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Abstract

In this paper, we introduce the notion of fuzzy congruence triple on
a completely simple semigroup, and use it to characterize fuzzy congru-
ence on a completely simple semigroup. We also find a minimal element
and a maximal element of K−class on the lattices of fuzzy congruences.
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1 Introduction and preliminaries

Congruence and fuzzy congruence play an important role in studying semi-
groups and fuzzy semigroups[1,2]. Cheng Qian used linked triple to character-
ize congruence on a completely simple semigroup[3]. Wang Xijian introduced
the notion of proper fuzzy congruence and linked fuzzy triple on a completely
0-simple semigroup. Obtain that there is a one-one correspondence between
proper fuzzy congruences on a completely 0-simple semigroup and linked fuzzy
triples[4]. Zhang Xuefang used congruence triple to present congruence on com-
pletely simple semigroup[5]. In this paper, we introduce the notion of fuzzy
congruence triple on a completely simple semigroup, and use it to characterize
fuzzy congruence on a completely simple semigroup. We also find a minimal
element and a maximal element of K−class on the lattices of fuzzy congru-
ences.

Let S be a semigroup. A fuzzy subset f of S is a function of S into the
closed interval [0, 1]. A function μ from S×S to the unit interval [0, 1] is called
a fuzzy relation on S. A fuzzy relation μ on S is called a fuzzy equivalence on
S if

(1) μ(a, a) = 1 for all a ∈ S;
(2) μ(a, b) = μ(b, a) for all a, b ∈ S;
(3) μ ◦ μ ⊆ μ.
A fuzzy equivalence relation μ on S is called a fuzzy congruence if μ(ax, bx) ≥

μ(a, b) and μ(xa, xb) ≥ μ(a, b) for all a, b, x ∈ S.
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Let S be a semigroup without zero. We shall say that S is completely simple
if S is simple and if it contains a primitive idempotent. The semigroup S0 is
then a completely 0-simple semigroup, and so for the most part we can deduce
results about completely simple semigroups from corresponding results about
completely 0-simple semigroups. Wang Xijian in [4] let Nθ : G → [0, 1], a �→
θ((1, a, 1), (1, e, 1)) where a ∈ G, e is the identity of G. Then Nθ is a fuzzy
normal subgroup of G. On completely simple semigroups we also have Nθ is a
fuzzy normal subgroup of G. It is easy to verify that, for all a, b ∈ G,

θ((1, a, 1), (1, b, 1)) = Nθ(ab−1) = Nθ(ba
−1) = θ((1, a−1, 1), (1, b−1, 1))[4].

2 Fuzzy congruence triple

Let S = M[G; I, Λ; P ] be a completely simple semigroup, where G is a group
with identity e, I, Λ are non-empty sets and P is a Λ × I matrix with entries
in G. Let 1 ∈ I ∩Λ. Let E = {(i, p−1

1i , 1)|i ∈ I}, it is clear that E is a left zero
semigroup. Similarly, we let F = {(1, p−1

λ1 , λ)|λ ∈ Λ}, then F is a right zero
semigroup.

For all fuzzy congruence θ on S, we denote θ|E by θE , θ|F by θF .

Lemma 2.1 If θ and η are fuzzy congruences on S, then θ ≤ η ⇔ θE ≤
ηE , θF ≤ ηF and Nθ ≤ Nη.

Proof. ⇒) If θ ≤ η, it is clear that θE ≤ ηE , θF ≤ ηF , Nθ ≤ Nη.

