for the selected parameter values all the interesting dynamics hap-
pens in the invariant interval [z2, z1]. Starting outside, all the trajectories after
a finite number of iterations go toward [z2, z1] and remain trapped there, or
diverge to infinity. Thus, we concentrate our attention on the dynamics in the
invariant interval [z2, z1] where there are no fixed points of f (if we exclude
the extreme cases where ũ2 = z1 or ũ1 = z2) and a point which begins in
one regime after finite iterations, must enter the other one. Thus, fluctua-
tions are the generic behavior. Figure 3 shows the graphs of map f restricted
to the selected interval for different values of the parameters. In particular,
graphs (a)-(d) illustrate some extreme cases where the partition into regimes
P = {R1, R2}11 verifies the condition that an element of P is mapped by f
onto a union of elements of the partition. This condition is called the covering
property on P . When a partition verifies the covering property, the regime
dynamics can be well represented by a shift of finite type and then by a di-
rected (transition) graph G (and its associate matrix) Transition graph G is
constructed using a covering rule: for example, an edge from vertex i to vertex
j is drawn if and only if the image f(Ri) of Ri contains the regime Rj. Coded
dynamics is then described by all possible walks through the labeled directed
graph G. Thus, if we have been able to construct a covering partition P of the
domain of the corresponding dynamical system, its associated coded dynamics
can be effectively represented by a graph.12. Figure 4 illustrates the transition
graphs and transition matrices representing these particular cases.

11To be precise, we have restricted the regime domains to the invariant interval so that
R1 = [z2, u

s] and R2 = [us, z1].
12See Ref. [4] for the proofs and more details on the symbolic representation.
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Figure 3. Graphs of the restriction of f to the invariant interval [z2, z1] for
extreme values of the parameters. In these cases regime dynamics represented
by a shift of finite type.

Case (a) is very simple: if the adjustment process starts at the high em-
ployment regime 2, unemployment decreases until the trajectory enters the
interval (us, z2]; at this point the next iterate crosses the switching point us

and low employment regime 1 is entered. Here begins to alternate regime.
Then, starting at the invariant interval, the only possibility for a trajectory is
to alternate regime and then the possible sequences of regimes are

R1R2R1R2 . . . R1R2 . . . = (R1R2)
∞ and R2R1R2R1 . . . R2R1 . . . = (R2R1)

∞

only. All the punctual trajectories in this simple case are cycles of period 2,
but for closer parameter values we can construct cyclical punctual trajectories
of period k, with k ≥ 2. These cases illustrate the possibility of stable cycles of
unemployment and prices involving alternating periods of boom and inflation
with periods of recession and deflation. Cases (b)-(d) illustrate some possible
complex dynamics in the model. Here regime dynamics can be viewed as a
Markov chain in two states and unstable nonperiodic fluctuations occur for
almost all the initial unemployment levels. The complexity of each case is
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not the same: e.g. cases (b) and (c) have lower entropy than (d). Surely
(d) is the most complex case. We have that f(R2) = f(R1) = R2 ∪ R1 and
then the covering rule implies that any sequence of regime changes can be
produced by the model. Thus, regime dynamics is represented by the full shift
in two symbols, and every symbolic sequence is possible. In terms of regime
changes, the unemployment process becomes unpredictable unless we do know
the initial condition with infinite accuracy.

Figure 4. A zero in the ij entry means that there is no arrow from i to j
and a one means that there is an arrow from i to j, where i, j = R1, R2.

In (b) the stage of every trajectory in regime R2 is for exactly one period
(of course, it can stay in regime R2 for more than one period before being
trapped in the invariant interval [z2, z1]). Then the possible symbolic sequences
representing the regime dynamics can be constructed using the directed graph
of Figure 4 (b): every R2 must be followed by R1, but R1 can be followed by
either symbols. This is a consequence of the covering rule: f(R2) = R1, while
f(R1) = R2 ∪ R1. (c) is the symmetric case of (b) if we interchange the roles
of regimes R1 and R2.

Having described the dynamic behavior of these four extreme cases, what
can we say about regime dynamics in a generic case for the parameter values
in question? For the intermediate cases notice that:

i) no stationary state occurs, except when ũ2 = z1 or ũ1 = z2 when the
unstable fixed points do not affect the dynamic behavior;
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ii) if a trajectory starts at the high employment regime 2, unemployment
decreases governed by the second regime equation until the switching point is
crossed and low employment regime 1 is entered;

iii) if a trajectory starts at the low employment regime 1, unemployment
increases governed by the first regime equation until the switching point is
crossed and high employment regime 2 is entered.

