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Abstract

In medical studies or in reliability and survival analysis, it is quite
common that the failure of any individual or any item may be at-
tributable to more than one cause (competing risks). In this paper,
we will study the competing risks in the Burr XII model in presence of
progressive hybrid censoring. The two most popular censoring schemes
are Type-I and Type-II censoring schemes. Hybrid censoring scheme
is a mixture of Type-I and Type-II censoring schemes. The maximum
likelihood estimator developed for estimating the unknown parameters.
Asymptotic confidence intervals and two bootstrap confidence intervals
are also proposed. We also present a numerical example and a simula-
tion study to illustrate the results.
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1 Introduction

In medical studies or in the analysis of reliability data, the failure time of indi-
viduals or items may be attributable to more than one cause or factor. These
risk factors in some sense compete for the failure of experimental unit. Com-
peting risks occur when there are at least two possible ways that a individual
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can fail, but only one such failure type can actually occur. For example, from
a randomized clinical trial (Byar and Green, (1980)) comparing treatments
for prostate cancer. In this study, patients could die from prostate cancer,
cardiovascular disease, or other causes. In traditional analysis of these data
sets, the researcher is primarily interested in the distribution of lifetimes under
one specific causes of failure, and all other causes are combined and treated as
censored data. In recent years, however, models have been developed to assess
the lifetime of a specific risk in the presence of other competing risk factors.
The data for these competing risk models consist of the failure time and an in-
dicator variable denoting the specific cause of failure of the individual or item.
The causes of failure may be assumed to be independent or dependent. In
must situations and in this paper, the analysis of competing risk data assumes
independent causes of failure. See Crowder (2001) for an exhaustive treatment
of different competing risks models.

Censoring is inevitable in life-testing and reliability studies because the ex-
perimenter is unable to obtain complete information on lifetime for all indi-
viduals. For example, patients in a clinical trial may withdraw from the study,
or the study may have to terminated at a pre-fixed timepoint. The two most
popular censoring schemes are Type-I (time) and Type-II (failure) censoring
schemes. Hybrid censoring scheme is a mixture of Type-I and Type-II cen-
soring schemes. This hybrid censoring scheme was first introduced by Epstein
(1954, 1960). One of the drawbacks of the conventional Type-I, Type-II or
hybrid censoring schemes is that they do not allow for removal of units at
points other than the terminal point of the experiment. Recently, Kundu and
Joarder (2006) proposed a censoring scheme called Type-II progressive hybrid
censoring scheme, in which a life testing experiment with progressive Type-II
right censoring scheme (R1, R2, . . . , Rm) is terminated at a prefixed time T. A
detailed description and its advantages will be described in the next section.

In this new censoring scheme, we analyze the data under the assumptions
that the lifetimes of the different items are independent identically distributed
(i.i.d.) Burr XII random variables. The two-parameter Burr Type XII dis-
tribution (which we shall simply denote by Burr(c, θ)) was first introduced
in the literature by Burr (1942) and has gained special attention in the last
two decades due to the potential of using it in practical situations. Its capac-
ity to assume various shapes often permits a good fit when used to describe
biological, clinical, or other experimental data. It has also been applied in ar-
eas of quality control, reliability studies, duration, and failure time modelling.
Inference for Burr XII model based on complete and censored samples were
discussed by many authors. A1i Mousa and Jaheen (2002) obtained Bayes
approximate estimates for the two parameters and reliability function of the
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Burr(c, θ) based on progressive Type-II censored samples. Based on the same
progressive samples as above, Soliman (2005) obtained the Bayes estimates us-
ing both the symmetric (Squared Error) loss function, and asymmetric (Linex,
General Entropy) loss functions.
In this paper, we derive the maximum likelihood estimators (MLE) for differ-
ent parameters when the parameter c is assumed to be known. We also obtain
an estimate of the asymptotic confidence interval and propose two bootstrap
confidence intervals. Different methods are compared using a simulation study
and for illustrative purposes we analyze one real data set.

The rest of the paper is organized as follows: we formulate the problem
in Section 2 and provide the MLE of the unknown parameter in Section 3.
Different confidence intervals are presented in Section 4. Numerical results are
presented in Section 5. One real data set has been analyzed in Section 6.

