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Abstract

This paper considers the solution of large-scale generalized continuous-
time Lyapunov matrix equations of the form EXAT +AXET −GGT =
0. Such equations arise in stability theory, optimal control problems
and balanced model reduction. Numerical examples are presented.
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1 Introduction

Consider the generalized continuous-time algebraic Lyapunov equation (GCALE)

EXAT + AXET − GGT = 0 (1)

with given matrices E, A ∈ Rn×n,G ∈ Rn×p and unknown matrix X. Such

equations arise in stability theory [5], optimal control problems [12] and bal-

anced model reduction [16]. It has been shown in [19] that Eq. (1) have a

unique Hermitian, positive definite solution X for every Hermitian positive

definite matrix G if and only if all eigenvalues of the pencil λE − A are finite

and lie in the open left half-plane. The classical numerical methods for the

standard Lyapunov equations (E = I) are the Bartels-Stewart method[1], the

Hammarling method [9] and the Hessenberg-Schur method [8]. An extension

of these methods for the generalized Lyapunov equations with the nonsingu-

lar matrix E is given in [8, 19]. These methods are based on the preliminary

reduction of the matrix (matrix pencil) to the (generalized) Schur form [7] or

the Hessenberg-Schur form [8], calculation of the solution of a reduced sys-

tem and back transformation. Since these methods cost O(n3) operations and
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require O(n2) memory location, they are restricted to the problems of small

or medium size. An alternative approach to solve the (generalized) Lyapunov

equations is the sign function method[3, 11, 13]. Comparison of the sign func-

tion method to the Bartels-Stewart and Harmmarling methods with respect

to accuracy and computational cost can be found in [3].The numerical solu-

tion of the generalized Lyapunov equations with singular matrix E is more

complicated. Such equations may not have solutions even if all finite eigen-

values of the pencil λE − A lie in the open left half-plane. Moreover, even if

a solution exists, it is, in general, not unique. In [22], T. Stykel, generalized

a Bartels-Stewart method and a Harmmarling method to compute a partial

solution of generalized Lyapunov equation with special right hand side. Also

he introduced a spectral condition number and perturbation bounds for such

an equation. Projected Lyapunov matrix equations

EXAT + AXET + P T
r GGT Pr = 0, X = P T

l XPl, (2)

where Pl and Pr are the spectral projectors onto the left and right deflating

subspaces corresponding to the finite eigenvalues of the pencil λE −A, can be

solved by the iterative methods based on the ADI and Smith techniques [17,

19]. These methods are especially efficient for large sparse Lyapunov equations

with low rank right-hand side. In [21], T. Stykel have been presented a modified

version of matrix sign function method for obtaining approximate solutions of

projected Lyapunov equations (2) with large dense matrix coefficients. This

method was first proposed in [4, 11, 12] for standard Lyapunov equations and

then extended to generalized Lyapunov equations with nonsingular E in [2,

3, 6, 15]. In this paper we suppose that A and E are symmetric positive

matrices. Applying classical algorithm CG to the Kronecker product form

of Eq.(1) using O(n2) memory and arithmetic operation. The main goal of

this paper is to reduce these requirements to O(n). This procedure requires a

compact representation of certain vectors in ∈ Rn2
. We show that it is possible

to run this classical algorithm using O(n) rather than O(n2) memory and time.

This paper is organized as follows. In Section 2, a brief description of

Arnoldi algorithms is given, and compact form of conjugate gradient method

to generalized Lyapunov matrix equations is presented in Section 3. In Section

4 some numerical examples are tested. Finally, Section 5 summarizes the main

conclusion of this paper.

