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Abstract

In this paper, an Eulerian-Lagrangian method of fundamental so-
lutions (ELMFS) is developed by combining the Eulerian-Lagrangian
method (ELM) and the method of fundamental solutions (MFS) to
solve advection-diffusion problems. An advection-diffusion problem is
first transformed into a diffusion problem using the ELM. Then the
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MFS is used to get the numerical solution as a linear combination of
the fundamental solution of the diffusion operator. The ELMFS can
handle not only constant advection velocity field but also variable ad-
vection velocity field. Following the properties of the MFS, the ELMFS
is free from singularities, numerical integrations, and meshes. Examples
on advection-diffusion problems with varying propagation velocities for
2D and 3D cases are solved by the ELMFS and comparisons are carried
out with the analytical solutions. The test results obtained for all the
validation problems are in good agreements with the results available
in the literature.

Keywords: method of fundamental solutions, advection-diffusion equa-
tion, diffusion fundamental solution, Eulerian-Lagrangian method

1 Introduction

Numerical studies of transport phenomena are important in the design analysis
of thermal reactors, nutrient transport, biomass transport, and well-head pro-
tection etc. Such processes are generally modeled by the advection-diffusion
equations. Mesh-dependent numerical schemes such as the finite difference
method(FDM) [1], the finite volume method(FVM) [2] and the finite element
method(FEM) [3,4] are well established to compute the propagation of the
scalar quantities in multi-dimensional advection-diffusion problems. Semi-
meshless methods such as the dual reciprocity boundary element method(DRBEM)
[5,6], higher order boundary element method(BEM) [7] and Eulerian-Lagrangian
boundary element method(ELBEM) [8] also have been successfully imple-
mented for the solution of the advection-diffusion equations.

As far as applications of mesh-free methods are concerned, Zerroukat et
al. [9] proposed the use of radial basis functions to obtain numerical solu-
tions of the advection-diffusion equation. Boztosun and Charafi [10] used the
thin plate splines radial basis functions in their numerical scheme in order
to develop a mesh-free method to determine the transient solutions of the
advection-diffusion equation. Li et al. [11] developed a collocation method
with radial basis functions for modeling groundwater contaminant transport.
The selection of different types of radial basis functions is an important is-
sue in the ongoing researches and an inevitable challenge to the researchers.
In this paper, we developed another meshless numerical method to solve the
advection-diffusion equation.

As a mesh-free numerical method, the method of fundamental solutions
(MFS) has attracted high attentions in recent years. The MFS was originally
developed by Kupradze and Aleksidze [12]. The MFS has then been applied
to the potential flow problems [13,14], the biharmonic equations [15-17], the
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Poisson problems [18], the heat conduction problem [19], the diffusion equa-
tions [20-24], and the Stokes equations successfully [24-26]. Recently, some
excellent reviews of the MFS have also been published [24,27-29]. Generally
speaking, the MFS is applied to solve the diffusion equations by either reduc-
ing to the modified Helmholtz equation [20,21] or directly using the diffusion
fundamental solution [22-24]. On the other hand, the Eulerian-Lagrangian
method (ELM) is a widely used scheme for transport modeling. It is a com-
bination of the Eulerian method, in which the equation is solved on a fixed
grid in space, and the Lagrangian method that utilizes either a deforming grid
or a fixed grid in deforming coordinates. The ELM combines aspects of both
approaches: so as to merge the simplicity of a fixed Eulerian grid with the
computational power of the Lagrangian method [30]. In the transport model
using ELM, the advection part is solved by the Lagrangian method that can
be computed independently at each time step by the method of characteristics
applied to a grid fixed domain. The influence of the advection is projected
from one grid to another. The remaining diffusion part can then be solved by
the MFS on a separate grid.

In this paper, we apply the ELM to convert advection-diffusion problems
to diffusion problems and solve the diffusion problems in Lagrangian coordi-
nates by the MFS based on the diffusion fundamental solution [22-24]. Then,
by means of backtracking the particles along the characteristics, the solution
along the original coordinates is retrieved. In other word, the proposed nu-
merical method utilizes the combination of the MFS and the ELM to obtain
solutions of the time-dependent advection-diffusion equations. Following the
properties of the MFS, the Eulerian-Lagrangian method of fundamental solu-
tions (ELMFS) is free from singularities, numerical integrations, and meshes.
Numerical results for 2D and 3D advection-diffusion problems are discussed in
this article and in general show good agreement with the analytical solution
and results available in the literature [31].