2 Model description and notations

Suppose n identical items are put to test and the lifetime distributions of
the n items are denoted by X1, . . . , Xn. The integer m < n is fixed at the
beginning of the experiment, and R1, . . . , Rm are m pre-fixed integers satisfying
R1 + · · · + Rm + m = n. The time point T is also fixed beforehand. At the
time of first failure X1:m:n, R1 of the remaining units are randomly removed.
Similarly at the time of the second failure X2:m:n, R2 of the remaining units
are removed and so on. If the m-th failure Xm:m:n occurs before the time point
T, the experiment stops at the time point Xm:m:n. On the other hand, suppose
the m-th failure does not occur before time point T and only J failures occur
before the time point T, where 0 ≤ J < m; then, at the time point T all the
remaining R∗

J units are removed and the experiment terminates at the time
point T. Note that R∗

J = n − (R1 + · · · + RJ) − J . We denote the two cases
as Cases I and II, respectively, and call this censoring scheme the Type-II
progressively hybrid censoring scheme under competing risk data.

Therefore, In presence of Type-II progressively hybrid censoring scheme un-
der competing risks data, we have one of the following types of observations:

Case I : {(X1:m:n, δ1, R1), . . . , (Xm:m:n, δm, Rm)}; if Xm:m:n < T, or

Case II : {(X1:m:n, δ1, R1), . . . , (XJ :m:n, δJ , RJ), (T, R∗
J)}; if XJ :m:n < T < XJ+1:m:n.

Note that for Case II, XJ :m:n < T < XJ+1:m:n < · · · < Xm:m:n and XJ+1:m:n <
· · · < Xm:m:n are not observed.
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Without loss of generality, we assume that there are only two independent
causes of failure i.e. K = 2. It may be extended to the case of K > 2. Before
progressing further, we introduce/ review the following notations;

Xji: lifetime of the i-th individual under cause j; for j = 1, 2 and i = 1, . . . , n

f(.): probability density function (PDF) of Xi

F (.): cumulative distribution function (CDF) of Xi

Fj(.): cumulative distribution function (CDF) of Xji

m1: the number of failures observed before termination due to cause 1 for Case
I

m2: the number of failures observed before termination due to cause 2 for Case
I

m: total number of failures observed before termination for Case I; i.e. m =
m1 + m2

J1: the number of failures observed before termination due to cause 1 for Case
II

J2: the number of failures observed before termination due to cause 2 for Case
II

J: total number of failures observed before termination for Case II; i.e. J =
J1 + J2

D1: the number of failures due to cause 1, i.e. D1 = m1 for Case I and D1 = J1

for Case II

D2: the number of failures due to cause 2, i.e. D2 = m2 for Case I and D2 = J2

for Case II

D: total number of failures, i.e. D = m = m1 + m2 for Case I and D = J =
J1 + J2 for Case II

Ri: the number of units removed at the time of ith failure; Ri ≥ 0

R∗
J : the number of remaining units left at the time point T for Case II

δi: indicator variable denoting the cause of failure of the ith individual

Burr(c, θ): Burr XII random variable with PDF cθxc−1(1 + xc)−(θ+1), x >
0, (θ > 0, c > 0).
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We assume that (X1i, X2i); i = 1, . . . , n are n i.i.d. Burr random vari-
ables. Further, X1i and X2i are independent for all i = 1, . . . , n and Xi =
min(X1i, X2i). Now we provide the MLEs of the unknown parameters when
Xji’s (for i = 1, . . . , n) are i.i.d. Burr(c, θj), for j = 1, 2.

3 Maximum Likelihood Estimator

Based on the observations as discussed in the previous section, the log-likelihood
function (without the constant term) can be written as;

l(θ1, θ2) = D ln c + ln

(
D∏

i=1

xc−1
i:m:n

1 + xc
i:m:n

)
+ D1 ln θ1 + D2 ln θ2 − (θ1 + θ2)W (1)

where D = m, D1 = m1, D2 = m2, W =
∑m

i=1(Ri + 1) ln(1 + xc
i:m:n) for Case I

and D = J , D1 = J1, D2 = J2, W =
∑J

i=1(Ri +1) ln(1+xc
i:m:n)+R∗

J ln(1+T c)
for Case II. From (1), it is clear that the MLEs of θ1 and θ2 always exists and
they are

θ̂1 =
D1

W
and θ̂2 =

D2

W
(2)

It is not possible to obtain the exact distribution of θ1 and θ2 because of the
complicated nature of the conditional distributions of X1:m:n, . . . , Xm:m:n given
Xm:m:n < T . Interestingly, the distribution of θ1 and θ2 are the mixture of
discrete and continuous distributions. They have positive masses at the point
0 and have the bounded supports. Since, the exact distributions of θ1 and θ2

are not known, the exact confidence intervals also can not be obtained.