⇐) Suppose that θ and η are fuzzy congruences on S such that θE ≤
ηE , θF ≤ ηF , Nθ ≤ Nη, then we have

η((i, a, λ), (j, b, μ))
= η((i, p−1

1i , 1)(1, p−1
11 p1iapλ1p

−1
11 , 1)(1, p−1

λ1 , λ),
(j, p−1

1j , 1)(1, p−1
11 p1jbpμ1p

−1
11 , 1)(1, p−1

μ1 , μ))
≥ η((i, p−1

1i , 1), (j, p−1
1j , 1)) ∧ η((1, p−1

λ1 , λ), (1, p−1
μ1 , μ))∧

η((1, p−1
11 p1iapλ1p

−1
11 , 1), (1, p−1

11 p1jbpμ1p
−1
11 , 1))

= ηE((i, p−1
1i , 1), (j, p−1

1j , 1)) ∧ ηF ((1, p−1
λ1 , λ), (1, p−1

μ1 , μ))∧
Nη(p

−1
11 p1iapλ1p

−1
11 (p−1

11 p1jbpμ1p
−1
11 )−1)

≥ θE((i, p−1
1i , 1), (j, p−1

1j , 1)) ∧ θF ((1, p−1
λ1 , λ), (1, p−1

μ1 , μ))∧
Nθ(p

−1
11 p1iapλ1p

−1
11 (p−1

11 p1jbpμ1p
−1
11 )−1)

= θ((i, p−1
1i , 1), (j, p−1

1j , 1)) ∧ θ((1, p−1
λ1 , λ), (1, p−1

μ1 , μ))∧
Nθ(p

−1
11 p1iapλ1p

−1
11 (p−1

11 p1jbpμ1p
−1
11 )−1)

= θ((i, a, λ)(1, p−1
λ1 a−1p−1

1i , 1), (j, b, μ)(1, p−1
μ1 b−1p−1

1j , 1))∧
θ((1, p−1

λ1 a−1p−1
1i , 1)(i, a, λ), (1, p−1

μ1 b−1p−1
1j , 1)(j, b, μ))∧

Nθ(p
−1
11 p1iapλ1p

−1
11 (p−1

11 p1jbpμ1p
−1
11 )−1)
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≥ θ((i, a, λ), (j, b, μ)) ∧ θ((1, p−1
λ1 a−1p−1

1i , 1), (1, p−1
μ1 b−1p−1

1j , 1))∧
Nθ(p

−1
11 p1iapλ1p

−1
11 (p−1

11 p1jbpμ1p
−1
11 )−1)

= θ((i, a, λ), (j, b, μ)) ∧ θ((1, p1iapλ1, 1), (1, p1jbpμ1, 1))∧
Nθ(p

−1
11 p1iapλ1p

−1
11 (p−1

11 p1jbpμ1p
−1
11 )−1)

= θ((i, a, λ), (j, b, μ)) ∧ Nθ(p1iapλ1(p1jbpμ1)
−1)∧

Nθ(p
−1
11 p1iapλ1p

−1
11 (p−1

11 p1jbpμ1p
−1
11 )−1)

= θ((i, a, λ), (j, b, μ)) ∧ Nθ(p
−1
11 p1iapλ1p

−1
11 (p−1

11 p1jbpμ1p
−1
11 )−1)

= θ((i, a, λ), (j, b, μ)) ∧ θ((1, p−1
11 p1iapλ1p

−1
11 , 1), (1, p−1

11 p1jbpμ1p
−1
11 , 1))

= θ((i, a, λ), (j, b, μ)) ∧ θ((1, p−1
11 , 1)(i, a, λ)(1, p−1

11 , 1),
(1, p−1

11 , 1)(j, b, μ)(1, p−1
11 , 1))

≥ θ((i, a, λ), (j, b, μ)).

Lemma 2.2 Let θ be a fuzzy congruence on S, then
(1) θE((i, p−1

1i , 1), (j, p−1
1j , 1)) ≤ Nθ(pλip

−1
1i (pλjp

−1
1j )−1) for all λ ∈ Λ;

(2) θF ((1, p−1
λ1 , λ), (1, p−1

μ1 , μ)) ≤ Nθ(p
−1
λ1 pλi(p

−1
μ1 pμi)

−1) for all i ∈ I.

