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When every holomorphic vector bundle

on a non-reduced one-dimensional complex space

is a direct sum of line bundles ?
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Abstract. Here we prove the following result. Let X be a complex space with
pure dimension 1. Set Y := Xred and let T be the union of all compact irreducible
components of Y (if any).

(a) If every holomorphic vector bundle on X is isomorphic to a direct sum of line
bundles, then h1(X,OX ) = 0 and either T = ∅ or every irreducible component
of T is isomorphic to P1, every singular point of T is an ordinary node and
every irreducible component of T contains at most two singular points of X,
i.e. every connected component of T is a chain of P1’s (perhaps an infinite
chain in one or both directions).

(b) Assume that either T = ∅ or for every irreducible component D of T there is
P ∈ D such that X is reduced at P . Assume that every connected component
of T is a chain (finite or infinite) of P1’s. Then every holomorphic vector
bundle on X with constant rank is isomorphic to a direct sum of line bundles.
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1. Non-split vector bundles

It is very natural to ask on which connected complex space every vector bundle is
isomorphic to a direct sum of line bundles. The aim of this short paper is the proof
of the following result.

Theorem 1. Let X be a complex space with pure dimension 1. Let Y := Xred

denote the associated reduced complex space. Let T be the union of all compact
irreducible components of Y (if any).
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(a) If every holomorphic vector bundle on X is isomorphic to a direct sum of line
bundles, then h1(X,OX ) = 0 and either T = ∅ or every irreducible component
of T is isomorphic to P1, every singular point of T is an ordinary node and
every irreducible component of T contains at most two singular points of X,
i.e. every connected component of T is a chain of P1’s (perhaps an infinite
chain in one or both directions).

(b) Assume that either T = ∅ or for every irreducible component D of T there is
P ∈ D such that X is reduced at P . Assume that every connected component of
T is a chain (finite or infinite) of P1’s. Then every holomorphic vector bundle
on X with constant rank is isomorphic to a direct sum of line bundles.

We stress that in Theorem 1 the complex space X may be unreduced.

Remark 1. It is very easy to check that if we drop the vanishing of h1(X,OX ) = 0
the remaining condition of part (a) of Theorem 1 it is not sufficient to get that
every holomorphic vector bundle on X is isomorphic to a direct sum of line bundles,
even when Y = P1. By [3] there are many double structures X on P1 such that
h1(X,OX ) > 0. For any such complex space X a general extension of OX by itself
is a rank 2 holomorphic vector bundle which is not isomorphic to the direct sum of
two line bundles.

For an higher dimensional generalization of the case “ X projective ” of Theorem
1, see [2], Th. 1.1 (under the very strong assumption X reduced).

We need the following three well-known results.

Lemma 1. Let X be a pure one-dimensional Stein space and E a holomorphic
vector bundle on X with pure rank r. Then E ∼= OX

⊕r.

Proof. Set Y := Xred and F := E|Y . The proof of [4], Th. 0.1, (i.e. the proof
given there of the case Y smooth) works in general and gives F ∼= OY

⊕r. Choose
an r-dimensional linear subspace W ⊂ H0(Y, F ) giving the trivialization of F , i.e.
such that the restriction of W at each P ∈ Y is mapped isomorphically onto the
fiber of F at P . Since X is Stein, the restriction map ρ : H0(X,E) → H0(Y, F ) is
surjective (Theorem B of Cartan - Serre). Hence there is an r-dimensional linear
subspace V of H0(X,E) such that ρ(V ) = W . By Nakayama’s lemma V induces a
trivialization of E.

Lemma 2. Let X be a pure one-dimensional complex space and F a holomorphic
vector bundle on Y := Xred. Then there exists a holomorphic vector bundle on X
such that E|Y ∼= F .

