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Abstract

Al-Hussaini and Ateya [3−4] obtained the maximum likelihood and
Bayes estimates of the parameters, reliability function (rf) and hazard
rate function (hrf) of a mixture of two components of truncated type I
generalized logistic distribution, TTIGL(β, γ, α), with location param-
eter β, scale parameter γ and shape parameter α, when the location
parameters are equal to zero, when the scale parameters are assumed
to be known and when the shape parameters are assumed to be known.

In this paper, the maximum likelihood estimates (MLE′s) of the
parameters, rf and hrf of a finite mixture of TTIGL(0, γ, α) are ob-
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tained, in case of Type-I and Type-II censored samples, using the EM
algorithm assuming that the location parameters are equal to zero and
all other parameters are unknown

Mathematics Subject Classification: 62F10; 62F15; 62N01; 62N02

Keywords: Logistic distribution, maximum likelihood estimation, the
EM algorithm, mixture models, Type-I censoring, Type-II censoring

1 Introduction

The logistic distribution is one of the oldest growth models. It has been used
to describe population as well as organismic growths. Over the last 150 years,
considerable research has been carried out regarding the theory, methodology,
and applications of the logistic distribution. Early references to the use of the
logistic distribution as a growth model are by Verhulst [15 − 16]. The use of
the curve for economic demographic purposes has been very popular since the
end of the nineteenth century. The logistic distribution was given its present
name by Reed and Berkson [14].

The truncated logistic distribution plays a role in a variety of applications,
as has been mentioned by Kjelsberg[11]. Balakrishnan [7], defined the half
-logistic distribution and suggested its use as a lifetime model. Also, the type
I generalized logistic distribution has many applications in the theoretical and
the practical fields.

The book by Balakrishnan [8] covers the logistic distribution in many of its
aspects starting from the history, properties, developments and applications
up to the most recent research done in the subject matter, to the date of the
book’s publication.

Motivated by the fact that a random variable which represents the life-
time of a component is positive, AL-Angary [1] introduced a truncated type
I generalized logistic distribution (TTIGL). Ateya [5] proved that any finite
mixture of truncated type I generalized logistic distributions is identifiable and
Al-Hussaini and Ateya [3−4] obtained the maximum likelihood and Bayes es-
timates of the parameters, rf and hrf of a mixture of two components of
truncated type I generalized logistic distribution as mentioned in the abstract.
Ateya and Ahmad [6] studied the estimation and prediction problems based on
a doubly truncated sample of generalized order statistics from TTIGL(0, γ, α).
For details and applications, see AL-Angary [1] and AL-Hussaini, et al [2].

One reason for truncation at β is that, in industry, we sometimes require
a minimum time β before which no failure occurs. This minimum time β
is known as the guarantee time. Another use for truncation at β > 0 is in
epidemiological or biomedical applications where β may represent the latent
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period of some disease. For example, in cancer research problems, β is regarded
as the time elapsed between first exposure to carcinogen and the appearance
of tumer.

A random variable T is said to have a finite mixture of truncated type
I generalized logistic distributions with parameters θj = (βj , γj, αj) , j =
1, 2, ..., k, if its probability density function (pdf) is given by

fΘ(t) =
k∑

j=1

pjfj(t; θj), (1.1)

where θ = (θ1, θ2, ..., θk, p1, ..., pk) and for j = 1, 2, ..., k, θj = (βj , γj, αj),

fj(t; θj) =
αj

γj(1 − 2−αj )
exp[−(t − βj)/γj]{1 + exp[−(t − βj)/γj]}−(αj+1),

t > βj , (βj ≥ 0, γj > 0, αj > 0), pj ≥ 0,

k∑
j=1

pj = 1.

(1.2)

In our study we will take β = 0, then the vector of parameters will be θj =
(γj, αj).
For a value ti of the random variable T , let⎧⎪⎪⎨

⎪⎪⎩
wji = 1 + e

− ti
γj ,

εji(ti, θ�) = 1 − w
−αj

ji ,

ηji(ti, θ�) =
w

−αj−1

ji (wji−1)

εji(ti,��)
.