Proof. (1) Since θ is a fuzzy congruence on S, we have

θE((i, p−1
1i , 1), (j, p−1

1j , 1)) ≤ θ((1, e, λ)(i, p−1
1i , 1), (1, e, λ)(j, p−1

1j , 1))
= θ((1, pλip

−1
1i , 1), (1, pλjp

−1
1j , 1))

= Nθ(pλip
−1
1i (pλjp

−1
1j )−1).

Similarly, we have (2) θF ((1, p−1
λ1 , λ), (1, p−1

μ1 , μ)) ≤ Nθ(p
−1
λ1 pλi(p

−1
μ1 pμi)

−1).
This result motivates the following definition:

Definition 2.3 A triple (N, βE, βF ) consisting of a fuzzy normal subgroup N
of G, a fuzzy congruence βE on E and a fuzzy congruence βF on F will be
called fuzzy congruence triple if

(1) βE((i, p−1
1i , 1), (j, p−1

1j , 1)) ≤ N(pλip
−1
1i (pλjp

−1
1j )−1) for all λ ∈ Λ;

(2) βF ((1, p−1
λ1 , λ), (1, p−1

μ1 , μ)) ≤ N(p−1
λ1 pλi(p

−1
μ1 pμi)

−1) for all i ∈ I.
We now have our main result:

Theorem 2.4 Let θ be a fuzzy congruence on a completely simple semigroup
S = M[G; I, Λ; P ], then (Nθ, θE , θF ) is a fuzzy congruence triple. Conversely,
suppose (N, βE, βF ) is a linked fuzzy triple. Then there is a unique fuzzy
congruence θ on S such that θE = βE , θF = βF , Nθ = N.

Proof. ⇒) If θ is a fuzzy congruence on S, by lemma 2.2, we have (Nθ, θE , θF )
is a fuzzy congruence triple.

⇐) Let the fuzzy relation θ = θ(N,βE ,βF ) on S be defined by the rule that

θ((i, a, λ), (j, b, μ))
= βE((i, p−1

1i , 1), (j, p−1
1j , 1)) ∧ βF ((1, p−1

λ1 , λ), (1, p−1
μ1 , μ))∧

N(p1iapλ1(p1jbpμ1)
−1).

(2.1)
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It is clear that θ is reflexive and symmetric.

θ ◦ θ((i, a, λ), (j, b, μ))
= ∨

(k,c,ν)∈S
(θ((i, a, λ), (k, c, ν)) ∧ θ((k, c, ν), (j, b, u)))

= ∨
(k,c,ν)∈S

((βE((i, p−1
1i , 1), (k, p−1

1k , 1)) ∧ βF ((1, p−1
λ1 , λ), (1, p−1

ν1 , ν))∧
N(p1iapλ1(p1kcpν1)

−1)) ∧ (βE((k, p−1
1k , 1), (j, p−1

1j , 1))∧
βF ((1, p−1

ν1 , ν), (1, p−1
μ1 , μ)) ∧ N(p1kcpν1(p1jbpμ1)

−1))
≤ βE((i, p−1

1i , 1), (j, p−1
1j , 1)) ∧ βF ((1, p−1

λ1 , λ), (1, p−1
μ1 , μ))∧

N(p1iapλ1(p1jbpμ1)
−1)

= θ((i, a, λ), (j, b, μ)).

Hence θ is a fuzzy equivalence relation on S.
By the definition of θ we have

θ((k, c, ν)(i, a, λ), (k, c, ν)(j, b, μ))
= θ((k, cpνia, λ), (k, cpνjb, μ))
= βE((k, p−1

1k , 1), (k, p−1
1k , 1)) ∧ βF ((1, p−1

λ1 , λ), (1, p−1
μ1 , μ))∧

N(p1kcpνiapλ1(p1kcpνjbpμ1)
−1)

= βF ((1, p−1
λ1 , λ), (1, p−1

μ1 , μ)) ∧ N(pνiapλ1(pνjbpμ1)
−1)