Proof. The complement of a point in a compact irreducible one-dimensional complex
space is Stein. Here there are open Stein subsets U, V of Y such that U ∪ V = ∅.
Write U ′, V ′ for the corresponding open analytic subspaces of X. By Lemma 1 the
vector bundles F |U and F |V are trivial. Hence the holomorphic vector bundles is
uniquely determined by some glueing data gUV on U ∩V . Furthermore, any glueing
data on U ∩ V (resp. U ′ ∩ V ′) will give a holomorphic vector bundle on Y (resp.
X), because for an open covering with just two open set there is no compatibility
condition to be checked. Since U ∩V is a closed analytic subspace of the Stein space
U ′ ∩ V ′, gUV lift to a matrix value datum gU ′V ′ on U ′ ∩ V ′ (Theorem B of Cartan -
Serre). By Nakayama’s lemma this matrix datum has invertible matrices as images,
i.e. it is a glueing datum for a vector bundle E on X. By construction E|Y ∼= F .
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Lemma 3. Let Y be a pure one-dimensional reduced complex space, D any union
of some of the irreducible components of Y and G any holomorphic vector bundle
on D with constant rank r. Let B be the closure of Y \D in Y , i.e. the union of all
irreducible components of Y not contained in D. Then there exists a holomorphic
vector bundle F on Y such that F |D ∼= G and F |B ∼= OB

⊕r.

Proof. Set S := D ∩ B. Hence S is a discrete subset of D. Thus there is an open
neighborhood U of S in D such that G|U . Glue together (in an arbitrary way) F
and the trivial vector bundle OB∪U

⊕r.

To prove Theorem 1 we need some results proved in [2] for projective curves. For
completeness’sake we will reproduce even the proofs given in [2] (see Lemmas 4 and
6 and Remark 2).

Lemma 4. Fix an integer r ≥ 2. Let Y be a reduced and connected projective curve
such that every rank r vector bundle on Y is a direct sum of line bundles. Then
every rank r vector bundle on every connected union Z of irreducible components of
Y is isomorphic to a direct sum of line bundles of Z

Proof. Fix any rank r vector bundles F on Z. By Lemma 3 there is a rank r vector
bundle E on Y such that E|Z ∼= F . By assumption E ∼= L1 ⊕ · · · ⊕ Lr for some
Li ∈ Pic(Y ). Hence F ∼= L1|Z ⊕ · · · ⊕ Lr|Z.

Lemma 5. Take X as in part (b) of Theorem 1. Then h1(X,OX ) = h1(Y,OY ) =
h1(T,OT )) = 0.

Proof. If T = ∅, then X is Stein and everything is trivial by Theorem B of Cartan -
Serre. Every finite chain A of P1 satisfies h1(A,OA) = 0; this is well-known and may
be proved using t − 1 Mayer-Vietoris exact sequence (t the number of irreducible
components of A) starting from the case t = 1, i.e. A = P1. Now take an infinite
chain A. Hence we are in the anaytic set-up. As in the case of P1 and of chains of
two or three P1’s, we see that A has two open Stein subsets U, V (with infinitely
many components) such that U ∪V = A and U ∩V has infinitely many components,
each of them biholomorphic to C\{0}. Use this open covering to reproduce the
classical computation of Čech cohomology for h1(P1,OP1) to get h1(A,OA) = 0.
Hence h1(B,OB) = 0 for every connected component B of T . Hence h1(T,OT ) = 0.
Let IT,Y be the ideal sheaf of T in Y . Let D be the closure of Y \T in Y . D is Stein.
Consider the exact sequence of coherent sheaves on Y :

0 → IT,Y → IY → OT → 0(1)

Since IT,Y is supported on the Stein space D, we have h1(Y,IT,Y ) = 0. Hence
h1(Y,OY ) = 0 by the cohomology exact sequence of (2). Let IY,X be the ideal
sheaf of Y in X, i.e. the nilpotent subsheaf of OX . Consider the exact sequence of
coherent sheaves on Y :

0 → IY,X → IX → OY → 0(2)

By assumption Supp(IY,X) ∩ T is discrete. Hence Supp(IY,X) is Stein. Hence
h1(X,IY,X) = 0. Hence the cohomology exact sequence of the exact sequence (2)
gives h1(X,OX ) = 0.
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Remark 2. Use the set-up of Lemma 4. By Lemma 5 we see that if T,D are
irreducible components of Y such that T ∩ D �= ∅, then pa(T ∪ D) = 0 and hence
�(T ∩ D) = 1 and T ∪ D has an ordinary node at the point T ∩ D.

Lemma 6. Let Y be the connected projective curve with a unique singular point,
P , a seminormal singularity at P and 3 irreducible components T1, T2, T3 such that
Ti

∼= P1 for every i, i.e. let Y be isomorphic to a general union of 3 lines of P3

through a common point. Notice that Y has arithmetic genus zero and that for all
integers d1, d2, d3 there is a unique L ∈ Pic(Y ) such that deg(L|Ti) = di for every i.
For every integer r ≥ 2 there is a rank r vector bundle Er on Y such that Er is not
isomorphic to a direct sum of n line bundles.