2 Arnoldi algorithms

Consider the Krylov subspace

Kj(Ã, g̃) = span{g̃, Ãg̃, ..., Ãj−1g̃} ⊆ Rn2
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where Ã = (A ⊗ E + E ⊗ A) and g̃ = vec(GGT ). It is clear that

Kj(Ã, g̃) ⊆ Kj+1(Ã, g̃),

and there exist m̃ such that

Kj(Ã, g̃) = Km̃(Ã, g̃)

for all j ≥ m̃. The smallest m̃ such that

Kj(Ã, g̃) = Km̃(Ã, g̃), j ≥ m̃

is called the grade of g̃ with respect to Ã. Arnoldi method can be used

for the construction of an orthonormal basis u1, . . . , um for Km(Ã, g̃) where

Ã ∈ R
n2×n2

and g̃ ∈ R
n2

. The modified version of Arnoldi method can be

described as follows [20]:

Algorithm 1. Arnoldi modified Gram-Schmidt

1. Choose integer number m and vector g̃ ∈ R
n2

and compute u1 = g̃/‖g̃‖2.

2. For j = 1, 2, ..., m, Do

3. Compute wj = Ãuj

4. For i = 1, ..., j, Do

5. hij = uT
i wj

6. wj = wj − hijui

7. EndDo

8. hj+1,j =‖ wj ‖2 . If hj+1,j = 0 Stop

9. uj+1 = uj/hj+1,j

10. EndDo

The nondefined hij are assumed to be zero. With n2 × m matrix Um =

[u1, u2, . . . , um], we know Hm = UT
mÃUm is an upper m×m Hessenberg matrix

whose entries are the scalers hij . From Algorithm 1 we deduce the following

relation

ÃUm = Um+1Ĥm, (3)

where the (m + 1) × m matrix Ĥm is the same as Hm except for an addi-

tional row whose only nonzero element is hm+1,m in the (m + 1, m) position

[20]. As is well-known in the particular case where Ã is symmetric, Arnoldi

algorithm simplifies to the Lanczos process in which case Hm becomes sym-

metric tridiagonal. In the other hand, the block Arnoldi algorithm constructs

an orthonormal basis V1, V2, ..., Vm, of the block Krylov subspace Km(A, V1).

The algorithm is described as follows:

Algorithm 2. The block Arnoldi algorithm
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1. Choose a unitary n × p matrix V1.

2. For j = 0, 1, ..., m, Do

3. Compute Hi,j = V T
i AVj, i = 1, 2, ..., j

4. Compute Wj = AVj −
∑j

i=1 ViHi,j

5. Compute the QR decomposition:Wj = Vj+1Hj+1,j (Qj = Vj+1; Rj = Hj+1,j)

6. EndDo

The blocks V1, V2, ..., Vm constructed by the algorithm have their columns mu-

tually orthogonal provided that the upper triangular matrices Hj+1,j are of

maximum rank and this will be assumed in this paper. If Hj+1,j = 0p×p then

Kj(A, V1) is invariant under A.

Let Hk denote the block upper Hessenberg matrix whose nonzero blocks Hi,j

are obtained by block Arnoldi algorithm and Vk = [V1, V2, ..., Vk]. Also, Ĥk, is

the same as Hk except for an additional row block whose only nonzero element

is Hk+1,k in the (k +1, k) position. Thus, from the block Arnoldi algorithm we

deduce the following relations

AVk = VkHk + Vk+1Hk+1,kE
T
k , k < m,

Hm = VT
mAVm, VT

mVm = Imp, k = m,

where Ek consists of the last pk columns of the nk by nk identity matrix Ink
.

Also,

AVk = Vk+1Ĥk.

The parameters pk and nk computed by algorithm in order to keep track of the

partitioning of the matrices Vk and Hk. Specifically, Vk is an n×nk matrix and

Hij is pi by pj matrix. If we attempt to run k > m steps of Algorithm 2, then it

terminates normally after k = m steps. We will use Hm and Vm to define a set

of matrices {Vj}∞j=1 and {H̄j}∞j=1 as follows. Let for j < m, Vj = Vm(:, 1 : nj)

and H̄j = Hj(1 :, nj+1, 1 : nj). Also, for j ≥ m, Vj = Vm and H̄j = Hm. Then,

AVj = VjH̄j , j = 1, 2, ....