= βF ((1, p−1
λ1 , λ), (1, p−1

μ1 , μ)) ∧ N(pνip
−1
1i p1iapλ1(pνjp

−1
1j p1jbpμ1)

−1)
= βF ((1, p−1

λ1 , λ), (1, p−1
μ1 , μ)) ∧ N((pνjp

−1
1j )−1pνip

−1
1i p1iapλ1(p1jbpμ1)

−1)
≥ βF ((1, p−1

λ1 , λ), (1, p−1
μ1 , μ)) ∧ N(pνip

−1
1i (pνjp

−1
1j )−1) ∧ N(p1iapλ1(p1jbpμ1)

−1)
≥ βF ((1, p−1

λ1 , λ), (1, p−1
μ1 , μ)) ∧ βE((i, p−1

1i , 1), (j, p−1
1j , 1))∧

N(p1iapλ1(p1jbpμ1)
−1)

= θ((i, a, λ), (j, b, μ)).

Similarly, we have

θ((i, a, λ)(k, c, ν), (j, b, μ)(k, c, ν)) ≥ θ((i, a, λ), (j, b, μ)).

Thus θ is a fuzzy congruence on S.
Next, to show that θE = βE. Since

θE((i, p−1
1i , 1), (j, p−1

1j , 1)) = βE((i, p−1
1i , 1), (j, p−1

1j , 1)) ∧ βF ((1, p−1
11 , 1),

(1, p−1
11 , 1)) ∧ N(p1ip

−1
1i p11(p1jp

−1
1j p11)

−1)
= βE((i, p−1

1i , 1), (j, p−1
1j , 1)),

hence θE = βE . Similarly, we have θF = βF .
For all a ∈ G,

Nθ(a) = θ((1, a, 1), (1, e, 1))
= βE((1, p−1

11 , 1), (1, p−1
11 , 1)) ∧ βF ((1, p−1

11 , 1), (1, p−1
11 , 1))∧

N(p11ap11(p11ep11)
−1)

= 1 ∧ 1 ∧ N(a)
= N(a),

we have shown that Nθ = N.
By Corollary 2.1, it is clear that there is a unique fuzzy congruence θ on S

such that θE = βE , θF = βF , Nθ = N.
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3 A relation K on the lattices of fuzzy congru-

ences

In this section, we characterize a relation K on the fuzzy congruences lattices
of S (denoted by FC(S)), and give a minimal element and a maximal element
of each K−class.

We define a relation K on the fuzzy congruences lattices of S by the rule
that

θKη ⇔ kerθ = kerη(θ, η ∈ FC(S)),

then K is a fuzzy equivalence on FC(S).

Proposition 3.1 If θ and η are fuzzy congruences on a completely simple
semigroup S = M[G; I, Λ; P ], then θKη ⇔ Nθ = Nη.

Proof. ⇒) Let θKη, that is kerθ = kerη. For all a ∈ G,

Nθ(a) = θ((1, a, 1), (1, e, 1))
≤ θ((1, p−2

11 , 1)(1, a, 1)(1, p−1
11 a−1, 1), (1, p−2

11 , 1)(1, e, 1)(1, p−1
11 a−1, 1))

= θ((1, p−1
11 , 1), (1, p−1

11 a−1, 1))
= kerθ((1, p−1

11 a−1, 1))
= kerη((1, p−1

11 a−1, 1))
= η((1, p−1

11 a−1, 1), ((1, p−1
11 a−1, 1))2)

= η((1, p−1
11 a−1, 1), (1, p−1

11 a−2, 1))
= Nη(p

−1
11 a−1(p−1

11 a−2)−1)
= Nη(a).

