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Abstract

In this paper, we represent certain shifts on a Banach space as Mz,
the operator of multiplication by the independent variable z, on some
space of sequences. Also we will give necessary and sufficient conditions
for the unitarily equivalence, similarity and quasisimilarity of such op-
erators.
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1 Introduction

A bounded linear operator A on a Banach space Y is called a shift if

(i) A is an injective,

(ii) The range of A has codimension 1;

(iii)
⋂∞

i=1 Aiy = {0}.
R. Crownover was the first to give a basis free definition of a shift on a

Banach space. He has obtained some results concerning spectrum, and the

commutant of such shifts [2]. In this connection, one can see [1], [3] and [5].

1This research was in part supported by a grant from IPM(No.83470040).
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Let p > 0 and {β(n)} denote a sequence of positive numbers such that

β(0) = 1. We consider the space of all sequences f = {f̂(n)} such that

||f ||pp =
∞∑

n=0

|f̂(n)|pβ(n)p < ∞.

We shall use the formal notation f(z) =
∞∑

n=0
f̂(n)zn whether or not the series

converges for any complex values of z. Throughout this article, we consider

the space Hp(β) to be defined by

Hp(β) = {f : f(z) =
∞∑

n=0

f̂(n)zn, ||f ||p < ∞}.

One of our goal in this article, is to study the representation of certain

shifts on a Banach space as the operator Mz on Hp(β).

In all that follows we consider 1 ≤ p < ∞. Define the σ-finite measure

μ on the nonnegative integers, N0, by μ(K) =
∑

n∈K
β(n)p, K ⊆ N0. Since

Hp(β) ∼= lp(μ), we conclude that Hp(β) is, indeed, a Banach space. For some

more information on the space Hp(β) see [4] and [7].

It is natural to ask when the operators (Mz, H
p(β)) and (Mz, H

p(α)) are

unitarily equivalent, similar or quasisimilar. We would like to give necessary

and sufficient conditions for unitarily equivalence, similarity and quasisimi-

larity of the operators (Mz, H
p(β)) and (Mz, H

p(α)), 1 ≤ p < ∞. Further-

more, we show that if A1 and A2 are two injective unilateral weighted shifts

on separable Hilbert spaces H1 and H2, respectively, and if there exist dense

range operators S : H1 → H2 and T : H2 → H1 such that A2S = SA1 and

TA2 = A1T , then A1 is similar to A2 and vice-versa.

2 Main Results

It is worthwise remarking that if A be a shift on a Banach space Y then A is a

closed range operator. This is a consequence of an easy automatic continuity

result: If a finite codimensional linear subspace X of a Banach space Y is

the range of a continuous linear mapping N on X , then it must be closed [9,

Lemma 3.3]. It is known [2] that there is an element y0 ∈ Y with ||y0|| = 1

so that Y =< y0 > ⊕AY where < y0 > is a one-dimensional subspace of Y
containing y0.

Suppose y ∈ Y . Then there exist a scalar ŷ(0) and a vector y1 ∈ Y such

that y = ŷ(0)y0 + Ay1. Similarly, there exist a scalar ŷ(1) and a vector y2 ∈ Y
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such that y1 = ŷ(1)y0 + Ay2. So y = ŷ(0)y0 + ŷ(1)Ay0 + A2y2. By induction,

we obtain unique sequences {ŷ(n)}∞n=0 and {yn}∞n=0 of scalars and vectors,

respectively, such that for every n,

y = ŷ(0)y0 + ŷ(1)Ay0 + · · ·+ ŷ(n)Any0 + An+1yn+1. (1)

Equation (1) is called the Taylor formula for y, and the coefficients ŷ(n) are

called the Taylor coefficients of y.

Theorem 2.1. Let A be a shift on the Banach space Y =< y0 > ⊕AY.

