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Abstract

It is well known that the cubic equation x3 + y3 + z3 = 0 has only triv-
ial solutions in rational integers, but it is less well known that it may
have non-trivial solutions in algebraic integers. The question of find-
ing solutions in quadratic algebraic integers was considered by Fueter
(1913) and successively by many others, practically settling the prob-
lem. Adopting an approach that is mainly elementary, specific forms
of the putative solutions in the ring of a quadratic field F are given,
which depend on the splitting of 3 in F. Furthermore, as a direct conse-
quence of a result of Aigner’s, conditions characterizing quadratic fields
in which the cubic is solvable, or unsolvable, are presented.
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1 Introduction

The cubic homogeneous equation

x3 + y3 + z3 = 0 (1)

has only trivial solutions in rational integers, i.e. solutions such that xyz = 0.
The first known proof of this claim of Fermat’s is due to Euler [13, 21], and uses
a technique based on the unique factorization in the cyclotomic field Q(ζ3),
ζ3 being a root of x2 + x + 1. Elementary proofs have also been given; in
particular, a remarkable proof of Sophie Germain’s exploits the property of
primes p such that 2p + 1 is also prime [15, 27, p.275]. However, most of
the variants of Euler’s proof reported in the literature, see for example [13,
Theorem 227, p.193] or [21, p.129], show the slightly more general result,
that (1) has only trivial solutions in the ring of integers of the quadratic field



3276 M. Elia

Q(ζ3). In this connection, the question of solving (1) in the ring of integers
O� of a quadratic number field arises almost naturally. This question was
extensively considered by Fueter [11, 12], Nagell [22, 23, 24], Manin [18, 19],
Aigner [1, 2, 3], and more recently by [25], and may be considered practically
closed. However, elementary approaches have always exerted a certain appeal,
for instance the interest was recently renewed, almost by chance, by a question
related to Fibonacci number properties [6] and asking for further solutions,

possibly every solution besides (4 + 1+
√

5
2

)3 + (5 − 1+
√

5
2

)3 = 63, of equation

(1) in the ring of integers of the golden section field Q(
√

5). This problem
had already been solved by Aigner [2]; however, the re-proposal arising from
the elementary theory of numbers called for further investigation. In this vein,
adopting an approach which may be regarded as elementary with respect to the
arithmetics in quadratic fields, the next Section collects preliminary notions.
Section 3 presents necessary conditions for the solvability of equation (1) in
the order O� of a quadratic number field F = Q(

√
D), D a square-free rational

integer. Section 4 then presents a way to check whether, in a quadratic field,
the equation (1) has an infinite number of solutions.

2 Preliminaries

The cubic equation (1) identifies an elliptic curve which is isomorphic, via
a linear transformation (bilinear if affine coordinates are used) with rational
coefficients [28, p.35], to an elliptic curve E(Q) with a Weierstrass equation
[28, p.24] of the form

Y 2Z = X3 − 432Z3 . (2)

Thus the problem of finding integer solutions of (1) in a field Q(
√

D) is equiv-
alent to the problem of finding integer solutions of (2) in the same field. Hence
(1) has an infinite number of solutions in O� if and only if the elliptic curve of
equation (2) has Mordell-Weil group of rank at least 1 over F. In particular,
equation (2) has only two rational solutions over Q, namely (12,±36) to which
correspond trivial solutions of (1). The introductory example [6] shows that
(2) over Q(

√
5) has rank at least 1, since it can be easily checked that the

point (8, 4
√

5) of E(Q(
√

5)), which corresponds to the solution (9+
√

5
2

, 9−√
5

2
, 6)

of (1), is not a torsion point. Note that Cremona’s tables [8] shows that the
elliptic curve (2) has rank 1 over Q(

√
5). However, directly looking for integer

solutions over F of (1) yields some non-trivial information on its solvability.
Let {1, α} be an integral basis for F, where α is a root of z2 − D if D =