This type of factorization allows us to do induction on j without concerning

ourselves with whether j < m or j ≥ m. This simplifies the analysis of algo-

rithms such as conjugate gradient, where we might be interested in executing

more than m iterations.

Theorem 1. Let A, E, G, nj and Vj be as in above. Then there exist nj by

nj matrices Πj, such that the vectors uj computed by applying Algorithm 1

to the matrix Ã, and the vector g̃ satisfy

uj = vec(VjΠjVT
j ).
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Proof : Let β =‖ g̃ ‖2 . Initially, the block Arnoldi algorithm does a rank

revealing QR decomposition of G,

GP = [Q̂1 Q̂2]

[
R11 R12

0 0

]
,

where P is a permutation matrix, from which it follows

GGT = Q̂1(R11R
T
11 + R12R

T
12)Q̂

T
1 .

since V1 = Q̂1 by definition, we see that

u1 = g̃/β = vec(GGT )/β = vec(V1Π1VT
1 )

provided we choose

Π1 = (R11R
T
11 + R12R

T
12)/β.

It is clear that Π1 is a symmetric n1 by n1 matrix. Thus the theorem is true

for i = 1. Now, suppose that the statement is true for i = 1, 2, ...j. By the

Arnoldi algorithms and properties of the Kronecker product

wj = Ãuj = (A ⊗ E + E ⊗ A)uj =

(A ⊗ E)uj + (E ⊗ A)uj = (A ⊗ E)vec(VjΠjVT
j ) + (E ⊗ A)vec(VjΠjVT

j ) =

vec(AVjΠjVT
j ET + EVjΠjV

T
j AT ) = vec(Vj+1ĤjΠjVT

j ET + EVjΠjĤT
j VT

j+1).

We claim that there exists a nj+1 by nj+1 symmetric matrix Γj such that

wj = vec(Vj+1ΓjVT
j+1). (4)

Since Vj+1VT
j+1 is the orthogonal projection onto the column space of Vj+1,

which includes the column space Vj, thus

Vj = Vj+1VT
j+1Vj,

and we may write

Vj+1ĤjΠjVT
j ET +EVjΠjĤT

j VT
j+1 = Vj+1(ĤjΠjVT

j Vj+1E
T +EVT

j+1VjΠjĤT
j )VT

j+1.

We see that

Γj = ĤjΠjVT
j Vj+1E

T + EVT
j+1VjΠjĤT

j , (5)
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is the choice which satisfies equation (4). Clearly, if Πj symmetric, then Γj is

symmetric. The inner lop of the Arnoldi consists of the linear updates

wj = wj − uihij ,

where hij = uT
i wj, which correspond to the linear updates

Γj = Γj − VT
j+1ViΠiVT

i Vj+1hij . (6)

This observation shows that the compact representation of wj can be main-

tained and if Γj is symmetric before the inner loop, then the final value

of Γj will be symmetric as well. After the inner loop has been computed,

hj+1,j =‖ wj ‖2 is computed and compared to zero. If hj+1,j = 0, then the

algorithm terminates, otherwise

uj+1 = wj/hj+1,j,

which corresponds to

Πj+1 = Γj/hj+1,j,

and we have

uj+1 = vec(Vj+1Πj+1VT
j+1).

This completes the proof. �

3 Compact form of CG method to Eq.(1)

As we know, the generalized Lyapunov matrix equations (1) can be written as

a big linear system of equations

(A ⊗ E + E ⊗ A)vec(X) = vec(GGT ) (7)

where ⊗ denote the Kronecker product, and for each matrix L = [lij ] ∈ Rm×n,

the vector vec(L) is define as following

vec(L) = (l11, ..., lm1, l12, ..., lm2, ..., l1n, ..., lmn)T .

