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Abstract 

  
In this paper we study some fixed results and proved fixed point theorems in 
dislocated quasi-metric spaces. Our results generalize and unify some results of 
Isufati, A. [1], Aage, C. T. and Salunke, J. N. [3], [4] in context of dislocated 
quasi- metric space. 
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1. INTRODUCTION 
 
It is well known that the first important result on fixed points for various type of 
contractive type conditions (rational, irrational, general) in fixed point theory was 
the Banach contraction principle (1922). Since then this celebrated principle has 
been extended and generalized in various ways by putting contractive conditions 
either on the mappings or on the spaces. A comprehensive literature and 
generalization of the same can be found in Rhoades, B [2], Meszaros, J. [8] and in 
books by Singh, S. P. [11] and Smart, D. R. [5]. In 2000, Hitzler, P. and Seda, A.  
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K. [9], [10] introduced the concept of dislocated metric space as a generalization 
of metric spaces where self distances need not to be zero. They generalized 
famous Banach contraction principle in this space. The concept of dislocated 
metric space is very useful in logic programming. In 2005, Zeyada, F. M. et al [7] 
introduced the notion of dislocated quasi- metric space and generalized the result 
of Hitzler, P. and Seda, A. K. in such spaces. The authors there described the 
convergence of sequence in dislocated quasi- metric space and introduced the 
completeness. Recently Isufati, A [1], and Aage, C. T. & Salunke, J. N. [3], [4] 
proved fixed point theorems in dislocated and dislocated quasi-metric spaces. 

The purpose of this paper is to prove fixed point theorems which 
generalize and unify the result of [1] and [3], [4]. 

Before proving our main results we recall definitions and other known 
results that will be needed for framework. 

 
 

2. GENERAL FRAMEWORK 
 
Definition 2.1 [7]: Let X be a non-empty set and let ),0[: ∞→× XXd be a 
function satisfying following conditions : 
(i) 0),(),( == xydyxd  then yx = , 
(ii) ),(),(),( yzdzxdyxd +≤ , for all Xzyx ∈,, . 
Then d is called a dislocated quasi-metric on X and (X, d) is called a dislocated 
quasi–metric (or dq- metric space). If d satisfies ),(),( xydyxd = , then (X, d) is 
called dislocated metric space (or d- metric space). 
Definition 2.2 [7]: A sequence }{ nx in dq – metric space (X, d) is called Cauchy if 

for all 0∈> , Nx ∈∃ 0 , such that 0, xnm ≥∀ , <∈),( nm xxd  or <∈),( mn xxd .  

If above condition is replaced by { }<∈),(),,(max mnnm xxdxxd , the sequence }{ nx  
is dq-metric space (X, d) is called ‘bi’ Cauchy. 
Definition 2.3 [7]: A sequence }{ nx  dq-converges to x if  

0),(lim),(lim ==
∞→∞→ n

n
n

n
xxdxxd  

In this case x is called a dq-limit of nx and we write xxn → . 
Definition 2.4 [7]: A dq-metric space (X, d) is called complete if every Cauchy 
sequence in it is dq-convergent. 
Definition 2.5 [7]: Let (X, d) be a dq-metric space. A map XXf →: is called 

contraction if there exists 10 <≤ λ  such that [ ] ),()(),( yxdyfxfd λ≤ . 

Lemma 2.6 [7]: Every subsequence of dq-convergent sequence to a point 0x  is 

dq-convergent to0x . 

 
Lemma 2.7 [7]: Let (X, d) be a dq-metric space. If XXf →: is a contraction 

function, then )( 0xf n  is a Cauchy sequence for each Xx ∈0 . 
Lemma 2.8 [7]: dq-limits in a dq-metric spaces are unique. 
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Theorem 2.9 [7] : Let (X, d) be a complete dq-metric space and let XXf →: be 
a continuous contraction function. Then f has a unique fixed point. 
Theorem 2.10 [1]: Let (X, d) be complete dq-metric space and let XXT →: be a 
continuous mapping satisfying the following condition :  

 ),(
),(1

)],(1)[,(
),( yxd

yxd

TxxdTyyd
TyTxd βα +

+
+≤  

for all Xyx ∈, , 0, >βα , 1<+ βα . Then T has unique fixed point. 
Theorem 2.11 [1] : Let (X, d) be a complete dq-metric space and let XXT →:  
be a continuous mapping satisfying the following conditions. 
 ),(),(),(),( yxdTxydTyxdTyTxd γβα ++≤  
where γβα ,,  are non negative, which may depends on both x and y, such that sup 

1},:22{ <∈++ Xyxγβα . Then T has unique fixed point. 
Theorem 2.12 [4] : Let (X, d) be a complete dq-metric space and suppose that 
exists non negative constants 321 ,, ααα with 1321 <++ ααα . Let XXf →: be 
continuous mapping satisfying  
 ),(),(),(),( 321 fyydfxxdyxdfyfxd ααα ++≤  

for all Xyx ∈, . Then f has a unique fixed point. 
Theorem 2.13 [3] : Let (X, d) be a complete dq-metric space. If XXT →:  be a 
continuous mapping satisfying { }),(),(),( TyydTxxdTyTxd +≤ α  for all Xyx ∈,  

and 210 <≤ α . Then T has a unique fixed point. 
Theorem 2.14 [3] : Let (X, d) be a complete dq-metric space. Let XXT →:  be a 
continuous generalized contraction. Then T has a unique fixed point. 
 