(1.3)

So, (1.2) , rf and hrf can be written in the forms (with β = 0)

fj(ti, θ�) =
αj

γj
(1 − 2−αj )−1 εji(ti, θ�) ηji(ti, θ�), ti > 0, (γj, αj > 0),

(1.4)

Rj(ti, θ�) = (1 − 2−αj )−1 εji(ti, θ�), (1.5)

h(ti, θ�) =
αj

γj

ηji(ti, θ�). (1.6)
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In the next sections we will write εji, ηji instead of εji(ti, θ�), ηji(ti, θ�) in the
following cases
εj0, ηj0 instead of εji(t0, θ�), ηji(t0, θ�),
ε0
j0, η

0
j0 instead of εji(t0, θ

0
�
), ηji(t0, θ

0
�
),

ε0
ji, η

0
ji instead of εji(ti, θ

0
�
), ηji(ti, θ

0
�
),

ε0
jr, η

0
jr instead of εji(tr, θ

0
�
), ηji(tr, θ

0
�
),

εjr, ηjr instead of εji(tr, θ�), ηji(tr, θ�).

2 Maximum Likelihood Estimation Based On Type-I

Censored Sample

Suppose that we have n items from a finite mixture of TTIGL(0, γj, αj), j =
1, 2, ..., k, components. All items are put on a life testing experiment. Suppose
that r units have failed during the interval (0, t0) and (n − r) units are still
active, where t0 is a predetermined time. Let T1, ..., Tn be a random sample
from the mixed population. The exact lifetime of an item will be observed
only if Ti ≤ t0, i = 1, 2, ..., n. This is known as Type-I censored sample. The
likelihood function based on Type-I censored sample, see Lawless[12], may be
written as

L(θ| t) =

n∏
i=1

[fΘ(ti)]
δi[RΘ(t0)]

1−δi , (2.1)

where fΘ(ti) is defined in (1.1) after replacing t and β by ti and zero respec-
tively,

RΘ(t0) =

k∑
j=1

[pjRj(t0; θ�)], (2.2)

Rj(t0; θ�) is given from (1.5) after replacing ti by t0,

t = (t1, t2, ..., tn), (2.3)

and δi is an indicator function, given by

δi =

{
1, Ti ≤ t0,

0, Ti > t0.
(2.4)

The natural logarithm of (2.1) is given by

log[L(θ| t)] =
n∑

i=1

[
δi log [fΘ(ti)] + (1 − δi) log [RΘ(t0)]

]
. (2.5)
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It is well known that the maximum likelihood estimate of the vector of param-
eters θ is the value which maximizes the log-likelihood function in equation
(2.5). We can see that the log-likelihood function is difficult to maximize
because it contains the log of the sum.

The EM algorithm,suggested by Dempster, et al [9] as explained by McLach-
lan and Krishnan [13], makes use of the concept of missing data. In this case,
the missing data is the knowledge of which group each observation in the sam-
ple comes from. These missing data can be represented by the random vector
Z = (Z1, ..., Zn), where Zi = (Zi1, ..., Zik), i = 1, 2, ..., n and

Zij =

{
1 if Ti belongs to groupj,

0 otherwise.

Based on T = (T1, T2, ..., Tn) and Z, the complete data likelihood function will
be in the form

LC(θ| t, z) =

n∏
i=1

k∏
j=1

{[
pj fj(ti; θj)

]zij δi
[
pj Rj(t0; θj)

]zij(1−δi)}
. (2.6)

The EM algorithm consists of two steps:
the E-step requires the calculation of Q(θ, θ0) = Eθ0 [log LC(Θ|T )], where θ0

is an initial value,
the M-step requires to maximize the function Q(θ, θ0) to obtain the maximum
likelihood estimate of θ.
In our mixture model, the E- and M- steps can be summarized as follows:
E-step:- The function Q(θ, θ0) can be written in the form