In this section we show that the conjugate gradient algorithm for linear sys-

tems can be adapted to the generalized Lyapunov matrix equations EXAT +

AXET − GGT = 0, written in Kronecker product form

Ãx̃ = g̃, (8)

where

Ã = (A ⊗ E + E ⊗ A), x̃ = vec(X), g̃ = vec(GGT ).
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It is clear that if A and E are symmetric positive definite, then Ã is symmet-

ric positive definite [10]. However, while it is possible to apply the classical

algorithm directly to the equivalent linear system it is not practical to do so,

because of the time and memory requirements which are both O(n2). We state

the classical algorithm as Algorithm 3 for sole purpose of proving Theorem 1.

The tilde superscript is used to emphasize that we are computing in Rn2
rather

than Rn. The conjugate gradient algorithm for obtaining approximate solution

of Eq. (4) as following:

Algorithm 3. Clasical conjugate gradient algorithm for solving Eq. (4)

1. Compute r̃0 = g̃ − Ãx̃0, p̃0 = r̃0

2. For j = 0, 1, ...,until convergence, Do

3. αj = (r̃j , r̃j)/(Ãp̃j, p̃j)

4. x̃j+1 = x̃j + αj p̃j

5. r̃j+1 = r̃j − αjÃp̃j

6. βj = (r̃j+1, r̃j+1)/(r̃j , r̃j)

7. p̃j+1 = r̃j+1 + βj p̃j

8. EndDo

Theorem 2. Let A, E, G, Vj be as in section 2. Then there exist nj by

nj symmetric matrices Rj , Pj , and Xj , such that the vectors computed by

Algorithm 3 are given by

r̃j = vec(VjRjVT
j ), p̃j = vec(VjPjVT

j )

and

x̃j = vec(VjXjVT
j ).

Proof : The proof is by induction on j and follows Algorithm 3 step by step.

It is clear that the statements of the theorem are true for j = 1. From the QR

factorization of G (see the proof of theorem 1)we have

GGT = Q̂1(R11R
T
11 + R12R

T
12)Q̂

T
1 ,

and we can write

R1 = P1 = R11R
T
11 + R12R

T
12,

and

X1 = zeros(n1, n1).

Now assume that the statements of the theorem are true for j ≥ 1. Then,

αj = (r̃j, r̃j)/(Ãp̃j , p̃j) =‖ Rj ‖F /trace(Γ(Pj)
TVT

j+1VjPjVT
j Vj+1)

where we have defined

Γ(Pj) = ĤjPjVT
j ETVj+1 + VT

j+1EVjPjĤT
j .
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Now,

x̃j+1 = x̃j + αj p̃j = vec(VjXjVT
j ) + αjvec(VjPjVT

j ) = vec(Vj(Xj + αjPj)VT
j ),

and we have

Xj+1 = VT
j+1Vj(Xj + αjPj)VT

j Vj+1.

Similarly,

r̃j+1 = r̃j − αjÃp̃j = r̃j − αj(A ⊗ E + E ⊗ A)p̃j = vec(VjRjVT
j )−

αjvec(AVjPjVT
j ET +EVjPjVT

j AT ) = vec(Vj+1(VT
j+1VjRjVT

j Vj+1−αjΓ(Pj)VT
j+1),

and we have

Rj+1 = VT
j+1VjRjVT

j Vj+1 − αjΓ(Pj).

Finally, we have

βj = (r̃j+1, r̃j+1)/(r̃j, r̃j) =‖ Rj+1 ‖F / ‖ Rj ‖F ,

and

p̃j+1 = r̃j+1 + βj p̃j = vec(Vj+1Rj+1VT
j+1) + βjvec(VjPjVT

j ) =

vec(Vj+1(Rj+1 + βjVT
j+1VjPjVT

j Vj+1)),

which yields

Pj+1 = Rj+1 + βjVT
j+1VjPjVT

j Vj+1.