2 Governing Equation

The governing equation for transient advection-diffusion of a scalar quantity
C can be expressed as:

∂C

∂t
+ (~u · ∇)C = k∇2C in Ω (1)

where Ω is the computational domain with a boundary Γ, ~u is the given
velocity field, k is the diffusivity, C is the scalar function which may be a
pollutant concentration or temperature and t is the time. The solution of
the above governing equation can be obtained for the following initial and
boundary conditions:
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Figure 1: Schematic diagram for the location of source points and field points
on the space-time domain (a) 1-D diffusion, (b) characteristic A1A2
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Initial condition:

C (~x, t0) = C0 (2)

Dirichlet and Neumann boundary conditions:

C (~x, t) = CΓ ~x ∈ ΓD (3)

∂C (~x, t)

∂nΓ

= qΓ ~x ∈ ΓN (4)

in which ΓD and ΓN represent the Dirichlet part and the Neumann part
of the boundary Γ. ~x is the position vector, t0 is the initial time, nΓ is the
normal direction on the boundary Γ and C0, CΓ and qΓ are known functions.

3 Numerical Method

Using the ELM, equation (1) can be transformed into the diffusion equation
in Lagrangian coordinates and can be written as [8]:

DC

Dt
= k∇2C (5)

where the total derivative is defined as

D

Dt
=

∂

∂t
+ (~u · ∇) (6)

The linear homogeneous diffusion equation represented by equation (5)
can be solved by the MFS. The fundamental solution of the linear diffusion
equation is governed by

∂G
(
~x, t; ~ξ, τ

)
∂t

= k∇2G
(
~x, t; ~ξ, τ

)
+ δ

(
~x− ~ξ

)
δ (t− τ) (7)

The free-space Green’s function or the fundamental solution of the diffusion
equation can be derived as

G
(
~x, t; ~ξ, τ

)
=

e
−|~x−~ξ|2
4k(t−τ)

(4πk (t− τ))
m
2
H (t− τ) (8)

where m is the spatial dimension and H () is the Heaviside step function.
Since the diffusion fundamental solution satisfies the homogeneous diffusion

equation, the diffusion solution can be assumed as a linear combination of the



692 Young et al.

Figure 2: Comparisons of C-distribution at different time levels for 2-D
advection-diffusion (a)Pe = 5 (b)Pe = 10 (c)Pe = 20
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diffusion fundamental solution. According to the MFS, the numerical solutions
of the diffusion equation can be written in the following form.

C (~x, t) =
Ni+Nb∑
j=1

αjG
(
~x, t; ~ξj, τj

)
(9)

where ~x represents the location of the field points and ~ξj gives the location
of the source points. t and τj are the time of the field points and the source
points respectively. Ni and Nb are the numbers of initial and boundary source
points and αj are the undetermined coefficients. The distributions of the field
points and the source points are shown in Figure 1(a), where the numbers
of field and source points are assumed to be the same. The field points in
the figure are placed at the boundary portion for t = (n+ 1) ∆t and at the
interior domain for t = (n) ∆t. The source points are placed at the same
spatial position but at different time levels.

In this paper, we assume that the locations of source points ~ξj are a priori
data for simplicity, and it will result in a linear system. The general treat-
ments of nonlinear system with unknown source points are leaved for further
researches [27,28]. By collocating the initial and boundary conditions on these
field points and using equation (9), a linear matrix system can be formed as
following

[Aij] {αj} = {bi} (10)

where

Aij =

 e

−
|~xi−~ξj|2
4k(ti−τj)

(4πk(ti−τj))
m
2

if ti〉τj
0 if ti〈τj

The matrix {bi} is the combination of initial and boundary conditions.
After inverting the matrix system, the coefficients {αj} can be obtained. The
diffusion results at t = (n+ 1) ∆t can be acquired by equation (9). Then
the numerical diffusion results can be transferred to the advection-diffusion
results by backtracking the particles along the line of characteristics [8]. In
the ELM, the advection velocity can be expressed in terms of the spatial and
time increments as

d~x

dt
= ~u (11)