Suppose that there exists 1 ≤ p < ∞ such that for every y ∈ Y
(a) || n∑

i=0
ŷ(i)Aiy0||p =

n∑
i=0

||ŷ(i)Aiy0||p for all nonnegative integers n, where

A0 is the identity operator, and

(b)
∞∑

n=0
||ŷ(n)Any0||p < ∞

Then A is unitarily equivalent to Mz on Hp(β) for a suitable choice of β.

Moreover, such p is unique.

Proof. Let β(n) = ||Any0|| and the linear map B from Y into Hp(β) be defined

by By =
∞∑

n=0
ŷ(n)zn. We first show that B is an isometry. Let y ∈ Y . The

condition (b) implies the convergence of the sequence {An+1yn+1}, appearing

in (1). Define the linear map S : Y× < y0 >→ Y by S(y, αy0) = αy0 +

Ay. Obviously, S is bijective and continuous. Now, by the inverse mapping

theorem, we conclude that S−1 is also continuous, and so

||Ay|| = ||S(y, 0)|| ≥ ||(y, 0)||
||S−1|| = c||y||,

where c = 1
||S−1|| . Thus, A is bounded below. This fact implies that ran An, n ≥

1, is closed. Suppose that the sequence {An+1yn+1}n converges to y′ ∈ Y . Then

y′ is in
⋂∞

n=1 AnY , and consequently, condition (iii) says that y′ must be the

zero vector. Therefore,

||y||p = lim
n→∞ ||

n∑

i=0

ŷ(i)Aiy0||p

(a)
= lim

n→∞

n∑

i=0

||ŷ(i)Aiy0||p

= ||B y||p,
which means that B is an isometry.

Now, suppose that f ∈ Hp(β), and ε > 0 is given. Then there exists N > 0

such that
∞∑

i=N
|f̂(i)|p||Aiy0||p < εp. It results from this fact and condition (a)
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that the sequence {yn}∞n=0 defined by yn =
n∑

i=0
f̂(i)Aiy0 is Cauchy and so is

convergent. Suppose its limit is y. It is easily checked that By = f , and so B

is surjective.

In the next step, we will first show that Mz is bounded, and then BA =

MzB. Put M = sup
n

β(n+1)
β(n)

. It is clear that M ≤ ||A|| < ∞. Therefore,

||zf ||pp =
∞∑

n=0

|(zf)ˆ(n)|pβ(n)p

=
∞∑

n=1

|f̂(n − 1)|pβ(n)p

=
∞∑

n=0

|f̂(n)|pβ(n + 1)p

≤ Mp
∞∑

n=0

|f̂(n)|pβ(n)p

= Mp||f ||pp.

Thus Mz is bounded. Finally, if y ∈ Y then

BAy = B(A(
∞∑

i=0

ŷ(i)Aiy0))

= B(
∞∑

i=0

ŷ(i)Ai+1y0)

=
∞∑

i=1

ŷ(i)zi+1

= Mz(
∞∑

i=0

ŷ(i)zi)

= (MzB)(y);

which is the desired conclusion.

To complete the proof, it remains to show that p is unique. Suppose 1 ≤
q < ∞ and (a) and (b) hold for q besides p. Thus, the operator Mz on Hp(β)

is unitarily equivalent to the operator M̃z on Hq(β) defined by M̃z(f) = zf ;

consequently, there exists a unitary operator U : Hp(β) → Hq(β) such that

UMz = M̃zU . Suppose g is in Hp(β) so that Ug = 1. Then

1 = Ug = U(
∞∑

n=0

ĝ(n)zn) =
∞∑

n=0

ĝ(n)znU1.
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It is clear from the definition of the norm that the mapping f 
−→ f̂(0)