 
3. MAIN RESULTS 
 
First we prove the following theorem: 
Theorem 3.1 : Let (X, d) be a complete dislocated quasi – metric space, further let 

XXT →: be a continuous mapping satisfies the condition  
 ),(),(),(),( TyydTxxdyxdTyTxd γβα ++≤  

       [ ]),(),( TxydTyxd ++ δ  

         
[ ]

),(1

),(1),(

yxd

TxxdTyyd

+
++ µ  

       
[ ]

),(

),().,(

yxd

TyydTxxdη+   )1.3.........(..........  

for all Xyx ∈, , 0,,,,, >ηµδγβα  and sup 1},:2{ <∈+++++ Xyxηµδγβα . 
Then T has a unique fixed point. 
Proof : Let Xx ∈0 be an arbitary point in X. define a sequence }{ nx in X such that, 

10)( xxT = , 21)( xxT =  ……………… 1)( += nn xxT , …………… 

Replace x by 1−nx  and y by nx  in (3.1), we have,  
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 ),(),( 11 nnnn TxTxdxxd −+ =  

        ),(),(),( 111 +−− ++≤ nnnnnn xxdxxdxxd γβα  

           [ ]),(),( 11 nnnn xxdxxd ++ +−δ  

           
[ ]

),(1

),(1),(

1

11

nn

nnnn

xxd

xxdxxd

−

−+

+
++ µ  

           
),(

),().,(

1

11

nn

nnnn

xxd

xxdxxd

−

+−+η  

     ),(),(),( 111 +−− ++≤ nnnnnn xxdxxdxxd γβα  

          [ ]),(),( 1 nnnn xxdxxd ++ −δ  

          ),(),( 11 ++ ++ nnnn xxdxxd ηµ  

      ),(),(),( 111 +−− ++≤ nnnnnn xxdxxdxxd γβα  

         ),(),( 11 +− ++ nnnn xxdxxd δδ  

         ),(),( 11 ++ ++ nnnn xxdxxd ηµ  

   ),()(),()( 11 +− ++++++≤ nnnn xxdxxd ηµδγδβα  
Therefore, 

 ),(
)(1

),( 11 nnnn xxdxxd −+ +++−
++≤

ηµδγ
δβα

 

       ),( 1 nn xxKd −≤  

where 1
)(1

<
+++−

++=
ηµδγ

δβα
K , or 10 <≤ K . 

Similarly  
 ),(),( 121 −−− ≤ nnnn xxKdxxd  
and  
 ),(),( 12

2
1 −−+ ≤ nnnn xxdKxxd  

continuing this process, we get in general 
 ),(),( 101 xxdKxxd n

nn ≤+  

since 10 <≤ K , as ∞→n , 0→nK . Hence }{ nx  is a dq-Cauchy sequence in X. 

Thus }{ nx  dislocated quasi – converges to some z. Since T is continuous we have, 

 zxxTzT nn === +1lim)(lim)(  

Thus zzT =)( . Hence z is a fixed point of T. 
 
 
 
Uniqueness : Let x be a fixed point of T, i.e. xxT =)( , then by (3.1), we have,  
 ),(),( TxTxdxxd =  
  ),(),(),( xxdxxdxxd γβα ++≤  

     [ ]),(),( xxdxxd ++ δ  
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[ ]

),(1

),(1),(

xxd

xxdxxd

+
++ µ  

     
),(

),().,(

xxd

xxdxxdη+  

i.e. ),()2(),( xxdxxd ηµδγβα +++++≤ ,  
which is true only if 0),( =xxd . 
Since 120 <+++++≤ ηµδγβα  and 0),( ≥xxd . Thus 0),( =xxd  if x is a 
fixed point of T. 
Let x, y be fixed point of T, i.e.  

xTx = , yTy = , 
Then by condition (3.1), we have,  
 ),(),( TyTxdyxd =  
  ),(),(),( yydxxdyxd γβα ++≤  

     [ ]),(),( xydyxd ++ δ  

     
[ ]

),(1

),(1),(

yxd

xxdyyd

+
++ µ  

     
),(

),().,(

yxd

yydxxdη+  

  [ ]),(),(),( xydyxdyxd ++= δα  
Similarly 
 [ ]),(),(),(),( yxdxydxydxyd ++= δα  

Hence ),(),(),(),( xydyxdxydyxd −≤− α , which implies ),(),( xydyxd = . 