~xn = ~xn+1 − ~u (∆t) (12)

In Figure 1(b), the line A1A2 is a line of characteristic on which the trans-
port of the scalar quantity can be traced. If the function value at point A1
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is required, the position of the point A2 can be traced by equation (12). Ac-
cording to the hydrodynamic derivative and the linear diffusion equation, the
solution along line A1A2 follows the linear diffusion operator expressed by
equation (5). After the diffusion process is calculated by the MFS, the func-
tion value at point A3 can be found. Points A2 and A3 are at the same spatial
position but located at different time levels. If the function value at point A1

is replaced by the diffusion result at point A3, then the advection-diffusion
results at t = (n+ 1) ∆t can be obtained. This procedure can be repeated
until either the terminal time or steady-state solution is achieved.

Figure 3: Comparisons of (a) C-distribution (b) ∂C
∂x

-distribution at different
time levels for 2-D advection-diffusion

4 Results and Discussions

The proposed numerical scheme based on the MFS and the ELM is validated by
comparing with the results obtained by the analytical solutions for advection-
diffusion of a scalar quantity. The effectiveness and stability of the method are
verified by solving 2-D and 3-D advection-diffusion problems and the results
obtained are discussed in the following sections. Since initially the diffusion
results have to be obtained, the source points and the field points are consid-
ered as depicted in Figure 1(a) for the case of one-dimensional diffusion case.
Figure 1(b) shows the relationship between the scalar quantities at different
time levels along the line of characteristics and the way to link the diffusion
operator and the advection-diffusion operator. In the following numerical ex-
periments, Peclet number, Pe = LU/k, is defined as the ratio of advection to
diffusion, in which Pe>>1 means advection dominated and Pe<<1 presents
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diffusion dominated. The L and U are the characteristic length and velocity,
respectively.

Figure 4: Comparison of time evolution of C at x = y = 0.5

4.1 2D advection-diffusion problem

4.1.1 Constant advection velocity

The present numerical scheme is applied to solve the following 2-D advection-
diffusion problem.

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
= k

(
∂2C

∂x2
+
∂2C

∂y2

)
0 ≤ x, y ≤ 1 0 ≤ t (13)

Lim et al. [31] solved the two-dimensional advection-diffusion equation with
respect to heat transport using BEM. The initial and boundary conditions are
as follows:

Initial condition:

C (x, y, t = 0) = 0 (14a)

Boundary conditions:

C (x = 0, y, t) = 1 C (x = 1, y, t) = 0
∂C

∂n

∣∣∣∣∣
y=0

= 0
∂C

∂n

∣∣∣∣∣
y=1

= 0 (14b)

Lim et al. [31] compared their approximate solution using the BEM with
the analytical solution. The present numerical approximations for the vali-
dation problem are shown as spatial distribution of the scalar quantity C at
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y = 0.5 in x-direction at t = 0.01, 0.03, 0.05, 0.07, 0.09 and steady state for
Pe = 5 in Figure 2(a) along with the analytical solutions. A close agreement
of the present results with the analytical solutions indicates that the present
numerical scheme based on the MFS can predict the propagation of C accu-
rately. The validation test runs are extended for Pe = 10 and 20 and the
corresponding results are depicted in Figures 2(b) and 2(c), respectively. A
close look at Figures 2(b) and 2(c) demonstrates that the present numerical
scheme is capable of predicting the propagation of C until steady state solu-
tions are reached in accordance with the analytical solutions even in very high
Pe number (or advection dominated) advection-diffusion equation.

In order to demonstrate the capability of the present numerical scheme to
deal with more realistic problems, the variations in the velocities with respect
to the spatial coordinates are considered as test problems. Equation (13)
represents the advection-diffusion problem in two-dimensional coordinates and
the velocities u and v are considered as functions of x and y.