Q(θ, θ0) =

n∑
i=1

k∑
j=1

[
log(pj) Eθ0[Zij |Ti = ti] + δi log[fj(ti; θj)] Eθ0 [Zij|Ti = ti] +

(1 − δi) log[Rj(t0; θj)] Eθ0 [Zij |Ti = t0]

]
,

(2.7)

where

Eθ0 [Zij|Ti = ti] =

⎧⎨
⎩

p0
j fj(ti;�

0
j )

�k
l=1[p

0
l fl(ti;�

0
l )]

, ti < t0
p0

j Rj(ti;�
0
j )

�k
l=1[p

0
l Rl(ti;�

0
l )]

, ti = t0.
(2.8)

M-step:- Maximizing the function Q(θ, θ0) and for j = 1, 2, ..., k, we get

p̂j =
1
n

[ n∑
i=1

(
δi p

0
jfj(ti,θ0

� )∑k
l=1[p

0
l fl(ti;θ0

l )]
+

(1 − δi) p0
j Rj(t0;θ0

j)∑k
l=1[p

0
l Rl(t0;θ0

l )]

)]
, (2.9)
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θ̂j = argmax
�j

[ n∑
i=1

(
δi p0

j fj(ti;θ0
j ) log(fj(ti;θj))∑k

l=1[p
0
l fl(ti;θ0

l )]
+

(1 − δi) p0
j Rj(t0;θ0

j) log(Rj(t0;θj))∑k
l=1[p

0
l Rl(t0;θ0

l )]

)]
.

(2.10)

Substituting from (1.4) and (1.5) in (2.9) and (2.10) we get

p̂j =
1
n

[ n∑
i=1

(
δi p0

jα
0
j (γ

0
j )−1(1 − 2−α0

j )−1ε0
jiη

0
ji∑k

l=1[p
0
l α

0
l (γ

0
l )−1(1 − 2−α0

l )−1ε0
liη

0
li)]

+
(1 − δi) p0

j (1 − 2−α0
j )−1ε0

j0∑k
l=1[p

0
l (1 − 2−α0

l )−1ε0
l0]

)]
,

(2.11)

θ̂j = argmax
�j

[ n∑
i=1

(
δi p0

jα
0
j (γ

0
j )−1(1 − 2−α0

j )−1ε0
jiη

0
ji log[αj(γj)−1(1 − 2−αj )−1εjiηji]∑k

l=1[p
0
l α

0
l (γ

0
l )−1(1 − 2−α0

l )−1ε0
liη

0
li)]

+
(1 − δi) p0

j (1 − 2−α0
j )−1ε0

j0 log[(1− 2−αj )−1εj0]∑k
l=1[p

0
l (1 − 2−α0

l )−1ε0
l0]

)]
.

(2.12)

3 Maximum Likelihood Estimation Based On Type-II
Censored Sample

Assume that we put n items from a finite mixture of TTIGL(0, γj , αj), j = 1, 2, ..., k,
components in a life testing experiment. Instead of continuing until all n items have
failed, the experiment is terminated at the time of the rth item failure. Such test
can save time and money, since it could take a very long time for all items to fail.

Suppose that T(1) < T(2) < ... < T(r) is a censored sample of size r obtained
from a life test on n items (Type-II censored sample) whose life times have a finite
mixture of TTIGL(0, γj , αj), j = 1, 2, ..., k.
The likelihood function based on Type-II censored sample, see Lawless [12], is given
by

L(θ| t) =
n!

(n − r)!

[ r∏
i=1

fΘ(ti)
][

RΘ(tr)
]n−r

. (3.1)

This likelihood can be also written in the form

L(θ| t) =
n!

(n − r)!

n∏
i=1

[fΘ(ti)]δi [RΘ(tr)]1−δi , δ1 = ... = δr = 1, δr+1 = ... = δn = 0.

(3.2)

The natural logarithm of (3.1) is given by

log[L(θ| t)] = log
{

n!
(n − r)!

}
+

n∑
i=1

[
δi log [fΘ(ti)] + (1 − δi) log [RΘ(tr)]

]
.