We note, that if Pj is symmetric, then Γ(Pj) is symmetric and the symmetry of

Rj+1, Pj+1, and Xj+1 follows from the symmetry of Rj , Pj, and Xj. We have

shown that the statements of the theorem are true for j + 1, which completes

the proof. �

From the proof of above theorem it is clear that once the matrices Ĥj has

been computed by the block Arnoldi algorithm, then the rest of computation

can be done with small and dense matrices. We formalized this statement in

Algorithm 4.

Algorithm 4. Compact version of conjugate gradient algorithm for Eq.(4)

1. Set X1 = zeros(n1, n1) and compute R1 = P1 = VT
1 GGTV1.

2. For j = 1, 2, ...,until convergence, Do

3. Γ(Pj) = ĤjPjVT
j ETVj+1 + VT

j+1EVjPjĤT
j

4. αj =‖ Rj ‖2
F /trace(Γ(Pj)

TVT
j+1VjPjVT

j Vj+1)

5. Xj+1 = VT
j+1Vj(Xj + αjPj)VT

j Vj+1

6. Rj+1 = VT
j+1VjRjVT

j Vj+1 − αjΓ(Pj)

7. βj =‖ Rj+1 ‖2
F / ‖ Rj ‖2

F

8. Pj+1 = Rj+1 + βjVT
j+1VjPjVT

j Vj+1

9. EndDo
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Table 1: Number of iterations and CPU times to converge for the first set of

examples.

n2 100 400 900 1600 2500

CG 756(0.06) 2164(5.31) 3984(60.3) 5932(298) 8126(978)

CCG 525(0.05) 1512(4.02) 2785(49.5) 4125(221) 6251(635)

4 Numerical Experiments

In this section, we compared the performance of the classical conjugate gra-

dient (CG) algorithm and compact version of conjugate gradient algorithm

(CCG) for solving Eq.(1). All the numerical experiments presented in this

section were computed with some MATLAB codes on a personal computer

Pentium3-800EB MHs. For all the examples, we used the stopping criterion

‖ EXkA
T + AXkE

T − GGT ‖F

‖ GGT ‖F

≤ 10−6,

and the maximum number of iterations allowed set to 10000. For all the

experiments, the initial guess was X0 = 0. The matrix G is defined so that a

true solution of equation (1) is the matrix of all ones. For the first set of our

examples, we used the matrices

A = [(2−t−1)In +diag(1, 2, ..., n)+UT
n ]+ [(2−t−1)In +diag(1, 2, ..., n)+UT

n ]T

and

E = [In + 2−tUn] + [In + 2−tUn]T ,

where Un is the n×n matrix with unit entries below the diagonal and all other

entries zero. The results were reported in Table 1 with different values of n,

i.e., n = 10, 20, 30, 40 and 50. Here, we let t = 1, and p = 10. For the second

set of experiments we used some matrices from Harwell-Boing collection for

the matrix A. Generic properties of these matrices and results are given in

Table 2. Also, the matrix G is defined so that a true solution of equation (1)

is the matrix of all ones. The results which have reported in Table1 and Table

2, shown that all generalized Lyapunov equations were solved in a relatively

small number of iterations by CCG algorithm.

5 Conclusion

As we know, applying Krylov subspace methods directly to Kronecker form of

generalized Lyapunov matrix equations using O(n2) memory and time. Modi-
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Table 2: Generic properties of matrix A, number of iterations and CPU times

to converge for the second set of examples.

Matrix Order Nnz Condition number CG CCG

Bcsstk01 48 224 1.6e+06 † 435(685)

Bcsstm02 66 66 8 466(191) 165(112)

Bcsstk02 66 2211 1.3e+03 † 673(936)

† =no solution has been obtained after 10000 iterations.

fications that reduce the memory requirements of Krylov subspace methods for

solving generalized Lyapunov matrix equations have been investigated. While

the using of the Krylov subspace methods for the Lyapunov matrix equation

is already well understood (a more detail analysis will appear in [18]), we have

only sketch a possible approach for the generalized Lyapunov matrix equations.

In this paper, we have shown that it is possible to reduce this requirements to

O(n) for conjugate gradient method.
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