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Abstract

Let Mn be a hypersurface in Hn+1. We give a classification for
hypersurfaces with parallel shape operator.
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1 Introduction

Let Mn+1(c) be a (n+1)-dimensional Riemannian manifold with constant sec-
tional curvature c.We also call it a space form.When c > 0,Mn+1(c)=Sn+1(c)
(i.e. (n+1)-dimensional sphere space); when c = 0,Mn+1(c)=Rn+1 (i.e. (n +
1)-dimensional Euclidean space); when c < 0, Mn+1(c)=Hn+1(i.e. (n+1)-
dimensional hyperbolic space). We simply denote Hn+1(-1) by Hn+1.

As it is well known, there are many rigidity results for minimal hypersur-
faces with constant mean curvature H in Mn+1(c) (c ≥ 0), for example, see
[1], [2], [3], [5], [7] etc.,but less were obtained for hypersurfaces immersed into a
hyperbolic space form.

Walter[9] gave a classification for non-negatively curved compact hyper-
surfaces in a space form under the assumption that the rth mean curvature
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is constant.Morvan-Wu[10],Wu[4] also proved some rigidity theorems for com-
plete hypersurfaces Mn in a hyperbolic space form Hn+1(c) under the assump-
tion that the mean curvature is constant and the Ricci curvature is non-
negative. Moreover, they proved that Mn is a geodesic distance sphere in
Hn+1(c) provided that it is compact.

The complete hypersurfaces with at most two distinct constant curvatures
in hyperbolic space form Hn+1 was described by Lawson [3] and completely
classified by Ryan [8]:

Lemma 1.1 (8) .Let Mn be an n-dimensional (n ≥ 3) complete hypersur-
face in Hn+1. suppose that, under a suitable choice of a local orthonormal
tangent frame field of TMn the shape operator over TMn is expressed as a
matrix A. If Mn has at most two distinct constant principal curvature, then it
is congruent to one of the following :
(1) M1 = {x ∈ Hn+1 | x1 = 0}.In this case, A = 0,and M1,is totally
geodesic.Hence M1 is isometric to Hn;
(2)M2 = {x ∈ Hn+1 | x1 = r > 0}.In this case, A = 1√

1+1/r2
In, where In de-

notes the identity matrix of degree n, and M2 is isometric to Hn(−1/(r2 +1));
(3) M3 = {x ∈ Hn+1 | xn+2 = xn+1 + 1}.In this case, A = In, and M3 is
isometric to a Euclidean space En;

(4) M4 = {x ∈ Hn+1 | ∑n+1
i=1 x2

i = r2 > 0}. In this case, A =
√

1 + 1/r2In,

and M4 is isometric to a round sphere Sn(r) of radius r;
(5) M5 = {x ∈ Hn+1 | ∑k+1

i=1 x2
i = r2 > 0,

∑n+1
j=k+2 x2

j − x2
n+2 = −1 − r2}. In

this case, A = λIk
⊕

νIn−k, where λ =
√

1 + 1/r2, and ν = 1√
1+1/r2

, M5 is

isometric to Sk(r) × Hn−k(−1/(1 + r2)).

In the present paper,we study the complete hypersurfaces in a hyperbolic
space form with parallel shape operator.

2 Preliminary Notes

Let Rn+2
1 be the (n+2)-dimensional real vector space Rn+2 with a scalar prod-

uct of signature 1 given by

〈x, y〉 =
n+1∑
i=1

xjyj − xn+2yn+2

Then the hyperbolic space form Hn+1 with constant curvature -1 is defined as

Hn+1 = {x ∈ Rn+2
1 | xn+2 > 0, 〈x, x〉 = −1}
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Then Hn+1 is a simply-connected hypersurface of Rn+2
1 . It is not hard to

check that the restriction of metric to the tangent space of Hn+1 yields the
complete Riemannian metric of constant curvature of -1.Then the curvature
operator of Hn+1 given by:

RXY Z = −{〈Z, Y 〉X − 〈Z, X〉Y }.

Let Mn be a complete hypersurface of the hyperbolic space form Hn+1.We
denote by ∇ and ∇ the Riemannian connections on Hn+1 and Mn respectively.
Then we have

∇XY = ∇XY + h(X, Y ), ∇XN = −AX (1)

X, Y ∈ χ(M) , N normal vector field , where h is the second fundamental
form, χ(M) is the Lie algebra of smooth vector fields on Mn and A is shape
operator which satisfies

〈AX, Y 〉 = 〈h(X, Y ), N〉, X, Y ∈ χ(M)

For hypersurface Mn the Gauss equation is (see [6])

R(X, Y )Z = −(〈Y, Z〉X − 〈X, Z〉Y ) + 〈AY, Z〉AX − 〈AX, Z〉AY (2)

for X, Y, Z ∈ χ(M),where R is the curvature tensor corresponding to the
connection ∇ that is

R(X, Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

By definition Mn is locally symmetric if

∇W R = 0 W ∈ χ(M).

We have following theorem in locally symmetric spaces :

Theorem 2.1 (6) . The following condition on a Riemannian manifold M
are equivalent :
(1) ∇R = 0, that is, M is locally symmetric.
(2) If X,Y,Z are parallel vector fields on a curve α then the vector field RXY Z
on α is also parallel.
(3)Sectional curvature is invariant under parallel translation, that is, the sec-
tional curvature of a nondegenerate tangent plan σ remains constant as σ is
parallel translated along any curve α.



80 E. Abedi and E. Pourreza

3 The main Theorem

Theorem 3.1 Let Mn be a n-dimensional (n ≥ 3) complete hypersurface
with parallel shape operator in hyperbolic space form Hn+1. Then Mn is iso-
metric to one of spaces that refer in Lemma 1.1 .

Proof. Let A be the shape operator corresponding to N. Since A is parallel,
we have

∇Y (AX) = A∇Y X X, Y ∈ χ(M) (3)

Therefore by the Gauss equation (2), we get

R(∇WX, Y )Z = −(〈Y, Z〉∇WX − 〈∇W X, Z〉Y )

+〈AY, Z〉A∇WX − 〈A∇W X, Z〉AY

R(X,∇WY )Z = −(〈∇W Y, Z〉X − 〈X, Z〉∇W Y )

+〈A∇WY, Z〉AX − 〈AX, Z〉A∇WY

R(X, Y )∇W Z = −(〈Y,∇WZ〉X − 〈X,∇W Z〉Y )

+〈AY,∇WZ〉AX − 〈AX,∇W Z〉AY

for all X, Y, Z, W ∈ χ(M).
Therefor by equation(3)

R(∇W X, Y )Z + R(X,∇W Y )Z + R(X, Y )∇W Z =

∇W [−(〈Y, Z〉X − 〈X, Z〉Y ) + 〈AY, Z〉AX − 〈AX, Z〉AY ] = ∇W [R(X, Y )Z]

Hence ∇W R = 0 and Mn is locally symmetric. Let λ1, λ2, ..., λn are princi-
pal curvatures of Mn.Let X1, X2, ..., Xn are the eigenvectors of A corresponding
to eigenvalues λ1, λ2, ..., λn respectively. Then the sectional curvature of the
plane σ = span{Xi, Xj} given by

K(σ) = −1 + λiλj, i �= j

Since Mn is locally symmetric, therefore by theorem 2.1 K is constant by
parallel translation of σ. Then K(Pσ) = −1 + λiλj whenever P is paral-
lel translation map. So λiλj is constant on Mn (by completeness of Mn ).
Therefore λi is constant for all i.

Then Mn is isoparametric and therefor at most has two distinct principal
curvature, and theorem fllows from the Lemma 1.1 .	
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