Figure 5: Distributions of absolute error at the central node (a)(∆t = 0.002)(b)
(209 nodes)

4.1.2 Variable advection velocity case 1

In order to demonstrate the capability of the present numerical scheme for
the solution of advection-diffusion equation with varying velocity values, the
following expression is considered, where the velocities u and v are

(u, v) = (cos (πy) ,−cos (πx)) (15)

Equation (13) is solved with the following initial and boundary conditions:
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Initial condition:

C (x, y, t = 0) = sin (πx) + sin (πy) (16a)

Boundary conditions:

C (x = 0, y, t) = C (x = 1, y, t) = (sin (πy)) e−kπ
2t

C (x, y = 0, t) = C (x, y = 1, t) = (sin (πx)) e−kπ
2t (16b)

The analytical solution for the present case can be obtained from

C (x, y, t) = (sin (πx) + sin (πy)) e−kπ
2t (17)

Numerical results are obtained using the MFS with 209 field points. Figure
3(a) shows the comparisons of the present numerical results with the analytical
solutions for the variation of C at y = 0.5 along the x-direction at t = 0.1,
0.2 and 0.3. A close comparison between the present results and the analyt-
ical results is observed at all the above time levels. Figure 3(b) depicts the
distributions of flux, ∂C

∂x
, at y = 0.5 along the x-direction at t = 0.1, 0.2 and

0.3 along with the analytical solutions. The time evolution of C at the center
point of the computational domain is shown in Figure 4 along with the cor-
responding analytical solutions. A close look at Figures 3(b) and 4 indicates
that the present numerical scheme is capable of predicting the flux distribution
as well as C distribution closer to the analytical results, till the scalar quantity
completely diffused into the medium. The variations of absolute error with
time are shown in Figures 5(a) and 5(b), respectively, for varying number of
grid points with constant time increment and for varying time increment with
constant number of grid points. The error produced by the present numer-
ical scheme decreases with time for the above two cases, thus assuring the
numerical stability for the two-dimensional advection-diffusion test case.

4.1.3 Variable advection velocity case 2

For the second test case with the variable velocities in spatial coordinates, the
following velocities u and v are considered

(u, v) = (tan (x) , tan (y)) (18)

The test results are obtained for the equation (13) with the following initial
and boundary conditions:

Initial condition:

C (x, y, t = 0) = sin (x) + sin (y) (19a)
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Figure 6: Comparisons of (a) C-distribution (b) ∂C
∂x

-distribution at different
time levels for 2-D advection-diffusion

Boundary conditions:

C (x = 0, y, t) = (sin (y)) e−2t

C (x = 1, y, t) = (sin (1) + sin (y)) e−2t

C (x, y = 0, t) = (sin (x)) e−2t

C (x, y = 1, t) = (sin (x) + sin (1)) e−2t (19b)

The analytical solution for the present case can be obtained from the fol-
lowing expression:

C (x, y, t) = (sin (x) + sin (y)) e−2t (20)

Data used for the test run:k=1, number of field points=345 and ∆t=0.001.
The variation of C at y = 0.5 along x-coordinate at t = 0.5, 1.0 and 1.5
are shown in Figure 6(a) along with the analytical solutions. The present
numerical results exactly follow the path of the analytical solutions at the
above time levels. Figures 6(b) and 7 respectively illustrate the distributions
of the flux, ∂C

∂x
, at y = 0.5 along the x-coordinate at t = 0.5, 1.0 and 1.5 and the

time evolution of C at x = y = 0.5 along with the corresponding analytical
solutions. The numerical approximations for the propagation of C and its
flux are in close agreements with the analytical solutions until the quantity
is completely diffused into the medium. Figures 8(a) and 8(b) indicate the
time variation of error for different values of number of grid points and time
increments respectively. As the propagation proceeds with time, the diffusion
front moves further, thus transporting the scalar quantity into the medium.
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The numerical error produced by the present numerical scheme decreases with
propagating time. This guarantees the required numerical stability in the
advection-diffusion problem.