is bounded, thus 1 = ĝ(0)(U1)ˆ(0). Furthermore, U is an isometry, and so
∞∑

n=0
|ĝ(n)|pβ(n)p = 1. Since β(0) = 1, we observe that |ĝ(0)| ≤ 1. Hence

|(U1)ˆ(0)| ≥ 1. On the other hand, ||U1|| = ||1||, that is,
∞∑

n=0
|(U1)ˆ(n)|qβ(n)q =

1, and so |(U1)ˆ(0)| ≤ 1; consequently, |(U1)ˆ(0)| = 1. Moreover, since 1 =

||U1||q =
∞∑

n=0
|(U1)ˆ(n)|qβ(n)q, we have (U1)ˆ(n) = 0, n ≥ 1. Putting U1 = c,

for some constant c, we see that

21/p = ||1 +
z

β(1)
|| = ||U(1 +

z

β(1)
)|| = ||c +

z

β(1)
c|| = 21/q,

which results that p = q . �

Example 2.2. Let p = 2 and suppose that A is a shift isometry on Hp(β).

Then Hp(β) =
∞⊕
i=0

< Aiy0 > and the uniquness of the Taylor coefficients

implies that A is unitary equivalent to Mz on Hp(β).

Recall that if A1 and A2 are operators on Banach spaces X1 and X2, re-

spectively, then A1 and A2 are unitarily equivalent, if there is an isomorphism

(i.e., surjective linear isometry) U : X1 → X2 such that UA1U
−1 = A2.

Theorem 2.3. Two operators (Mz, H
p(β)) and (Mz, H

p(α)) are unitarily

equivalent if and only if there exists a constant c such that β(n) = |c|α(n), for

every nonnegative integer n.

Proof. First, suppose that U : Hp(β) → Hp(α) is an isomorphism such that

UMz = MzU . Then for every k > 0,

||U1 + zk||p − ||U1 − zk||p = ||U1 + zkUg||p − ||U1 − zkUg||p (where Ug = 1)

= ||U(1 + zkg)||p − ||U(1 − zkg)||p
= ||1 + zkg||p − ||1 − zkg||p = 0.

On the other hand,

||U1 ± zk||p =
∑

n�=k

|(U1)ˆ(n)|pβ(n)p + |(U1)ˆ(k) ± 1|pβ(k)p.

So |(U1)ˆ(k) + 1|pβ(k)p − |(U1)ˆ(k) − 1|pβ(k)p = 0. Since β(k) > 0 it follows

that

|(U1)ˆ(k) + 1| = |(U1)ˆ(k) − 1|. (3)
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The same argument shows that

|(U1)ˆ(k) + i| = |(U1)ˆ(k) − i|. (4)

Formula (3) combined with (4) shows that (U1)ˆ(k) = 0, for every k > 0.

Therefore, U1 = c for some constant c. This, in turn, implies that Uzn = czn

for all n ≥ 0. Hence

β(n) = ||zn||Hp(β) = ||Uzn||Hp(α) = |c|α(n) ∀n ≥ 0.

For the converse, define U : Hp(β) → Hp(α) by Uf = cf . It can be easily

verified that U is an isomorphism and UMz = MzU . �
Definition 2.4. If A1 and A2 are operators on Banach spaces X1 and X2,

respectively, then A1 is similar to A2 if there is an invertible operator S :

X1 → X2 such that SA1 = A2S. The operators A1 and A2 are quasisimilar if

there are operators S12 : X2 → X1 and S21 : X1 → X2 satisfying the following

conditions for i, j = 1, 2:

(a) ker Sij = {0} and ran Sij is dense;

(b) SijAj = AiSij,

(take S11 and S22 to be the identity operators). Operators satisfying (a),

are said to be quasi-affinities.

Lemma 2.5. Let S : Hp(β) → Hp(α) be an operator such that MzS = SMz.

If ran S is dense then there exists a constant c such that

0 < c ≤ β(n)

α(n)
for all n ≥ 0.

Proof. First, note that if (S1)ˆ(0) = 0, then

(Szn)ˆ(0) = (znS1)ˆ(0) = 0 for all n ≥ 0.