2, 3 mod 4, or a root of z2 − z − D−1
4

if D = 1 mod 4. The ring of integers O�

of F is Z[α]. The Galois group G�/� = {e, τ} of F with respect to Q is cyclic
of order 2, τ being the group generator. The conjugate τ(z) = a + bτ(α) of
an element z = a + bα is equal to a − bα if D = 2, 3 mod 4, or to (a + b) − bα
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if D = 1 mod 4. Correspondingly, the field norm N�(z) = zτ(z) is equal to
a2 −Db2, if D = 2, 3 mod 4, or a2 + ab− D−1

4
b2, if D = 1 mod 4. If D > 1, the

field F is real, and the elements of Z[α] with norm ±1 are the field units. They
form a group which is the direct product of a torsion group T2 = {1,−1} of
order 2, and an infinite group U of rank 1, which is generated by a fundamental
unit u = a + bα, i.e. a unit with the smallest positive b. If D < 0, the
field F is complex and the units form only a torsion group T2 = {1,−1} of
order 2, with the exceptions of D = −1, in which case the torsion group
T4 = {1,−1, i,−i} has order 4, and of D = −3, in which case the torsion
group T6 = {1,−1, ζ3,−ζ3,−ζ2

3 , ζ
2
3} has order 6. Two integers β, γ ∈ Z[α] are

said to be associated if their ratio β/γ is a unit. It is sometimes convenient
to represent the integers of Z[α] in the form a + b

√
D, where both a and b are

either integers or semi-integers [13, 15].
The following short summary of well-known ideal properties is reported only
because it is instrumental to explain the unusual representation, useful to
expedite some proofs, of the elements in an algebraic number field by means
of ideals.
A principal ideal of F is defined as the set of multiples of an element π ∈ O�

and is denoted as 〈π〉 = {πβ : ∀β ∈ O�}. The multiplication of principal
ideals is simply defined as 〈π〉〈θ〉 = 〈πθ〉. When two integers β and γ have a
common factor that cannot be represented as an element of O� [10, 7], then
the corresponding common factor ideal, written as 〈β, γ〉, is a non-principal
ideal and consists of the set of all linear combinations of β and γ in O� {βα1 +
γα2 : ∀α1, α2 ∈ O�}.
The ring O� = 〈1〉 is a principal ideal that plays the role of product identity.
The product of two ideals a and b in general is defined as ab = {∑i αiβi : ∀αi ∈
a and βi ∈ b, }. An ideal p is called prime when it cannot be written as the
product of two ideals both different from the identity 〈1〉. As was said above,
it may happen that β cannot be factored in O� , although the ideal 〈β〉 can be
decomposed into the product of at least two non-principal ideals as 〈β〉 = bc.
We thus adopt the convention of writing β = bc which can be considered a
representation of β. This notation has the advantage of reminding us, with
some abuse of language, that β is divisible by the ideals (principal or non-
principal) b and c. As regards this notation, it is remarked that, if 〈β〉 = ab
and 〈γ〉 = ac, then 〈β +γ〉 = af. Thus the following manipulation is consistent
with β + γ = ab + ac = a(b + c) = af, where the meaningless sum b + c

of ideals simply indicates that the factorization of the principal ideal 〈β + γ〉
contains, besides the common factor a of β and γ, an ideal f.
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3 Main theorem

The following theorem gives necessary conditions for the solvability in O� of
the cubic equation (1).

Theorem 1. Let F = Q(
√

D) be a quadratic field (|D| �= 3), and let a + b
√

D
denote an element of O� , where a and b may both be semi-integers. Let K =
Q(

√
D, ζ3) be a quartic field that contains both F and Q(ζ3) as subfields, and

let G� be its Galois group. The solutions of ξ3 + η3 + ζ3 = 0 in O� necessarily
satisfy the following different conditions, for different splitting of 3 in K:
i) If 3 fully splits in K, i.e. 〈3〉 = p2τ(p)2 with p possibly non-principal, and
3 |/ D, then

ζ = a + b
√

D with a + b = 0 mod 3, and ξ + η = 0 mod p .

ii) If 3 has inertia degree 2 in K, then

ζ = 0 mod 3, and ξ + η = 0 mod 9 .

iii) If 3|D, then 3 ramifies in F, i.e. 〈3〉 = t2 with t possibly non-principal,
then

ζ = 0 mod t, and ξ + η = 0 mod t .