Then regimes 1 and 2 are reversible and the adjustment process changes
cyclically (in a periodic or non-periodic way) from one regime to the other.
The duration within each regime depends on the parameter values so that the
fluctuations could be periodic, quasi-periodic or irregular at all. In particular,
it must be noted the duration of the stage of a trajectory within regime Ri is
not greater than that of the stage of the trajectory with initial condition zj
within regime Ri (i, j = 1, 2; i 6= j). In a generic case, regime dynamics cannot
be represented by a two vertex directed graph13 like we did for the extreme
cases. Accordingly, the possibilities for regime switching are ranging from the
simplest case (a) where every regime sequence is periodic with switches between
regime 1 and 2, to the more complex case (d) represented by the full shift where
every regime sequence is possible including cycles of any order and non-periodic
sequences. In spite of this, it is important to remark that in a generic case,
regime dynamics can be represented in a symbolic way with a shift of finite
type. In order to illustrate this, let us suppose (without loose of generality)
that z1 leaves regime R2 at the nth iterate and z2 leaves regime R1 at the mth
iterate; i.e.:

z1, f(z1), f
2(z1), . . . , f

n−1(z1) ∈ R2; f
n(z1) /∈ R2 and

z2, f(z2), f
2(z2), . . . , f

m−1(z2) ∈ R1; fm(z1) /∈ R1.

This means that we are in a generic case between cases (a) and (d). Then,
it is clear that

p1 = (R1)
m+1 = R1R1 . . . R1(m+ 1 times) and

p2 = (R2)
n+1 = R2R2 . . . R2(n+ 1 times)

are forbidden “paths” for the symbolic dynamics representing our two
regime dynamics. If we denote it by F = {p1, p2}, then the shift space (of
finite type) of forbidden words F is the symbolic representation of all possible
sequences of regime in our dynamic process. It should be noted that we can-
not write down all these sequences, they being infinite. Nevertheless, it is very
simple to verify if a certain sequence in the symbols R1 and R2 is a possible
path representing the regimes traversed by a trajectory of our model: we have
to check that this sequence contains no sub-sequences p1 and p2. At this point,

13See Refs. [2],[5],[9],[1] and [4] for a discussion in graph representations of shifts of finite
type.
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we are able to discuss about the complexity of our model. The natural way
to measure it is the entropy. From the dynamic viewpoint entropy measures
the complexity and randomness of a dynamical system. From the information
theory viewpoint it is a measure of his “information capacity” or ability to
transmit messages. The entropy of a space of symbolic sequences X measures
the exponential growth rate of n-blocks in X. The number #Bn(X) of n
blocks appearing on points of X gives us some idea of the complexity of X:
the larger the number of n-blocks, the more complicated the space. Instead
of using the individual numbers #Bn(X) for n = 1, 2, . . ., we can summarize
their behavior by computing their growth rate. As it can be seen, #Bn(X)
grows approximately like 2cn, and the value of the constant c is the growth
rate. Then this value should be roughly (1/n)log2(#Bn(X)) for large n. This
motivates the definition of entropy: if X is a shift space, then the (topological)
entropy of X is defined by

h (X) = lim
n−→+∞

1

n
log2 (#Bn (X))

Note that if X is a space of sequences defined in a set of R symbols, then
#Bn(X) ≤ Rn for all n and this implies that h(X) ≤ log2R. If X is the full
shift of R symbols, we have that #Bn(X) = #Rn, so it is h(X) ≤ log2R.
With a two regimes model, we can get a maximal entropy level h = log2 2 = 1
and a minimal entropy h = 0. For the particular cases (a) – (d), being regime
dynamics represented by a direct vertex graph and its transition matrix, it is
simple to calculate the entropy. Here we have that h = log2 λM , where λM is
the largest positive eigenvalue (called the Perron-Frobenius eigenvalue) of the
transition matrix M .14 Then, it is clear that in case (a) is h = 0, in case (d)

is h = 1, and in cases (b) and (c) is h = log2

(
1+
√
5

2

)
. For other parameter

values, the computation is not so easy. If m and n are the natural numbers
such that z1 leaves regime R2 at the nth iterate and z2 leaves regime R1 at the
mth iterate, then h = h(n,m) increases monotonically with n and m from 0
to 1.

14See [2], [9] or for a detailed description.
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Figure 5. Some simple cases. (i) It is possible to go from R1 to R2 but not
from R2 to R1 (ii) It is possible to go from R2 to R1 but not from R1 to R2

(iii) Each regime is a closed system: there is no possibility of changing regime

5.2 Case 2: irreversible regimes.

Suppose that z1, z2 > us like the map sketched in graph (i) of figure 5. Here,
a trajectory starting in regime 1 (and with initial condition grater than ũ1)
escapes into regime 2 and become trapped in it. But regime 2 is closed in
the sense that every trajectory starting there, will not escape into regime 1.
We cannot see paths taking from regime 2 to the other regime. Thus, regime
sequences can only be of the form

R1R1 . . . R1R2 . . . R2R2 . . . = R1R1 . . . R1(R2)
∞,

R2 . . . R2R2 . . . = (R2)
∞ or

R1 . . . R1R1 . . . = (R1)
∞.