Figure 7: Comparison of time evolution of C at x = y = 0.5

4.2 3D advection-diffusion problem

The three-dimensional advection-diffusion problem is considered with variation
of transport velocities in x, y and z-coordinates. The governing equation for
the 3D advection-diffusion problem with varying velocities is given as

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
+w

∂C

∂z
= k

(
∂2C

∂x2
+
∂2C

∂y2
+
∂2C

∂z2

)
0 ≤ x, y, z ≤ 1 (21)

The variation of velocities with spatial coordinates can be represented as

(u, v, w) = (tan (x) , tan (y) , tan (z)) (22)

Numerical results are obtained with the following initial and boundary
conditions:

Initial condition:

C (x, y, z, t = 0) = sin (x) sin (y) sin (z) (23a)

Boundary conditions:

C (x = 0, y, z, t) = C (x, y = 0, z, t) = C (x, y, z = 0, t) = 0
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Figure 8: Distributions of absolute error at the central node (a)(∆t = 0.001)
(b) (345 nodes)

C (x = 1, y, z, t) = sin (1) sin (y) sin (z) e−6t

C (x, y = 1, z, t) = sin (x) sin (1) sin (z) e−6t

C (x, y, z = 1, t) = sin (x) sin (y) sin (1) e−6t (23b)

The analytical solution of equation (21) can be obtained using the following
expression:

C (x, y, z, t) = sin (x) sin (y) sin (z) e−6t (24)

Data used: k=1, number of field points=931 and ∆t = 0.004.
The present numerical scheme is applied to solve equation for the distribu-

tions of C at y = z = 0.5 along the x-coordinate at t=0.2, 0.4 and 0.6 which
are shown in Figure 9(a) along with the analytical solutions. Comparison of
the above results indicates that the present numerical scheme based on the
MFS is capable of predicting the propagation of the scalar quantity in three-
dimensional geometry also. It has to be observed that the present scheme
takes care of the variations in the velocities also. This is a great advantage of
the present numerical scheme compared to the classical mesh-dependent nu-
merical methods. Figures 9(b) and 10 show the distributions of flux, ∂C

∂x
, at

y = z = 0.5 along the x-coordinate at t = 0.2, 0.4 and 0.6 and time evolution
of C at x = y = z = 0.5 along with the analytical results, respectively. Present
numerical approximations are in accordance with the analytical solutions as
noted in Figures 9(b) and 10. The error distributions with time for different
number of grid points and time step sizes are plotted in Figures 11(a) and
11(b) respectively. As the propagation time increases, the error decreases for
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different sizes of spatial grid and time step. Further with decrease in the size
of the spatial grid or the time increment, the error decreases as observed in the
previous test cases. Thus, the salient properties of numerical solution for the
consistency, stability, and accuracy are well treated in the present numerical
experiments.

Figure 9: Comparisons of (a) C-distribution (b) ∂C
∂x

-distribution at different
time levels for 3-D advection-diffusion

Figure 10: Comparison of time evolution of C at x = y = z = 0.5
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5 Conclusions

A numerical scheme based on the MFS and the ELM is proposed to solve time-
dependent advection-diffusion equations in two and three-dimensions with vari-
able velocity field. Initially the advection-diffusion problem is transformed
into a diffusion problem using the ELM in Lagrangian coordinates. Then the
time-dependent MFS is used to get the numerical solution as a linear combi-
nation of the fundamental solution of the diffusion operator at the collocation
points of the computational time and space domain. In the present numer-
ical procedure the ELM has been efficiently exploited to locate the source
points and the field points in order to resolve the advection part of the gov-
erning equation. The present numerical scheme predicted the propagation
and diffusion of the scalar quantity in close agreements with the analytical
solutions. For the validation of the two-dimensional case, advection-diffusion
problem at Pe = 5, 10 and 20 is considered and the results are in accordance
with the analytical solutions. The capability of the present numerical scheme
is further demonstrated by solving 2D and 3D advection-diffusion problems
with varying velocities with respect to the spatial coordinates. In all the test
cases the numerical results obtained by the MFS are in close agreements with
the analytical solutions. The error plots with time coordinate indicate that
the present numerical scheme is numerically stable for 2D and 3D advection-
diffusion problems. The present method can be further extended to nonhomo-
geneous advection-diffusion equations by utilizing the dual reciprocity method
of diffusion equation [22]. Therefore, it is convinced that the present method
can be applied to the Navier-Stokes equations using the velocity-vorticity for-
mulation, in which the velocity Poisson equations and the advection-diffusion
vorticity equations have to be solved. The method is currently under studies.
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Figure 11: Distributions of absolute error at the central node (a)(∆t = 0.004)
(b) (931 nodes)
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