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Abstract

By using Mawhin’s continuation theorem, the existence of periodic
solutions for the non-autonomous Liénard equations with deviating ar-
guments are studied.
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1 Introduction

The periodic solutions of the Liénard equations have been the subject of many
investigations (see, e.g. [1-10]), while those of non-autonomous Liénard equa-
tions with a deviating argument are relatively scarce.

In [2],S. P.Lu and W.G.Ge, studied the exsitence of periodic solutions of
the Liénard equations with a deviating argument of the form

2 () + fta(t),z(t -7 )" ®) +B () gzt —7(1)=p), (1)

where f is real continuous function defined on R?® with period T (> 0)for ¢ ;g
is real continuous function defined on R, 7y, 7 3 and p are real continuous
functions defined on R with period T
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In this paper,we furthermore consider the exsitence of T'— periodic solutions
of the non-autonomous Liénard equations with deviating arguments of the form

() +f @)zt —m®)' ) +gEzt—7(1)=pF), (2

where f is real continuous function defined on R?® with period T (> 0)for ¢ ;g
is real continuous function defined on R?*with period T for t ; 7y, Tand p are
real continuous functions defined on R with period 7.

In this note, existence criteria for periodic solutions of (2) will be estab-
lished. On (1), as corollaries of our results we also hope to extend the results in
[2] . For this purpose, we will make use of a continuation theorem of Mawhin.
Let X and Y be two Banach spaces and L : DomL C X — Y is a linear
mapping and N : X — Y a continuous mapping. The mapping L will be
called a Fredholm mapping of index zero if dim Kerl, = codimIlm/l < +o0,
and ImL is closed in Y. If L is a Fredholm mapping of index zero, there exist
continuous projectors P : X — X and ) : Y — Y such that ImP = KerL and
ImL = Ker@ = Im(I — Q). It follows that L |pomzrkerr: (I — P) X — ImL has
an inverse which will be denoted by Kp. If € is an open and bounded subset
of X, the mapping N will be called L-compact on € if QN (Q) is bounded
andKp (I — Q)N (Q) is compact. Since Im(@) is isomorphic to KerL there exist
an isomorphism J : Im@) — KerL.

Theorem A (Mawhin’s continuation theorem [1]). Let L be a Fredholm
mapping of index zero, and let N be L-compact on . Suppose

(i) for each X € (0,1), z € 9Q, Lx # ANx; and

(ii) for each x € 9Q N KerL, QNz # 0 and deg (JQN, Q2N KerL,0) # 0.
Then the equation Lz = Nz has at least one solution in Q N domL.

2 Existence Criteria

Our main results of these paper as follows.
Theorem 1.If

2
o= sw |f({tx,y)l < (3)
(t,z,y)ER3

t
lim sup max .7 <p (4)

|z[—+o00 ost<sT | T

and

lim min sgn (z)g (t,x) = +o0. (5)

‘LL’|—>+OO 0<t<T

Then for 5 < 2 (33%%) , (2) has a T-periodic solution.
Theorem 2.If

0= sSup / (t7 Z, y) >0, (6)
(t,z,y)€[0,T|x R?
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furthermore suppose that (4) and (5) are satiatied,Then for § < 22, (2) has a
T-periodic solution.

Let f (t7 Z, y) = fl (t7 Z, y) + f2 (tu €, y) ,Where fl (tu Z, y) and f2 (tu Z, y)are
real continuous function defined on R?*with period 7', then we have

Theorem 3.If

1
sup  fi(t,7,y) >0, and § = sup  fo(t,m,y) < o= (7)
(t,z,y)€[0,T] x R2 (t,z,y)€[0,T]x R? 2T

furthermore suppose that (4) and (5) are satiatied, Then for 8 < 1=22L (2) has
a T-periodic solution.