Proof. The first assertion is obvious: just use that h1(Y,OY ) = 0. Let OY (d1, d2, d3)
denote the unique (up to isomorphisms) line bundle L on Y such that deg(L|Ti) = di

for every i. For every i ∈ {1, 2, 3} set Zi = Tj ∪Tk, where (i, j, k) is a cyclic permuta-
tion of (1, 2, 3). Since h1(Zi,OZi) = 0, every L ∈ Pic(Zi) is uniquely determined by
the two integers deg(L|Tj) and deg(L|Tk). We use the obvious notation OZi(dj , dk).
Every vector bundle on Zi is isomorphic to a direct sum on line bundles ([6], Prop.
3.1). Take as E2 a general line bundle obtained gluing together with general data
at P the vector bundles OTi(1) ⊕ OTi . We have E2|Zi

∼= OZi(1, 0) ⊕ OZi(0, 1) for
all i. These 3 relations imply that E2 is not isomorphic to a direct sum of 2 line
bundles. Now take r ≥ 3 and set Er = E2 ⊕ OY

⊕(r−2). Since Y is projective, the
Krull-Schmidt unique decomposition theorem for vector bundles on X is true ([1],
Th. 3). Hence En is not isomorphic to a direct sum of n line bundles.

Lemma 7. Let X be a one-dimensional complex space and {Ei}i∈I a finite family
of holomorphic vector bundles on X. Set Y := Xred and let T the union of all
compact irreducible components of Y (if any). Then there exists a holomorphic line
bundle H on X with the following properties:

(i) h1(X,Ei ⊗ H) = 0 and Ei ⊗ H is spanned by its global sections;
(ii) property (i) is true for all holomorphic line bundles H ′ of X such that deg(H ′|D) ≥

deg(H ′|D) for every irreducible component D of T .

Proof. It is easy to reduce to the case �(I) = 1. Let E be a rank r holomorphic
vector bundle on X. If T = ∅, then X is Stein and any H will do by Theorems
A and B of Cartan - Serre. Hence we may assume T �= ∅. We will only check (i)
and (ii) when X is as in part (b) of Theorem 1, the only case we will use in this
paper. By a splitting theorem of Grothendieck ([5], p. 22), for every irreducible
compotent B of T we have E|B ∼= ⊕r

j=1OB(aj,B) for some uniquely determined
integers a1,B ≥ · · · ≥ ar,B . Take as H any holomorphic line bundle on X such that
deg(H|B) ≥ −ar,B for all B and then use the proof of Lemma 5.

Proof of Theorem 1. We may assume that X is connected, i.e. that Y is
connected (but, of course, this assumption does not implies that T is connected).
First, we will prove part (a). By Lemma 2 to check part (a) for X it is sufficient to
check it for Y . By Lemma 3 to check part (a) for Y it is sufficient to check it for
every connected component T of the union of all compact irreducible components
of Y . Since T is a projective variety and the isomorphic classes of holomorphic and
algebraic vector bundles on T are the same by Serre’s GAGA theorems, we may
apply [2], Remark 1. Now we check part (b) for Y . By [2], Theorem 1 and Remark
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1, this is true for the union of all compact irreducible components of Y if every
connected component of T is projective, i.e. it has only finitely many connected
components. Take any coonected component D of T containing infinitely many
connected components (if any) and any rank r vector bundle G on D. Just to fix
the notation we assume that the infinite chain is infinite in both directions, i.e. we
may label the irreducible components Di, i ∈ Z, in such a way that Di ∩ Dj �= ∅ if
and only if |i − j| ≤ 1. For all integers n ≥ 0 set Tn := ∪|i|≤nDi. By [2], Remark 1,
there are holomorphic line bundles Li,n, 1 ≤ i ≤ r, such that G|Tn

∼= L1,n⊕· · ·⊕Lr,n.
Since each Tn is compact, we may apply the Krull - Schmidt uniqueness theorem
([1], Th. 3) and obtain, that, up to rename the line bundles, Li,m|Tn

∼= Li,n for all
m > n ≥ 0. Hence we easily see the existence (and uniqueness, up to isomorphisms)
of a holomorphic line bundle Li on D such that Li|Tn