(3.3)
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The maximum likelihood estimate of the vector of parameters θ is the value which
maximize the log-likelihood function in (3.3). Since the log-likelihood function con-
tains the log of the sum so that it will be difficult to maximize .

Using the same missing data represented by the random vector Z = (Z1, ...,Zn),
where Zi = (Zi1, ..., Zik), i = 1, 2, ..., n, which defined in the previous case, the
complete data likelihood function will be in the form

LC(θ| t, z) =
n!

(n − r)!

n∏
i=1

k∏
j=1

[
pj fj(ti;θj)

]zij δi
[
pj Rj(tr;θj)

]zij(1−δi)

. (3.4)

The E- and M- steps can be summarized as follows:
E-step:- The function Q(θ,θ0) is in the form

Q(θ,θ0) = log
{

n!
(n − r)!

}
+

n∑
i=1

k∑
j=1

[
log(pj) Eθ0[Zij |Ti = ti] +

δi log[fj(ti;θj)] Eθ0 [Zij|Ti = ti] + (1 − δi) log[Rj(tr;θj)] Eθ0 [Zij|Ti = tr]
]
,

(3.5)

where

Eθ0 [Zij |Ti = ti] =

⎧⎪⎨
⎪⎩

p0
j fj(ti;�

0
j )

�k
l=1[p

0
l fl(ti;�

0
l )]

, ti < tr

p0
j Rj(ti;�

0
j )

�k
l=1[p

0
l Rl(ti;�

0
l )]

, ti = tr.
(3.6)

M-step:- Maximizing the function Q(θ,θ0) and for j = 1, 2, ..., k, we get

p̂j =
1
n

[( r∑
i=1

p0
j fj(ti;θ0

j)∑k
l=1[p

0
l fl(ti;θ0

l )]

)
+

(n − r) p0
j Rj(tr;θ0

j )∑k
l=1[p

0
l Rl(tr;θ0

l )]

]
, (3.7)

θ̂j = argmax
�j

[( r∑
i=1

p0
j fj(ti;θ0

j) log(fj(ti;θj))∑k
l=1[p

0
l fl(ti;θ0

l )]

)
+

(n − r) p0
j Rj(tr;θ0

j) log(Rj(tr;θj))∑k
l=1[p

0
l Rl(tr;θ0

l )]

]
.

(3.8)

Substituting from (1.4) and (1.5) in (3.7) and (3.8) we get

p̂j =
1
n

[ r∑
i=1

(
p0

jα
0
j (γ

0
j )−1(1 − 2−α0

j )−1ε0
jiη

0
ji∑k

l=1[p
0
l α

0
l (γ

0
l )−1(1 − 2−α0

l )−1ε0
liη

0
li)]

)
+

(n − r) p0
j (1 − 2−α0

j )−1ε0
jr∑k

l=1[p
0
l (1 − 2−α0

l )−1ε0
lr]

)]
,

(3.9)
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θ̂j = argmax
�j

[ r∑
i=1

(
p0

jα
0
j (γ

0
j )−1(1 − 2−α0

j )−1ε0
jiη

0
ji log[αj(γj)−1(1 − 2−αj )−1εjiηji]∑k

l=1[p
0
l α

0
l (γ

0
l )−1(1 − 2−α0

l )−1ε0
liη

0
li)]

)
+

(n − r) p0
j(1 − 2−α0

j )−1ε0
jr log[(1− 2−αj )−1εjr]∑k

l=1[p
0
l (1 − 2−α0

l )−1ε0
lr]

]
.

(3.10)

The E- and M-steps, in our two cases, are alternated repeatedly until the difference
L(θs+1| t)−L(θs| t) changes by an arbitrary small amount in the case of convergence
of the sequence of the likelihood values {L(θs| t)} to get the maximum likelihood
estimate of θ, denoted by θ̂.