To prove our results ,we need preliminaries.Let Y be the Banach space of
all real T-periodic continuous functions of the form y = y (¢) which is defined
on R and endowed with the usual linear structure as well as the norm ||y||, =
maxo<:<7 |y (t)] .Let X be the Banach space of all real T-periodic continuous
differentiable functions of the form z = x (t) which is defined on R and endowed

with the usual linear structure as well as the norm ||z||; = max {||z||,, [|2'[|,} -
Define the mappings L : X NC® (R,R) — Y and N : X — Y respectively by

La(t)=2"(t), t€ R. 8)

Clearly,
KerL = R (10)

iy [[voa=0) -

is closed in Y. Thus L is a Fredholm mapping of index zero.Let us define
P:X — X and Q:Y — Y/ImL respectively by

Pz (t)=x(0), t € R, (12)
for x =z (t) € X and
Qy () :%/0 y(#)dt, teR. (13)

for y = y(t) € Y .It is easy to see that ImP = KerL and ImL = Ker@) =
Im(I — Q).It follows that L |pomrnkerr: (I — P)X — ImL has an inverse
which will be denoted by Kp. furthermore for any y = y (t) €ImL we have

Kpy(t) = — / (t— )y (s)ds + / (t — 5)y (s) ds. (14)



900 Gengiang Wang and Jurang Yan

Let © is an open and bounded subset of X, from (9),(13) and (14),we can
easy lead that QN () is bounded and Kp (I — Q) N () is compact, thus the
mapping N is L-compact on 2. That is we have following result

Lemma 1.Let L, N, P and @ defined by (8),(9),(12),(13) respectively .Then
L is a Fredholm mapping of index zero and N is L-compact on Q,where € is
any open and bounded subset of X.

Let

" () + N (Lx(t),z(t—T(t) 2" () +Ng(t,x(t—7(¢)) =Mp(t), (15)

where A € (0,7).

Lemma 2.Suppose the condition (5) is satisfied,then there is a positive
constant A* for any T-periodic solution z (t) of (15)has a &, € [0,7], such
that

|z (&) < A™. (16)

Proof.Let x (t) be any T-periodic solution x (t) of (15).By (5) we see that
there is a positive constant A* such that when |z| > A*,

sgn () g (t,2) > [Iplly + 1. (17)
Let z (1) = maxo<i<r x (t) and x (t2) = ming<i<r z (t) ,where t1,ty € [0, T].It

is easy to see that 2’ (t;) = 0 and 2’ (t1) < 0. Further,by (15) we have

gty x(t— 7 () 2 p(t) = —lplly — 1. (18)
From (17) and (18) we know that
z(ty — 1 (t)) > —A" (19)
Similarly,we have
z(ty — 1 (tg)) < A™. (20)

Note that x () is continuous function,it is easy to see from (19) and (20)
that there is t3 € R, (t; — 11 (t1) = t3 = to — 11 (t2) or to — 71 (t2) = t3 =
ty — 7 (t1)),such that |z (t3)] < A*.Since z (t) with periodic T\thus there is
¢ € [0, 7] ,such that

2 (6)] < A" 1)

The proof is complete.
Lemma 3.Suppose z = z (t) € XN C? (R, R)and ¢ € [0,T]. Then

1 T
<5 [ ol ds (22)
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and

lelly < 1o ©1+ 7 [ 1" (s)lds. (23)

Proof. z = z(t) € XN C?(R,R)and & € [0,7].Then for any t €
£, &+ T ,we have

z(t) =z (&) +/§ z' (s) ds, (24)
and t €+T
x(t)==x T 2 (s)ds =z (&) — 2’ (s) ds. 25
W=rErn+ [ d@is=a©- [ ) (25)
From (24) and (25),we see that for any t € [, + T1,
¢ €+T
x(t):x(€)+%{/§ x’(s)ds—/t x’(s)ds}. (26)
it is following that
lelly < 12 @1+ [ (9)]ds. (27)

Sometime, noting that = (0) = x(T) ,so that there is & € [0,7],such that
2’ (&) = 0.1t is easy to show (22) holds.By (22 ) and (27) we see that

1 T
lely < le@l+5 [ I )l
1 T
< @+ [ Il
T
= @I+ % el

< @O+ [ kel (28)

The proof is complete.
The proof of Thereom 1: .First of all, we can prove that there exist con-
stants My and M;,such that for any T-periodic solution z (t) of (15)

|zl < Moand [|2'[ < M. (29)

In view of Lemma 2,we can may find a positive constant A*which is indepen-
dent of A and £ € [0, 7] ,such that

|z (§)] < A" (30)
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Furthermore , by Lemma 3 we have
T T
el < k@l [ I )l
T T
< m+zﬁ|ﬂ@mm (31)

and
o< 5 [ 1 @)l £

By (4) ,for constant ¢ = % (2 ( = ) ﬁ) there is constant A; > A*, such that

for |x (t — 7 (1)) = Ay,

lg(t,z(t—m ()] < (B+e)|x(t—7 ()] (33)