Since 10 <≤ α . Again by condition (3.1), we have,  
 ),()2(),( yxdyxd δα +≤ , which gives, 0),( =yxd . Since 120 <+≤ δα , 
further 0),(),( == xydyxd  ⇒  yx = . 
This proves the uniqueness. This completes the proof. 
 
Remarks: In theorem 3.1, 
1. If we put 0==== ηδγβ , we obtain theorem 2.10 [1]. 
2. If we put 0== ηµ , we obtain theorem 2.14 [3]. 
3. If we put 0===== ηµδγβ , we obtain theorem 2.9 [7]. 
4. If we put, 0==== µδγβ , we obtain an important theorem due to  

Jaggi, D. S. [6] in the setting of dislocated quasi-metric spaces. 
 
We now prove the following theorem : 
Theorem 3.2: Let (X, d) be a complete dislocated quasi metric space. Let 

XXT →:  be a continuous self mapping satisfying the condition : 
 ),(),(),(),( TyydTxxdyxdTyTxd γβα ++≤  
    ),(),( TxydTyxd µδ ++   )2.3.........(..........  
for all Xyx ∈, , µδγβα ,,,,  are non negative and  
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sup 1},:22{ <∈++++ Xyxµδγβα . Then T has unique fixed point. 
 
Proof: Let }{ nx  be a sequence in x, defined as follows, for Xx ∈0  arbitary, 

)( 01 xTx = , )( 12 xTx = ………….. )( 1−= nn xTx , )(1 nn xTx =+ , ……..  

Set 1−= nxx  and nxy =  in (3.2), we have,  

 ),(),( 11 nnnn TxTxdxxd −+ =  

   ),(),(),( 111 +−− ++≤ nnnnnn xxdxxdxxd γβα  

      ),(),( 11 nnnn xxdxxd µδ ++ −−  

   ),(),(),( 111 +−− ++= nnnnnn xxdxxdxxd γβα  

      ),(),(),( 111 nnnnnn xxdxxdxxd µδδ +++ +−−  

   ),(),(),( 111 +−− ++≤ nnnnnn xxdxxdxxd γβα  

      ),(),( 11 +− ++ nnnn xxdxxd δδ  

      ),(),( 11 +− ++ nnnn xxdxxd µµ  

   ),()(),()( 11 +− ++++++≤ nnnn xxdxxd µδγµδβα  
Therefore, 

 ),(
)(1

),( 11 nnnn xxdxxd −+ ++−
+++≤
µδγ
µδβα

 

   ),( 1 nn xxKd −≤  

where 
)(1 µδγ

µδβα
++−
+++=K , 10 <≤ K . 

In the same way, we get, 
 ),(),( 121 −−− ≤ nnnn xxKdxxd  

Thus ),(),( 12
2

1 −−+ ≤ nnnn xxdKxxd . 
In general we get 
 ),(),( 101 xxdKxxd n

nn ≤+  

Since 10 <≤ K , as ∞→n , 0→nK . Hence }{ nx is a Cauchy sequence in 
complete dislocated quasi metric space X. Therefore there exists a point 

Xu ∈ such that uxn → . Since T is continuous, so that  

 )(lim)(lim)( nn xTxTuT == uxn == +1lim  

Thus uTu = . Hence u is a fixed point of T. 
 
Uniqueness: Let u, v be fixed point of T, i.e. uTu =  and vTv = . Then by 
condition (3.2), we have, 
 ),(),( TvTudvud =  
       ),(),(),( vvduudvud γβα ++≤  
          ),(),( uvdvud µδ ++  
       ),(),(),(),()( uvdvvduudvud µγβδα ++++≤  )3.3.........(..........  
Now if u is a fixed point of T, then 
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 ),(),( TuTuduud =  
        ),(),(),( uuduuduud γβα ++≤  
           ),(),( uuduud µδ ++  
 ),()(),( uuduud µδγβα ++++≤  
this is true only if 0),( =uud . Since 10 <++++≤ µδγβα , we have, 
 0),( =uud .Similarly  0),( =vvd . 
Now again by (3.2), 
 ),(),()(),( vvduvduvd βδα ++≤ ),(),( vuduud µγ ++  )4.3.........(..........  
Therefore by (3.3) and (3.4) 
 ),(),()(),(),( uvdvuduvdvud −−+≤− µδα  

Which implies ),(),( uvdvud = , Since 1<−+ µδα . 

Again from (3.2), 
 ),()(),( vudvud µδα ++≤ , 
which gives 0),( =vud , Since 1<++ µδα  
further 
 0),(),( == uvdvud  ⇒  vu = . 
Hence fixed point is unique. 
This finishes the proof. 
 
Remarks: In Theorem 3.2, 
1. If we put 0== γβ , we obtain theorem 2.11 [1]. 
2. If we put 0== µδ , we obtain theorem 2.12 [4]. 
3. If we put γβ =  and 0=== µδα , we obtain theorem 2.13 [3]. 
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