Proof. The Galois group G� = {1, τ, σ, τσ} is isomorphic to the Klein vier-
gruppe, and we may assume that G�(ζ3 ) = {1, σ} and G� = {1, τ} are the
Galois groups of Q(ζ3) and F, respectively. The rational number 3 ramifies in
K with ramification index 2 or 4, depending on whether 3 is a factor of D or
not. If 3 is not a factor of D, the inertia index of the prime factors of 3 in
O� is 1 or 2, depending on whether D is a quadratic residue or a quadratic
non-residue modulo 3.
In the proofs of i), ii) and iii), it is not restrictive to suppose that ξ, η, and ζ
have no common factor ν, for otherwise ν could be divided out.

i) Since 3 is not a factor of D, and fully splits in K, then D is a quadratic
residue modulo 3, and we have

√
D = ±1 mod 3. Furthermore, it is easily seen

that 3 = −ζ2
3 (1 − ζ3)

2, thus we have the factorization of ideals

〈3〉 = 〈1 − ζ3〉2 = p2τ(p)2 ,

where p and τ(p) are conjugate prime ideals of K-norm equal to 3, which are
relatively prime and may be non-principal. Therefore, the Chinese remainder
theorem implies

√
D = ±1 mod p2 [5, 20], thus every element of O� , and a

fortiori every element of O� , is congruent to 0, 1, or −1 modulo p.
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Assume that ξ, η, and ζ are not divisible by p, then necessarily they are
congruent ±1 modulo p; equivalently they are of the form ±1 + pb. Since

(±1 + pb)3 = ±1 + 3pb ± 3p2b2 + p3b3 = ±1 + p3B ,

we have ξ3 + η3 + ζ3 = ±1 ± 1 ± 1 = 0 mod p3. This relation is impossible
because neither 1 nor 3 is divisible by p3. It follows that at least one of the
three variables, let us say ζ , is divisible by p, thus ξ3 + η3 = 0 mod p3, which
in turn implies ξ + η = 0 mod p. Furthermore, writing ζ = a + b

√
D, we have

a + b = 0 mod p, since it is not restrictive to assume that
√

D = 1 mod p, and
consequently a + b = 0 mod 3, because a and b are rational integers.

ii) Since 3 is assumed to be inert in F, and ξ3 + η3 + ζ3 = (ξ + η + ζ)3 mod 3,
we have 0 = ξ3 + η3 + ζ3 = ξ + η + ζ mod 3, hence ζ = −ξ − η + 3μ, thus, in
O� we have

0 = ξ3 + η3 + ζ3 = −3ξη(ξ + η) + 9μ(ξ + η)2 − 27μ2(ξ + η) + 9μ3 .

Considering this expression modulo 9, it follows that ξη(ξ +η) = ξηζ = 0 mod
3, and therefore one of the three relatively prime elements, say ζ , is a multiple
of 3, so that ξ3 + η3 = 0 mod 27. Finally, using the identity ξ3 + η3 = (ξ +
η)3−3ξη(ξ +η), we conclude that ξ +η = 0 mod 9, since ξ and η are relatively
prime with 3.

iii) Since 3|D, the ideal 〈3〉 factors as 〈3〉 = 〈1 − ζ3〉2 = q4 in K, where the
prime ideal q has ramification index 4, K-norm equal to 3, and may be a non-
principal ideal. The quotient field O� /q is isomorphic to GF (3). Furthermore,
3 ramifies also in F, and we have 〈3〉 = t2, where t is a prime ideal of F-norm
equal to 3 with quotient field O�/t isomorphic to GF (3). Assuming that ξ, η,
and ζ are not divisible by t, they are congruent to ±1 modulo t, i.e. they are
of the form ±1 + tb. Furthermore, modulo t we have