4 Simulation Study

In case of k = 2, we can write p1 = p, p2 = 1 − p, then the vector of all parameters
will be in the form θ = (p, γ1, γ2, α1, α2).
For different populations and different values of t0 and r we follow the following
steps:

1. Making use of the vector of actual parameters θ = (p, γ1, γ2, α1, α2), generate
random samples from a population whose pdf is given by (1.1) with different
sizes (30, 40, 50) as follows:

• Generate U1 and U2 from the uniform distribution U(0, 1).

• If U1 < p,
T = −γ1 log[(2α1 + (1 − 2−α1) U2)−1/α1 − 1], otherwise
T = −γ2 log[(2α2 + (1 − 2−α2) U2)−1/α2 − 1].

2. For a value t0, we consider all values of the random variable T which are less
than or equal t0(Type-I censored sample).

3. Based on this sample and for different values of t0, we can use the EM algo-
rithm to obtain the maximum likelihood estimate of the vector of parameters
θ, denoted by θ̂ as follows

(a) Use the vector of the actual parameters as an initial vector θ0 = (p0, γ0
1 , γ0

2 , α0
1, α

0
2),

(b) compute L(θ0|t),
(c) substituting in (2.11) we get p(1) and solving the maximization problem

in (2.12), using the routine UMINF in the IMSL library, after replacing
p0 by p(1) we get γ

(1)
1 , γ

(1)
2 , α

(1)
1 and α

(1)
2 ,

(d) compute L(θ(1)|t),
(e) substituting by the new vector θ(1) = (p(1), γ

(1)
1 , γ

(1)
2 , α

(1)
1 , α

(1)
2 ) in (2.11)

we get p(2) and solving the maximization problem in (2.12) after replacing
p(1) by p(2) we get γ

(2)
1 , γ

(2)
2 , α

(2)
1 and α

(2)
2 ,
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(f) compute L(θ(2)|t),
(g) repeating these steps until the difference L(θ(�+1)|t)−L(θ(�)|t) will be

a small amount, then θ(�+1) will be the maximum likelihood estimate
of the vector of parameters θ.

4. Based on the sample T(1) < T(2)... < T(r), which is a Type-II censored sample,
we can also use the EM algorithm, as done in case of type-I censoring, to
obtain the maximum likelihood estimate of the same vector of parameters
and for different values of r.

5. According to the invariance principle,the maximum likelihood estimates of
R(t∗;θ) and h(t∗;θ) = f(t∗;�)

R(t∗;�) at some t∗ is the values of these functions at

the maximum likelihood estimates θ̂ of the vector of parameters θ. In other
words R̂(t∗;θ) = R(t∗; θ̂) and ĥ(t∗;θ) = h(t∗; θ̂) .

6. Repeat steps 1-5 (m) times for different samples.

7. If θ̂j is an estimate of θ , based on sample j, j = 1, 2, ...,m, then the average
estimate over the m samples is given by
¯̂
θ = 1

m

∑m
j=1 θ̂j.

8. The mean squared error of θ̂ over the m samples is given by MSE(θ̂) =
1
m

∑m
j=1(θ̂j − θ)2.

9. From 7 and 8 we computed the average estimates and the mean squared errors
of all parameters and functions.

In our study, we consider 2 populations, presented in Table (1), such that one is
unimodal and the other is bimodal.

Table 1: Two Populations and Sample Sizes.
Population Population Parameters Sample Size

No. Kind θ = (p, γ1, γ2, α1, α2) n
1 Unimodal (0.3, 1.6, 2.0, 2.5, 4.5) 30, 40, 50
2 Bimodal (0.5, 0.9, 0.9, 1.3, 13.0) 30, 40, 50

In Tables (2)-(5), all parameters, R(t∗) and h(t∗) are estimated based on Type-I
censored samples from each population. In Tables (6)-(9), the same is done based
on Type-II censored samples.

Samples of sizes n = 30, 40, 50 are drawn from each of the populations given
in Table (1) and the number of repetitions (samples) is m =1000. The average
estimates and MSE′s are summarized in Tables (2) − (9). Three censoring values
t0 and r are chosen so as to cover the whole domain of the population in each case.
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Table 2: Average Estimates and Mean Squared Errors of the MLE′s of
γ1, γ2, α1, α2 and p Based on Type I Censored Samples of Different Sizes n,
Censoring Times t0 and m =1000 Repetitions.