Let
Co=_, Inax g (t, )], (34)
Ei={t|te0,T],|z(t—mn () <A}, (35)

and
By={t|te|0.T],|z(t—m ()] > A} (36)

In view of (3),(15),(31),(32),(33),(34), (35) and (36),we have

/T 12" (5)] ds

10w Ol [ ot a—n ol

+A|mmw}

ol ||l + [ |9t x(t—7 () dt
E>

T
gt —n®)ld+ [ Ip@]d

Eq 0
oT ]+ (3 +2)T lally+ CoT + T Pl

—O'T/ 2" (s)|ds + (B +¢) T[A" + /\x” )| ds]
+CoT + T || P||,

IN

IN

IN

IN

IN

1 1 r
T+ (0497 [ o (G)lds+(8+2) AT+ GT + TP,
0

IN

ST 56+ [ 1 @)+, (37)
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for some positive constant C.It is leads from (37) that

/0 2 ()] ds < o, (39)

where oy = %,01 =1{oT+1(B+¢)T?}. It is easy to see from (31) ,(32)

and (38) that
]l < Moand [[2"[ly < My, (39)

where My = A* + %02 and M, = 2
Now,taking a positive numbers D > max { My, M;} + A* and let
Q={zeX||z||, <D}. (40)

From Lemma 1 ,we know that L is a Fredholm mapping of index zero and N
is L-compact on Q. In terms of valuation of bound of periodic solutions as
above, we see that for any A€ (0,1) and any x € 99, Lx # ANz. Since for
any v € 0QNKerL,x = D (> A*) or # = —D , then in view of (17),we have

QNz = l/ (=f Gz ®),z(t—7@)z" () =gtz —7(t) +p(t)ds

:—/ g(t,z)+p(t))ds

In particular, we see that

—/ (t,—D +p())ds>0and—/ g(t,D) +p(t))ds <0.

This show that deg (JQN,Q2NKerL,0) # 0.In view of Theorem A, There
exists a T'—periodic solution of (2).The proof is complete.

The proof of Thereom 2:.From The proof of Thereom 1 we see that it
is suffices to prove that there exist constants Ny and N; ,such that for any
T-periodic solution x (t) of (15),

lz]lg < Noand [[2/[|, < N1 (41)

First of all,as the proof of Thereom 1,we can see that has a constant A*which
is independent of Aand & € [0, T ,such that

[z (&) < A", (42)

1 T
lely < k@45 [ I @)l
T
< g [l (43)
0
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and for e = 1 (2 — ), there is a constat A, > 0,such that for |z (t — 7 (£))]| >
A27
lg (82 (t =7 (1) < (B+e)fe(t—m (1) (44)

a/o ]x'(s)]stg—/o gt,x(t—m (t)))x'(t)dt+/0 p () (t)dt. (45)

Ci= _max_ |[g(t,z), (46)

0<t<T, x| <As
E,={t|tel0,T],|x(t—m7(t) < A}, (47)

and
Ey={t|tel0,T],|x(t—m7(t)] = As}. (48)

|
From (43),(44),(45),(46) , (47) and (48)

0/0 [ ()" ds < : lg (&, (t =7 (1)) (2)] dt
lg (t, 2 (t — 70 (1)) ' (¢)| dt +/0 lp ()] 2" (£)] dt

Es

<€t o) [ @l ()l [ 1 9)1as
<02/T\x’(8)!d8+(ﬂ+6) (a3 [ Woras) [
(o) s 2 o)
< sy frore)

([ woras). (19)

where Cy = Cy + ||p||, - It is leads to € = § (%2 — 3)

-7 }/»
< (a5 )%(/!