ξ3 + η3 + ζ3 = ξ + η + ζ = ±1 ± 1 ± 1 = 0 mod t ,

since ±1 ± 1 ± 1 is either ±1 or ±3, and 1 is not divisible by t, necessarily ξ,
η, and ζ are of the form 1+ tbξ, 1+ tbη, and 1+ tbζ, respectively. Substituting
in (1), we have

ξ3 + η3 + ζ3 = 3 + 3t(bξ + bη + bζ) + 3t2(b2
ξ + b2

η + b2
ζ) + t3(b3

ξ + b3
η + b3

ζ) = 0 ,

which, given that t2 = 3u with u an F-unit, implies

1 + t(bξ + bη + bζ) + t2(b2
ξ + b2

η + b2
ζ) + tu(b3

ξ + b3
η + b3

ζ) = 0

which is clearly impossible, because 1 is not divisible by t. Hence at least
one of ξ, η, and ζ is divisible by t. Assuming ζ = ζot is divisible by t, we
may write ξ3 + η3 + t3ζ3

o = 0, which implies ξ3 + η3 = 0 mod t3, and in turn
ξ + η = 0 mod t. This concludes the proof.
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�

4 The cubic equation (A+Bα)3 +(A+Bτ (α))3 =

E3

The search for quadratic fields Q(
√

D) where the equation x3 +y3 +z3 = 0 has
solutions in the ring of integers O� is facilitated by Theorem 1. The form of
the solutions, if any, depends on the quadratic character of D modulo 3. If D
is a quadratic residue modulo 3, the solutions have the form x = ξ, y = η, and
z = a+b

√
D, with a+b = 0 mod 3 and ξ+η = 0 mod p, with ξ and η relatively

prime with 3. If D is a quadratic non-residue modulo 3, the solutions have the
form x = ξ, y = η, and z = 3ζ , with ξ and η relatively prime with 3 and such
that ξ + η = 0 mod 9. Furthermore, multiplying the equation ξ3 + η3 = −ζ3

by τ(ζ) we obtain an equations of the form

(A + B
√

D)3 + (C + D
√

D)3 = (3E)3 A, B, C, D, E ∈ Z . (3)

This equation was considered by Fueter [12] as a simpler case, and Aigner
[1] proved that we may restrict the search to equations of this form for any
D = ±1 mod 3, that is

(A + Bα)3 + (A + Bτ(α))3 = E3 A, B, E ∈ Z . (4)

Actually, equation (4) is a Diophantine cubic equation over Z; its solutions are
characterized by the following theorem directly deducible from the results of
Aigner [1]. A similar result, but with a slightly different aim can be found in
[25].

Theorem 2. The Diophantine cubic equation (A+Bα)3+(A+Bτ(α))3 = E3

has an infinite number of integer solutions if and only if the elliptic curve of
equation Y 2 = X3 − 2(6D)3 has rank greater than or equal to 1 over Q.

Proof. Expanding equation (4), we get two forms depending on the residue
class of D modulo 4:

{
2A3 + 6DB2A − E3 = 0 if D = 2, 3 mod 4

2A3 + 3BA2 + 3(D+1)
2

B2A + 3D+1
4

B3 − E3 = 0 if D = 1 mod 4 .
(5)

Each equation defines an elliptic curve in homogeneous coordinates, whose
number of solutions depends on the rank. Both expressions in (5) represent
elliptic curves whose standard inhomogeneous equations can be written in the
same standard form. We have
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D = 2, 3 mod 4. In affine coordinates x = A/E and y = B/E, the cubic
equation (5) assumes the form 2x3 +6Dy2x−1 = 0, which, performing
the substitutions x = 6D

X
, and y = Y

6DX
, takes the standard form

Y 2 = X3 − 2(6D)3 . (6)