Population 1: (p = 0.3, γ1 = 1.6, γ2 = 2.0, α1 = 2.5, α2 = 4.5).
n t0 ¯̂p ¯̂γ1

¯̂γ2
¯̂α1

¯̂α2

MSE(p̂) MSE(γ̂1) MSE(γ̂2) MSE(α̂1) MSE(α̂2)
5.5 0.2819 1.7103 1.8606 2.4104 4.3104

0.0738 0.2793 0.3019 0.3880 0.2859
30 10.0 0.2863 1.6937 1.9101 2.4311 4.3609

0.0529 0.2152 0.2804 0.3018 0.2417
14.0 0.2905 1.6807 1.9317 2.4522 4.4104

0.0497 0.1962 0.2105 0.2807 0.2115
5.5 0.2875 1.6907 1.9033 2.4473 4.4016

0.0683 0.2106 0.2884 0.3218 0.2608
40 10.0 0.2877 1.6851 1.9410 2.4497 4.4133

0.0481 0.1840 0.2153 0.2803 0.2360
14.0 0.2917 1.6404 1.9502 2.4601 4.4425

0.0305 0.1701 0.1848 0.2615 0.2004
5.5 0.2924 1.6419 1.9506 2.4809 4.4373

0.0620 0.1907 0.1955 0.2907 0.2305
50 10.0 0.2936 1.6344 1.9610 2.4910 4.4628

0.0287 0.1304 0.1824 0.2315 0.2031
14.0 0.2982 1.6014 1.9931 2.4991 4.4904

0.0095 0.0918 0.0966 0.2014 0.1825
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Table 3: Average Estimates and Mean Squared Errors of the MLE′s of R(t∗)
and h(t∗) Based on Type I Censored Samples of Different Sizes n, Censor-
ing Times t0 and m =1000 Repetitions. t∗ = 1.3, R(t∗) = 0.84067, h(t∗) =
0.18478.

Population 1: (p = 0.3, γ1 = 1.6, γ2 = 2.0, α1 = 2.5, α2 = 4.5).

n t0
¯̂
R(t∗) ¯̂

h(t∗)
MSE(R̂(t∗)) MSE(ĥ(t∗))

5.5 0.7708 0.1749
0.0107 0.0077

30 10.0 0.7803 0.1753
0.0091 0.0074

14.0 0.7916 0.1762
0.0087 0.0052

5.5 0.7917 0.1759
0.0092 0.0048

40 10.0 0.7931 0.1773
0.0086 0.0041

14.0 0.7980 0.1790
0.0085 0.0036

5.5 0.8205 0.1802
0.0085 0.0025

50 10.0 0.8395 0.1831
0.0074 0.0016

14.0 0.8409 0.1847
0.0069 0.0009



3334 Saieed F. Ateya, Mohamed M. Rizk and Magdy E. El-Adll

Table 4: Average Estimates and Mean Squared Errors of the MLE′s of
γ1, γ2, α1, α2 and p Based on Type I Censored Samples of Different Sizes n,
Censoring Times t0 and m =1000 Repetitions.

Population 2: (p = 0.5, γ1 = 0.9, γ2 = 0.9, α1 = 1.3, α2 = 13.0).
n t0 ¯̂p ¯̂γ1

¯̂γ2
¯̂α1

¯̂α2

MSE(p̂) MSE(γ̂1) MSE(γ̂2) MSE(α̂1) MSE(α̂2)
3.0 0.4815 1.0031 0.9773 0.9816 11.775

