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Abstract
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form M(c)(c �= −1) is a semi-invariant product if every geodesic in M
is a circle in M(c).

Keywords: Semi-Invariant Submanifolds, Semi-Invariant Product, Ken-
motsu space form

Mathematics Subject Classification: 53C40

1. Introduction
The concept of CR-submanifold of a Kaehlerian manifold was first intro-

duced by Bejancu [1] generalizing complex submanifolds and totally real sub-
manifolds. Since then many papers had been published on this topic which
is still the subject of much research. Bejancu and Papaghuic introduced and
studied the notion of semi-invariant submanifolds of a Sasakian manifolds ([3]
p. 101) which is a corresponding notion to that one of CR-submanifolds in
a Kaehler manifold. Thus semi-invariant products are corresponding to CR-
product introduced by B. Y. Chen [5]. In fact, he obtained a necessary and
sufficient condition for a CR-submanifold of a Kaehler manifold to be CR-
product in terms of the fundamental tensor of Weingarten.

On the other hand there are notions of circle and sphere in Riemannian
geometry. The purpose of this note is to study semi-invariant product of a
Kenmotsu space form by using the notion of circle.

Precisely we prove the following :

Theorem Let M be a semi-invariant submanifold of a Kenmotsu space
form M(c)(c �= −1) such that every geodesic in M is a circle in M(c). Then
M is a semi-invariant product in M(c).
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2. Preliminaries
Let M

2n+1
be an almost contact metric manifold with structure tensor

(φ, ξ, η, g) where φ is a (1, 1) type tensor field, ξ is a vector field, η is 1-form
and g is the associated Riemannian metric on M . Then by definition [4], we
have

φ2X = −X + η(X)ξ, η(ξ) = 1, φξ = 0, η(φ) = 0 (2.1)

g(φX, φY ) = g(X, Y ) − η(X)η(Y ), (2.2)

for any vector fields X and Y tangent to M .
In [8], Kenmotsu studied a new class of almost contact Riemannian mani-

fold which satisfies the following condition :

(�Xφ)(Y ) = g(φX, Y )ξ − η(Y )φX, �Xξ = X − η(X)ξ, (2.3)

where � denotes the Riemannian connection of g.
This structure is closely relative to the warped product of two Riemannian

manifolds. Jansen and Vanhecke [7] called such manifolds Kenmotsu mani-
folds. One of the typical examples of Kenmotsu manifolds is the hyperbolic
space M(−1).

Let M be an m-dimensional Riemannian manifold isometrically immersed
in Kenmotsu manifold M and suppose that the structure vector field ξ of M
is tangent to M .

Definition A submanifold M of M is called a semi-invariant submanifold
if it is endowed with the pair of orthogonal distributions D and D⊥ satisfying
the conditions :
(i) TM = D ⊕ D⊥ ⊕ {ξ}, where {ξ} denotes the distribution spanned by ξ.
(ii) the distribution D is invariant by φ, that is, φDx = Dx for each x ∈ M .
(iii) the distribution D⊥ is anti-invariant by φ, that is, φD⊥

x ⊂ T⊥
x M for each

x ∈ M , where T⊥
x M is the normal space at x ∈ M .

Suppose that the dimension of D (resp. D⊥) be 2p and q. When p = 0
(resp. q = 0) the semi-invariant submanifold M is an anti-invariant submani-
fold (resp. an invariant submanifold).

Let M be a semi-invariant submanifold of a Kenmotsu manifold M . We
say that M is a semi-invariant product if it is locally a Riemannian product
M1×M2 where M1 is an invariant-submanifold of M and M2 is an anti-invariant
submanifold of M such that the structure vector field ξ of M is normal to M2.

A Kenmotsu manifold M with constant φ-holomorphic sectional curvature
c is called Kenmotsu space form and it is denoted by M(c). The curvature
tensor of M(c) is given by [10]

R(X, Y )Z =
c − 3

4
[g(Y, Z)X − g(X, Z)Y ] +

c + 1

4
[η(X)η(Z)Y − η(Y )η(Z)X
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+g(X, Z)η(Y )ξ − g(Y, Z)η(X)ξ + g(Z, φY )φX

−g(Z, φX)φY + 2g(X, φY )φZ], (2.4)

for X, Y, Z ∈ TM .
We shall denote by �, �, �⊥ the Riemannian connections on M , M and

the normal bundle respectively. They are related by

�XY = �XY + h(X, Y ), �XN = −ANX + �⊥
XN, (2.5)

for all X, Y ∈ TM , N ∈ T⊥M , where h(X, Y ) and ANX are the second
fundamental forms satisfying

g(h(X, Y ), N) = g(ANX, Y ). (2.6)

The Codazzi equation of M is given by

[R(X, Y )Z]⊥ = (�Xh)(Y, Z) − (�Y h)(X, Z), (2.7)

where (�Xh)(Y, Z) = �⊥
Xh(Y, Z) − h(�XY, Z) − h(�XZ, Y ),

for all vector fields X, Y and Z tangent to M .
An isotropic immersion is an isometric immersion such that all its normal

curvature vectors have the same length at each point.
Moreover, we recall the notion of circle in a Riemannian manifold M . A

curve x(t) of M parameterized by are length t is called a circle if there exists
a field of unit vector Yt along the curve which satisfies : �tXt = KYt and
�tYt = −KXt for the tangent vectors Xt = ẋ(t) where K is a positive constant
and �t = �ẋ(t) .

Now we state the following lemma for later use, the proof of which is quite
similar to the case of Sasakian manifold ([3] p.106).