Since the mapping f 
−→ f̂(0) is bounded we conclude that (Sf)ˆ(0) = 0 for

every f in Hp(β). Furthermore ran S is dense in Hp(α), and so there would

exist a sequence {fn} in Hp(β) such that Sfn converges to 1. So (Sfn)ˆ(0) → 1,

contradicting the fact that (Sfn)ˆ(0) = 0 for every nonnegative integer n. Thus,

we see that (S1)ˆ(0) = 0. Now

α(n)|(S1)ˆ(0)| = α(n)|(znS1)ˆ(n)|
= α(n)|(Szn)ˆ(n)|
≤ ||Szn|| ≤ ||S||.||zn|| = ||S||β(n) for all n ≥ 0.
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Hence if we put c = |(S1)̂(0)|
||S|| then 0 < c ≤ β(n)

α(n)
for every n ≥ 0. �

We have already seen that when the operators (Mz, H
p(β)) and (Mz, H

p(α))

are unitarily equivalent. Now, we pose the question of similarity of these op-

erators.

Theorem 2.6. The operator (Mz, H
p(β)) is similar to (Mz, H

p(α)) if and

only if there exist positive constants C1 and C2 such that 0 < C1 ≤ β(n)
α(n)

≤ C2

for every nonnegative integer n.

Proof. Suppose (Mz, H
p(β)) is similar to (Mz, H

p(α)). Then there is an in-

vertible operator S : Hp(β) → Hp(α) such that SMz = MzS; or equivalently

MzS
−1 = S−1Mz. By Lemma 3.3, there exist constants C1 and C2 such that

0 < C1 ≤ β(n)

α(n)
and 0 <

1

C2
≤ α(n)

β(n)
,

for all n ≥ 0. For the converse, suppose that there exist positive constants C1

and C2 so that 0 < C1 ≤ β(n)
α(n)

≤ C2 for every n ≥ 0. It follows that Hp(α)

and Hp(β) coincide as sets with equivalent norms. Take for S the identity

operator. �
Corollary 2.7. Suppose S : Hp(β) → Hp(α) and T : Hp(α) → Hp(β) be

two dense range operators such that MzS = SMz and TMz = MzT . Then

(Mz, H
p(β)) is similar to (Mz, H

p(α)).

Proof. By Lemma 2.5, there exist constants c and d such that 0 < c < β(n)
α(n)

and 0 < d < α(n)
β(n)

for every n ≥ 0. Put C1 = c and C2 = 1
d
, and apply Theorem

2.6. �
Another immediate consequence is the following.

Corollary 2.8. The operators (Mz, H
p(β)) and (Mz, H

p(α)) are similar if and

only if they are quasisimilar.

We recall that a unilateral weighted shift operator A on a separable Hilbert

space H is an operator that maps each vector in some orthonormal basis

{en}+∞
n=0 into a scalar multiple of the next vector; i.e., Aen = wnen+1. The

operator A is injective if and only if wn = 0 for every n. It is known that every

injective unilateral weighted shift can be represented as Mz on H2(β) for a

suitable choice of β; see [8] . In this view, Corollary 2.7 provides the following.

Corollary 2.9. Let A1 and A2 be two injective unilateral weighted shift on the

Hilbert spaces H1 and H2. If there exist dense range operators S : H1 → H2
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and T : H2 → H1 such that A2S = SA1 and TA2 = A1T , then A1 is similar

to A2.

It is known that if two injective unilateral weighted shifts are quasisimilar

then they are similar. We can easily get this result as a conclusion of Corollary

2.9. Also it follows from [6, Theorem 4.6.] that if A1 and A2 are two injective

unilateral weighted shifts on a Hilbert space H and if S and T are two bounded

surjective operators on H such that A2S = SA1 and TA2 = A1T then σ(A1) =

σ(A2). Since similarity preserves the spectrum and the various parts of the

spectrum, we also get the following from Corollary 2.9.

Corollary 2.10. Let A1 and A2 be two injective unilateral weighted shifts on

Hilbert spaces H1 and H2. Suppose there exist operators S : H1 → H2 and

T : H2 → H1 which have dense range, and satisfy A2S = SA1 and TA2 = A1T .

Then σ(A1) = σ(A2).
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