0.0093 0.0877 0.0105 0.1904 1.9904
30 5.5 0.4853 0.9811 0.9501 1.1055 11.850

0.0074 0.0522 0.0095 0.1504 1.6310
8.0 0.4904 0.9744 0.9344 1.1748 12.108

0.0070 0.0490 0.0072 0.1022 1.2056
3.0 0.4931 0.9461 0.9455 1.1902 12.220

0.0068 0.0308 0.0060 0.0917 0.9918
40 5.5 0.4944 0.9304 0.9203 1.2049 12.431

0.0059 0.0122 0.0033 0.0522 0.9407
8.0 0.4961 0.9155 0.9185 1.2501 12.729

0.0049 0.0083 0.0014 0.0277 0.9337
3.0 0.4973 0.9166 0.9102 1.2571 12.881

0.0033 0.0075 0.0009 0.0205 0.8702
50 5.5 0.4983 0.9100 0.9088 1.2811 12.904

0.0015 0.0037 0.0006 0.0104 0.8330
8.0 0.4988 0.9021 0.9044 1.3007 12.960

0.0007 0.0019 0.0002 0.0097 0.7911
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Table 5: Average Estimates and Mean Squared Errors of the MLE′s of R(t∗)
and h(t∗) Based on Type I Censored Samples of Different Sizes n, Censoring
Times t0 and m =1000 Repetitions. t∗ = 3.7, R(t∗) = 0.11276, h(t∗) = 1.0051.

Population 2: (p = 0.5, γ1 = 0.9, γ2 = 0.9, α1 = 1.3, α2 = 13.0).

n t0
¯̂
R(t∗) ¯̂

h(t∗)
MSE(R̂(t∗)) MSE(ĥ(t∗))

3.0 0.0922 0.9451
0.0080 0.0713

30 5.5 0.0978 0.9500
0.0069 0.0521

8.0 0.1003 0.9602
0.0054 0.0311

3.0 0.1018 0.9774
0.0044 0.0101

40 5.5 0.1044 0.9850
0.0030 0.0091

8.0 0.1084 0.9940
0.0009 0.0038

3.0 0.1103 0.9916
0.0006 0.0020

50 5.5 0.1123 0.9977
0.0005 0.0011

8.0 0.1126 1.0025
0.0002 0.0008
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Table 6: Average Estimates and Mean Squared Errors of the MLE′s of
γ1, γ2, α1, α2 and p Based on Type II Censored Samples of Different Sizes n,
Censoring Values r and m =1000 Repetitions.

Population 1: (p = 0.3, γ1 = 1.6, γ2 = 2.0, α1 = 2.5, α2 = 4.5).
n r ¯̂p ¯̂γ1

¯̂γ2
¯̂α1

¯̂α2

MSE(p̂) MSE(γ̂1) MSE(γ̂2) MSE(α̂1) MSE(α̂2)
20 0.2795 1.4809 2.1842 2.3818 4.3503

0.0912 1.1044 1.1533 1.0421 1.2215
30 25 0.2804 1.5201 2.1301 2.4073 4.3887

0.0733 0.8407 1.0191 0.9917 1.0211
30 0.2831 1.5401 2.1107 2.4206 4.4081

0.0682 0.5284 0.9918 0.9550 0.9918
25 0.2855 1.5133 2.1691 2.3017 4.3855

0.0613 0.5815 1.4133 0.9671 1.0141
40 30 0.2901 1.5423 2.1337 2.4412 4.4201

0.0586 0.3510 1.2091 0.9410 0.9719
40 0.2941 1.5610 2.1004 2.4610 4.4405

0.0511 0.2177 1.1552 0.9004 0.9331
30 0.2832 1.5520 2.1062 2.4588 4.4091

0.0644 0.2290 1.1008 0.9016 0.9817
50 40 0.2920 1.5809 2.0912 2.4881 4.4522

0.0501 0.1001 0.9775 0.8801 0.8106
50 0.2981 1.5991 2.0117 2.4994 4.4901

0.0210 0.0971 0.8274 0.8341 0.7112
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Table 7: Average Estimates and Mean Squared Errors of the MLE′s of R(t∗)
and h(t∗) Based on Type II Censored Samples of Different Sizes n, Censor-
ing Values r and m =1000 Repetitions. t∗ = 1.3, R(t∗) = 0.84067, h(t∗) =
0.18478.