We have a symmetric situation if we assume z1, z2 < us, the case of graph
(ii) of Figure 5 where no paths from regime 1 enter regime 2. In this case the
characteristic regime sequences are:

R2R2 . . . R2R1 . . . R1R1 . . . = R2R2 . . . R2(R1)
∞,

R2 . . . R2R2 . . . = (R2)
∞ or

R1 . . . R1R1 . . . = (R1)
∞.

Now, let consider the case z2 > us > z1. A representative graph for the ad-
justment mechanism with parameter values verifying these conditions is shown
in figure 5 (iii). For these parameter values we have that f(R1) ⊆ R1 and
f(R2) ⊆ R2 implying that there are no paths from each to the other regime;
i.e., both regimes are stable. Thus, regime sequences can be either of the form

R2R2R2 . . . R2R2 . . . = (R2)
∞ or R1R1R1 . . . R1R1 . . . = (R1)

∞.

Summarizing, we found that for the parameter values of these subsection,
the introduction of regimes into the model cannot produce fluctuations, and the
same conclusions about simple dynamics of the original model can be stated.
This comes down from the irreversibility of both regimes. Other qualitative
parameter conditions can be considered, but all of them lead to similar dynamic
behaviors.
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6 Conclusions

In this paper we presented a simple macro model with two unemployment
regimes, in which the active regime depends on whether the previous period of
unemployment is above or below a threshold value. This multi-regime model
can be viewed like a formalization of the economic intuition that different
mechanisms govern economic behavior in different situations of state. In spite
of the simplicity of the model, being linear in each regime with a discontinuous
jump, it can give rise to aggregate fluctuations between employment and prices
in absence of stochastic components. Thus, the introduction of two different
regimes into the model can generate a quite different scenario than the simple
dynamics of the original linear model. For a continuous range of parameter
values, the model is capable of generating cyclical, quasi-cyclical and chaotic
fluctuations without changes in exogenous variables. Accordingly, the model
represents an economy that undergoes business cycles.

Notice that in our model the analysis of the stability properties of models
with regime switching performed by Honkapohja and Ito (1983) is confirmed.
In this paper the authors have demonstrated that stability conditions for each
subsystem (here the equations representing the adjustment process in each
regime) are neither necessary nor sufficient for overall stability. In fact, in
our model it was shown that for parameter values verifying z1 > us > z2 ≥
ũ1, ũ2 /∈ (z2, z1), each subsystem has a stable steady state, but the model with
two regimes has a cyclical behavior.

The use of symbolic dynamics techniques contributed to a successful repre-
sentation of the various types of regime dynamics. The qualitative properties
of the model describing the variety of possible evolutions in terms of sequences
of regimes has been reviewed. In some particular cases these evolutions have
been depicted by directed graphs and by shifts of finite type. It was shown
that reversibility is a fundamental property to generate cycles. In terms of
the directed graph representation of the two regime dynamics, reversibility is
reflected by the presence of two arrows: one from R1 to R2 and one from R2 to
R1. Notice that complex fluctuations cannot be generated only with reversible
regimes (although it is a necessary condition). Another ingredient must also
be there: a piece of regime R1 (or R2) must be mapped into the same regime.
That is, at least one regime, let say R1, can be split into two non-trivial pieces
E1 and N1 where E1 is mapped by f into R2 and N1 is mapped by f into R1.
In symbols, we can state this condition as:

Ri = Ei ∪Ni;Ei 6= θ and Ni 6= θ with f(Ei) ⊆ Rj and f(Ni) ⊆ Rj. (A)

Then, reversibility is a necessary and sufficient condition for periodic regime
fluctuations; irregular fluctuations occur when both regimes are reversible and
at least one of them meets condition (A).
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Using entropy, we get the model to be able to produce a rich variety of
dynamic behaviors of different complexity depending on parameter values. In
fact, in case (1d) we obtain the maximal entropy h = log2 2 = 1 in two regimes
model, and in cases (1a) and (2) we have zero entropy. These are the extreme
values, but the model can generate regime dynamics with entropy h, for all
0 ≤ h ≤ 1 . Then, using this measure, we are able not only to discriminate
between simple or complex dynamics, but also between different complexity
levels depending on the parameter values.
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