Similarly, we have Nη(a) ≤ Nθ(a), thus Nθ = Nη.
⇐) Let Nθ = Nη. For all (i, a, λ) ∈ S,

kerθ((i, a, λ)) = θ((i, a, λ), (i, p−1
λi , λ))

≤ θ((1, p−1
λi , λ)(i, a, λ)(i, e, 1), (1, p−1

λi , λ)(i, p−1
λi , λ)(i, e, 1))

= θ((1, apλi, 1), (1, e, 1))
= Nθ(apλi) = Nη(apλi) = Nη(p

−1
λi a−1)

= Nη(p
−1
11 p1ip

−1
λi p−1

λ1 p−1
11 (p−1

11 p1iap−1
λ1 p−1

11 )−1)
= η((1, p−1

11 p1ip
−1
λi p−1

λ1 p−1
11 , 1), (1, p−1

11 p1iap−1
λ1 p−1

11 , 1))
≤ η((i, p−1

1i , 1)(1, p−1
11 p1ip

−1
λi p−1

λ1 p−1
11 , 1)(1, p−1

λ1 , λ),
(i, p−1

1i , 1)(1, p−1
11 p1iap−1

λ1 p−1
11 , 1)(1, p−1

λ1 , λ))
= η((i, p−1

λi , λ), (i, a, λ))
= kerη((i, a, λ)).

Similarly, we have kerη ≤ kerθ, hence kerθ = kerη.
In order to study a minimal element and a maximal element of each K−class,

we define relations κE(N), κF (N) on E, F, respectively, by the rule that

κE(N)((i, p−1
1i , 1), (j, p−1

1j , 1)) = N(pλip
−1
1i (pλjp

−1
1j )−1),
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for all λ ∈ Λ;

κF (N)((1, p−1
λ1 , λ), (1, p−1

μ1 , 1)) = N(p−1
λ1 pλi(p

−1
μ1 p−1

μi )−1),

for all i ∈ I. It is clear that κE(N), κF (N) are fuzzy congruences on E, F,
respectively.

Theorem 3.2 If θ = θ(N,βE ,βF ) is a fuzzy congruence on a completely simple
semigroup S, let εE, εF be minimal elements in the set of all fuzzy congru-
ences on E, F, respectively. Then θ(N,κE(N),κF (N)) is the maximal element of a
K−class, θ(N,εE ,εF ) is the minimal element of a K−class.

Proof. By definition 2.3, (N, κE(N), κF (N)) is a fuzzy congruence triple.
By proposition 3.1, θ(N,κE(N),κF (N))Kθ(N,βE ,βF ). Suppose θ(M,γ,ξ) is an arbi-

trary fuzzy congruence on S, and θ(M,γ,ξ)Kθ(N,βE ,βF ), then M = N. For all
(i, a, λ), (j, b, μ) ∈ S, by (2.1),

θ(M,γ,ξ)((i, aλ), (j, b, μ))
= γ((i, p−1

1i , 1), (j, p−1
1j , 1)) ∧ ξ((1, p−1

λ1 , λ), (1, p−1
μ1 , μ)) ∧ M(p1iapλ1(p1jbpμ1)

−1)
≤ M(pλip

−1
1i (pλjp

−1
1j )−1) ∧ M(p−1

λ1 pλi(p
−1
μ1 pμi)

−1) ∧ M(p1iapλ1(p1jbpμ1)
−1)

= N(pλip
−1
1i (pλjp

−1
1j )−1) ∧ N(p−1

λ1 pλi(p
−1
μ1 pμi)

−1) ∧ N(p1iapλ1(p1jbpμ1)
−1)

= κE(N)((i, p−1
1i , 1), (j, p−1

1j , 1)) ∧ κF (N)((1, p−1
λ1 , λ), (1, p−1

μ1 , 1))
∧N(p1iapλ1(p1jbpμ1)

−1)
= θ(N,κE(N),κF (N))((i, aλ), (j, b, μ)).

Hence θ(N,κE(N),κF (N)) is the maximal element of a K−class.
It is clear that θ(N,εE ,εF ) is the minimal element of a K−class.
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