∼= Li,n for all n ≥ 0. We also get
G ∼= L1⊕· · ·Ln, proving part (b) for D and hence concluding the proof of part (b) for
T . Now assume Y �= T and fix a rank r vector bundle G on Y . Let Γ be the closure of
Y \T in Y . Hence Γ is a one-dimensional Stein space. We just proved the existence of
holomorphic line bundles R1, . . . , Rr on T such that G|T ∼= R1⊕· · ·⊕Rr. By Lemma
3 there are holomorphic line bundles M1, . . . ,Mr on Y such that Mi|T ∼= Ri for all i.
Set G̃ := M1⊕· · ·⊕Rr. Hence G̃|T ∼= G|T . Up to al isomorphism of G̃ we may even
assume G̃|T = G|T (equality, not just isomorphism). Since Γ is one-dimensional and
Stein, we have G̃|Γ ∼= OΓ

⊕r ∼= G|Γ. By Lemma 7 there is a holomorphic line bundle
H on X such that G̃(H) and G(H) are spanned by their global sections. Obviously,
to check part (b) for Y is is sufficient to prove that G̃(H) and G(H) are isomorphic.
Since G̃|Γ ∼= OΓ

⊕r ∼= G|Γ, there are r holomorphic sections of (̃G) (resp. G) such
that the associated maps φ̃ : OX

⊕r → G̃(H) (resp. φ : OX
⊕r → G) are injective

as maps of sheaves, Coker(φ̃) and Coker(φ) have discrete support contained in T

and at each P ∈ T the evaluation φ̃P and φP of these two maps over the fiber at
P is a linear map with rank at least r − 1. Since G̃(H)|T = G(H)|, we may also
assume that the maps φ̃P and φP are the same. Hence both G̃(H)|T and G(H)|T
are obtained from OT

⊕r making the same positive elementary transformations, one
for each point of Supp(Coker(φ). Making the associated negative transformation,
we reduce to the case G̃(H)|T ∼= G(H)|T ∼= OT

⊕r. Hence to prove part (b) for Y it
is sufficient to prove the following Claim:

Claim: Let U be rank r vector bundles on Y such that U |T ∼= OT
⊕r. Then

U ∼= OY
⊕r.

Proof of the Claim: To check the Claim it is sufficient to find r everywhere
independent global sections of U , knowing that such global sections exist on T .
Let [T ∩ Γ] denote the closed subscheme of Y with IT,Y + IΓ as its ideal sheaf,
i.e. the maximal closed subscheme of Γ contained in T . Hence [T ∩ Γ]red = T ∩ Γ
(set-theoretic intersection) and we have a Mayer-Vietoris exact sequence:

0 → OY → OT ⊕OΓ → O[T∩Γ] → 0(3)

Tensor it with the locally free sheaf U to obtain the following exact sequence

0 → U → U |T ⊕ U |Γ → U |[T ∩ Γ] → 0(4)

We start with r linearly independent sections of U |T (call them β)and call α their
restriction to [T ∩ Γ]. Since Γ is Stein and one-dimensional, we may find a holo-
morphic function on Γ with prescribed restriction to [T ∩ Γ] and with no other
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zero. Hence we may extend α to r linearly independent sections, γ, of U |Γ. Since
β|[T ∩Γ] = α = γ|[T ∩Γ], the pair (β, γ) defines a trivialization of U on all Y by the
Mayer-Vietoris exact sequence (4). Hence we just proved part (b) when X = Y . As-
sume X �= Y . The last part of the proof would give the result for X if the additional
condition “ X is reduced at each point of T ” is satified. However, we made only
a weaker assumption. We only assumed the existence of a closed analytic subset
W of X such that Wred = T and W differes from T only at a discrete set, i.e. the
nilpotent sheaf J of W has discrete support. Since W = T outside a discrete subset,
the restriction map gives a natural bijection between the isomorphism classes of all
rank r (resp. rank 1) holomorphic vector bundles on W and the isomorphism classes
of all rank r (resp. rank 1) holomorphic vector bundles on T . Hence part (b) for T
gives part (b) for W . The proof that part (b) for T gives part (b) for Y shows that
part (b) for W gives part (b) for X, because we never used in that part that Y is
reduced outside T . Hence the proof of Theorem 1 is over.
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