Population 1: (p = 0.3, γ1 = 1.6, γ2 = 2.0, α1 = 2.5, α2 = 4.5).

n r
¯̂
R(t∗) ¯̂

h(t∗)
MSE(R̂(t∗)) MSE(ĥ(t∗))

20 0.7938 0.1803
0.0173 0.0094

30 25 0.8102 0.1815
0.0130 0.0089

30 0.8217 0.1843
0.0104 0.0073

25 0.8144 0.1822
0.0120 0.0098

40 30 0.8277 0.1833
0.0091 0.0074

40 0.8350 0.1830
0.0087 0.0061

30 0.8316 0.1839
0.0094 0.0075

50 40 0.8377 0.1844
0.0082 0.0035

50 0.8399 0.1848
0.0071 0.0021
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Table 8: Average Estimates and Mean Squared Errors of the MLE′s of
γ1, γ2, α1, α2 and p Based on Type II Censored Samples of Different Sizes n,
Censoring Values r and m =1000 Repetitions.

Population 2: (p = 0.5, γ1 = 0.9, γ2 = 0.9, α1 = 1.3, α2 = 13.0).
n r ¯̂p ¯̂γ1

¯̂γ2
¯̂α1

¯̂α2

MSE(p̂) MSE(γ̂1) MSE(γ̂2) MSE(α̂1) MSE(α̂2)
20 0.4793 0.8709 0.8803 1.2158 12.764

0.1004 0.1318 0.1105 0.2081 1.7510
30 25 0.4805 0.8775 0.8857 1.2409 12.805

0.0975 0.1103 0.1082 0.1804 1.4917
30 0.4861 0.8903 0.8901 1.2628 12.822

0.0910 0.1020 0.0994 0.1711 1.0774
25 0.4802 0.8901 0.8905 1.2491 12.861

0.0982 0.1104 0.0997 0.1882 1.5448
40 30 0.4868 0.8951 0.8917 1.2644 12.907

0.0746 0.0825 0.0904 0.1307 1.2057
40 0.4927 0.8974 0.8955 1.2860 12.964

0.0615 0.0721 0.0819 0.0914 1.0081
30 0.4869 0.8955 0.8944 1.2774 12.914

0.0903 0.0994 0.0871 0.0991 1.3319
50 40 0.4936 0.8977 0.9005 1.2906 12.961

0.0733 0.0813 0.0772 0.0735 1.0912
50 0.4992 0.9004 0.9001 1.2991 12.988

0.0154 0.0644 0.0615 0.0613 0.9189
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Table 9: Average Estimates and Mean Squared Errors of the MLE′s of R(t∗)
and h(t∗) Based on Type II Censored Samples of Different Sizes n, Censoring
Values r and m =1000 Repetitions. t∗ = 3.7, R(t∗) = 0.11276, h(t∗) = 1.0051.

Population 2: (p = 0.5, γ1 = 0.9, γ2 = 0.9, α1 = 1.3, α2 = 13.0).

n r
¯̂
R(t∗) ¯̂

h(t∗)
MSE(R̂(t∗)) MSE(ĥ(t∗))

20 0.1055 0.9774
0.0070 0.0815

30 25 0.1087 0.9806
0.0065 0.0714

30 0.1103 0.9902
0.0032 0.0522

25 0.1095 0.9860
0.0044 0.0719

40 30 0.1102 0.9906
0.0026 0.0522

40 0.1120 0.9936
0.0013 0.0312

30 0.1121 0.9899
0.0030 0.0527

50 40 0.1126 1.0215
0.0011 0.0147

50 0.1128 1.0031
0.0008 0.0084

5 Concluding Remarks

In all cases, observe the following:

1. We choose the values of the population parameters to give us unimodal pop-
ulation and bimodal population.

2. For fixed t0 and r and by increasing the sample size, we get a better estimate
and smaller MSE′s.

3. For fixed sample size and by increasing the censoring values t0 and r, we get
a better estimate and smaller MSE′s.

4. The largest values of t0 and r in each case represent the complete sample case.
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