Any rational solution has the form Y = V
N3 and X = U

N2 . Performing all
the substitutions in reverse order, and defining d = gcd{(6D)2D3, V, 6NDU},
the solutions of (4) take the form

⎧⎨
⎩

A = (6D)2N3

d

B = V
d

E = 6DNU
d

D = 1 mod 4. In affine coordinates x = A/E and y = B/E, the cubic
equation (5) assumes the form

2x3 + 3yx2 +
3(D + 1)

2
y2x +

3D + 1

4
y3 − 1 = 0 , (7)

which may be rewritten as (2x + y)3 + 3 Dy2(2x + y)− 4 = 0. Thus, the
substitution U = 2x + y leads to U3 + 3Dy2U − 4 = 0, and finally, the
substitutions U = 12D

X
and y = Y

3DX
(7) yield the form (6). Performing

all these substitutions in reverse order, and defining d = gcd{2(6D)2 −
2V, 2V, 6DNU}, the solutions of (4) take the form

⎧⎨
⎩

A = 2 (6D)2−V
d

B = 2V
d

E = 6DNU
d

�

From Cremona’s Tables [8] it is seen, for example, that the rank of the elliptic
curve (6) is equal to 1 for D = 2,−2, 5, 11, 15, 17 and 33, and is equal to 0
for D = ±3, 7, 13, and 19. Thus, the cubic equation x3 + y3 = z3 has an
infinite number of solutions in Q(

√
2), Q(

√−2), Q(
√

5), Q(
√

11), Q(
√

15),
Q(

√
17), Q(

√
33), and has only trivial solutions in Q(

√±3), Q(
√

7), Q(
√

13),
and Q(

√
19). Initial solutions, for D = 2,−2, 5, 11, 15, 17, and 33 are reported

in Table 1, represented in the field integral basis. The two solutions for D = 15
and D = 33 have a common factor, which is a non-principal ideal in the case
of D = 15, and the principal ideal 〈6−√

33〉 in the case of D = 33. In general,
when 3 is a factor of D, as a consequence of Theorem 1, the common divisor in
any solution (ξ, η, ζ) cannot be avoided if E = ζ is requested to be a rational
integer.
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D A B E
2 18 17 42
−2 2 1 −2
5 4 1 6
11 246924 168275 789222
15 12 43 126
17 −91 254 390
33 11 2 18

Table 1: Fields Q(
√

D) where the cubic has an infinity of solutions

The problem mentioned in the introduction, concerning equation (1) in the
golden section field F = Q(

√
5), is solved by a Diophantine equation obtained

setting D = 5 in (7). The corresponding non-homogeneous cubic equation in
standard form

Y 2 = X3 − 54000 , (8)

defines an elliptic curve of rank 1, with the group of rational points generated
by the point P = (40, 100), see [8]. The coordinates X2 = 496, Y2 = −11044 of
a second point on (8) are obtained using the duplication formulas for the elliptic
curves in standard form (a method already known to Diophantus [4, 14]), the

corresponding solution of (1) is x = 1493 − 2761 1+
√

5
2

, y = 1493 − 2761 1−√
5

2
,

and z = 1860. It is immediate to check that, in accordance with the case ii)
of Theorem 1, when 3 is inert, we have x + y = 0 mod 9 and z = 0 mod 3.
In this paper, we have used mainly elementary methods, (insofar as Kummer-
Dedekind’s notion of ideal numbers and ideals may be considered elementary),
thus obtaining limited conclusions. With regard to the general problem of
deciding in which quadratic fields the Fermat cubic equation admits of an
infinite number of solutions, many questions are still unsettled. However, from
a computational point of view, Theorem 2 connects the solvability of (1) in a
quadratic field Q(

√
D), for any square-free D, to the rank of an elliptic curve

over the rationals.
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[11] R. Fueter, Über kubische diophantische Gleichungen. S.-B. Heidelberger,
Akad. Wiss., 4A, no. 25 (1913).
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