Lemma 2.1 A semi-invariant submanifold of a Kenmotsu manifold M is
a semi-invariant product if and only if AφD⊥D = 0.

Further we need the following lemma.
Lemma 2.2 [12] Let M be a submanifold in a Riemannian manifold M .

Then the following two conditions are equivalent :
(i) the submanifold M is nonzero isotropic and the second fundamental form
h of M satisfies (�Xh)(X, X) = 0 for all vector fields X tangent to M .
(ii) every geodesic in M is a circle in M .

Remark Suppose every geodesic in M is a circle in a Riemannian manifold
M , then the immersion is λ-isotropic i.e.

g(h(X, X), h(X, X)) = λ2g(X, X)g(X, X), for all X ∈ TM
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which is equivalent to

g(h(X, Y ), h(W, Z)) + g(h(X, Z), h(Y, W )) + g(h(X, W ), h(Y, Z))

= λ2{g(X, Y )g(W, Z) + g(W, Z)g(Y, W ) + g(X, W )g(Y, Z)}, (2.8)

for all X, Y, Z and W tangent to M .

Now we prove the following lemma

Lemma 2.3 Let M be a semi-invariant submanifold of a Kenmotsu space
form M(c). Then the following are equivalent :
(i) (�Xh)(X, X) = 0, for all X ∈ TM,
(ii) (�Xh)(Y, Z) = c+1

4
[g(X, φY )φZ + g(X, φZ)φY ]⊥,

for all vector fields X, Y and Z tangent to M , where {∗}⊥ means the normal
component of {∗}.

Proof. Suppose (i) holds good. Then it can be easily seen that (i) is
equivalent to

(�Xh)(Y, Z) + (�Y h)(Z, X) + (�Zh)(X, Y ) = 0. (2.9)

Now, from (2.7) we have

[R(X, Y )Z]⊥ = (�Xh)(Y, Z) − (�Y h)(X, Z)

=
c + 1

4
[g(φY, Z)φX − g(φX, Z)φY + 2g(X, φY )φZ]⊥. (2.10)

Interchanging Y and Z we get

[R(X, Z)Y ]⊥ = (�Xh)(Z, Y ) − (�Zh)(X, Y )

=
c + 1

4
[g(φZ, Y )φX − g(φX, Y )φZ + 2g(X, φZ)φY ]⊥. (2.11)

Adding (2.9) and (2.11) we get (ii). The converse is trivial. �

3. Proof of the Theorem
Let the geodesic in M is a circle in M(c)(c �= −1). Then by using the

remark of section 2, the immersion is λ-isotropic. First we show that λ is
locally constant. To prove this, let us put λ = ||h(X,X)||

||X||2 and suppose that x(t)

be any geodesic with tangent vector Xt. Then λ is constant along x(t) because,
by the assumptions (i) of Lemma 2.2, we have

Xt(λ
2) = Xt(g(h(Xt, Xt)h(Xt, Xt)) = 2g(�Xt

h)(Xt, Xt), h(Xt, Xt)) = 0,
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which shows that λ is locally constant as the immersion is isotropic.
In order to prove our theorem, it suffices to show that AφD⊥D = 0 i.e.

g(φD⊥, h(D, D)) = 0 and g(φD⊥, h(D, D⊥)) = 0,

by using the Lemma 2.1.
Now for making calculation simple, we assume that �X = �Y = �Z =

�W = 0 at p ∈ M , and differentiating (2.8) with respect to an arbitrary
vector field U , we have

g((�Uh)(X, Y ), h(Z, W ))+g(h(X, Y ), (�Uh)(Z, W ))+g((�Uh)(X, Z), h(Y, W ))

+g(h(X, Z), (�Uh)(Y, W )) + g((�Uh)(X, W ), h(Y, Z))

+g(h(X, W ), (�Uh)(Y, Z)) = 0, (3.1)

where we have used the fact that λ is locally constant.
Now taking in particular X ∈ D⊥, U, Y, W, Z ∈ D in (3.1). Then from

Lemma 2.3, we have

g(U, φY )g(φX, h(Z, W )) + g(U, φZ)g(φX, h(Y, W ))

+g(U, φW )g(φX, h(Y, Z)) = 0. (3.2)

Putting U = φW in (3.2) and using the fact that η(X) = η(W ) = η(Z) = 0,
for X ∈ D⊥ and W, Z ∈ D and by virtue of the fact that TM = D⊕D⊥⊕{ξ}
we get

g(Y, W )g(φX, h(Z, W ))+g(W, Z)g(φX, h(Y, W ))+g(W, W )g(φX, h(Y, Z)) = 0.
(3.3)

If dim D > 2, then by fixing Y and Z in (3.3), we can choose a vector field
W (�= 0) in such a way that g(Y, W ) = g(W, Z) = 0. Then (3.3) gives

g(φX, h(Y, Z)) = 0 at p i.e. g(φD⊥, h(D, D)) = 0. (3.4)

Next for dim D = 2, we put Y = Z and choose a vector field W (�= 0) in
such a way that g(Y, W ) = 0. Then (3.3) gives

g(φX, h(Y, φY )) = 0 at p i.e. g(φD⊥, h(D, D)) = 0.

Finally putting Z = φY = φW in (3.3), we get

g(φX, h(Y, φY )) = 0 at p i.e. g(φD⊥, h(D, D)) = 0.

Proceeding in the same way and using (3.1) and Lemma 2.3, we get

g(φZ, h(X, W )) = 0 at p i.e. g(φD⊥, h(D, D⊥)) = 0.
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for X, Z ∈ D⊥, W (= U) = φY ∈ D, and which completes the proof.
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