) (50)
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Thus

T, 1 (4CoT +2(8+¢) AT ?
[ wore < (IR

1 [ACT + 20 A% 4 BA*T (51)
T 20 — BT '
In view of (43) and (51),we see that
* 1 4 /
lzlly = A" +5 [ 2" (s)]ds
0
1
T% T 2
< a4l (/ ]:1:’(5)]20[3)
2 \Jo
S N07 (52)
where 14CyT + 20 A* + BA*T
Ny= A* 4 - 22729 .
0=A Tty 2% — BT
Let
fNo = sup f (t7$7y) (53>
te[ovT}lelgNmImSNO
and
Iv, = sup g (t, 7). (54)
tG[O,T}JIISNO
From(15), (22) , (52) ,(53) and (54),we have
1 T
Iy < 5 [ k" olds
2.Jo
1 T
< U [ W Olds 9,7+ Tlpl}
0
1. . ([T 2 T+T
2 o 2
< Ny, (55)
where 89, T+ T ol
1 4C,T +20A* + BA*T In, L T L{Pllo
Ny == 0 . 56
1= 5/ 4o — 26T + 2 (56)

The proof is complete.

The proof of Thereom 3:.Let z(¢) be a T-periodic solution of (15) ,In
a similar to The proof of Thereom 1 ,we see that there are positive A and
to € [0, T)such that for any T-periodic solution x (¢)of (15),

|z (to)| < A, (57)
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and

IR
folly <A+ [ ]« (9] as. (58)
0
Since x (0) = = (T'), so that there is ¢; € (0,7 such that =’ (t,) = 0. Getting
e = 1(=2L —B),by (4) there is a constat A3 > A such that for |z (t — 71 (2))] >
ASa

gtz (t—n ()] < (B+e)|e(t—mn ()] (59)

Let
C3= max |g(t, o) (60)

0<t<T,|x|<A3

From (15) we have
2 ()2 (1) + M (82 (1), 2 (E =70 (1) (2 (8)° + Ag (.2 (¢ =7 (1)) 2 (1)
= Ap (t) ' (1) (61)
In view of (59),(60) and (61), for t € [t1,t; + T we have

— :—)\/ fa(s,x(s),x(s—7o(s )))(m’(s))2ds

—)\/t g(s,x(s—Tl(s)))x'(s)ds—I—)\/t p(s)z (s)ds

Sllwﬁ@w@»x@—m@mMﬂ@Fw

[ e n @I @lds+ [ ]I @)l

t1

= [t 6= O OF dst [ lg(osr (s = (D)2 ()] ds

+A p ()] |2’ (5)] ds

T
2
S5/ 2" ()" ds + (B + &) T |[zllg 1"l + CsT [|2"llg + T [lpllo [12"[l
0

1 T
<oTlel+ G+ {a+ g [ 1 Glds b1l + Tl + Tl I

(B +4¢)T?

5 |2'lg + {(8+ &) TA+ CsT + T ||pllo} [l

< OT ||2')2 +

2
< (5T+ (8 +2€)T ) |2'llo +{(8 + &) TA+ CsT+ T |lplly} l2'll,  (62)
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From (58) and (62) ,we see that
la'llg < {207 + (8 + ) T?} ||’ llg+2{(8 + &) TA+CsT+T [Ipllo} 12/l » (63)

It is following that

2] < WA, (64)
and
1 T
lelly < a5 [ 1 (s)lds
2 Jo
< W,y (65)
where 9 TA+CT+T
1 —20T — (B +¢)T?
and )
Wy= A+ ST, (67)

We can prove the remainder parts by the same way of Thereom 1.The proof
is complete.
EXAMPLE.Consider a Liénard equation of the form

2" (t) 4+ {2 +sint + (z (t))* 4 (z (t — cost))’}a’ (t — sint)

2 (t — sint)% + cost
7

Since f =2/7 and ¢ = 1,50 that § = 2/7 < 20 /27 = 1/x, thus from Thereom
2 we see that (68) has a 2m-periodic solution. .Furthermore, this solution is
nontrivial since y (¢) = 0 is not a solution.of (68).

We remark that (68) can not be expressed as the form of (1),that is, the
ruselts of [2] can not used to (68) , thus our results in this paper are new.Also,It
is easy to see from our results in this paper that the conditions f; < % and

T
r < 151 J;QT in Thereom 1 of [4] can be relaced by the weaker conditions f; < 2

and r < 2 <2ﬂ*11;12T ) ;the condition r < 3% in Thereom 2 of [4] can be relaced
by the weaker condition 7 < 2%and the condition r < ;gfgin Thereom 3 of

5T
[4] can be relaced by the weaker condition r < 151 2L

2
3

6
x(t—sint)3 =2cost — ?sint. (68)
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