4 Confidence Intervals

In this section, we propose three different confidence intervals. One is based on
the asymptotic distribution of θ1 and θ2 and two different bootstrap confidence
intervals.

4.1 Asymptotic Confidence Interval

In this subsection, we present the Fisher information matrix of θ1 and θ2. Let
I(θ1, θ2) = (Iij(θ1, θ2)), i, j = 1, 2, denote the Fisher information matrix of the
parameters θ1 and θ2, where

Iij(θ1, θ2) = −E

[
∂2l(θ1, θ2)

∂θi∂θj

]
(3)
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From (1) it follows that

I11(θ1, θ2) =
E(D1)

θ2
1

, I12(θ1, θ2) = I21(θ1, θ2) = 0, and I22(θ1, θ2) =
E(D2)

θ2
2

.

Simple calculation shows that

E(D1) =
m1∑
i=1

P (Xi:m:n < T ) and E(D2) =
m2∑
i=1

P (Xi:m:n < T ).

It is not easy to compute P (Xi:m:n < T ) for general i, because Xi:m:n is a
sum of i independent but not identically distributed Burr random variables.
Therefore, for D1 > 0 and D2 > 0, we propose the following approximate
100(1 − α)% confidence interval for θ1 and θ2,

θ̂1 ± zα
2

√√√√ θ̂2
1

D1
and θ̂2 ± zα

2

√√√√ θ̂2
2

D2
(4)

respectively.

4.2 Bootstrap Confidence Intervals

In this subsection we propose two confidence intervals based on bootstrapping.
The two bootstrap methods that are widely used in practice are as follows:

1. The percentile bootstrap (Boot-p) proposed by Efron (1982), and

2. The bootstrap-t method (Boot-t) proposed by Hall (1988).

It is observed that in this type of situations (Kundu et al. (2004)), the non-
parametric bootstrap method does not work well. We propose the following
two parametric bootstrap confidence intervals for θ1 and θ2.

Boot-p method:

1. Estimate θ̂1 and θ̂2, from the sample using (2).

2. Generate a bootstrap sample {X∗
1:m:n, . . . , X

∗
D∗:m:n}, using θ̂1, θ̂2, R1, . . . , Rm

and T. Obtain the bootstrap estimate of θ1 and θ2, say θ̂∗1 and θ̂∗2 using
the bootstrap sample.

3. Repeat Step [2] NBOOT times.

4. Let ̂CDFj(x) = P (θ̂∗j ≤ x) be the cumulative distribution function of θ̂∗j ,

j = 1, 2. Define θ̂j,Boot−p(x) = ̂CDFj

−1
(x) for a given x. The approxi-

mate 100(1 − α)% confidence interval for θj is given by(
θ̂j,Boot−p

(
α

2

)
, θ̂j,Boot−p

(
1 − α

2

))
.



Analysis of competing risks in the Burr XII 3075

Boot-t method:

1. Estimate θ̂1 and θ̂2, from the sample using (2) as before.

2. Generate a bootstrap sample {X∗
1:m:n, . . . , X

∗
D∗:m:n}, using θ̂1, θ̂2, R1, . . . , Rm

and T. Obtain the bootstrap estimate of θ1 and θ2, say θ̂∗1 and θ̂∗2 using

the bootstrap sample. Also compute V̂ (θ̂∗j ) =
θ̂∗j

2

D∗
j

for D∗
j > 0, j = 1, 2.

3. Determine the T ∗
j statistic

T ∗
j =

√
D∗

j

(
θ̂∗j − θ̂j

)
√

V̂ (θ̂∗j )
.

4. Repeat Step [2]-[3] NBOOT times.

5. Let ̂CDFj(x) = P (T ∗
j ≤ x) be the cumulative distribution function of T ∗

j ,

j = 1, 2. For a given x, define θ̂j,Boot−t(x) = θ̂j+D∗
j
− 1

2

√
V̂ (θ̂∗j ) ̂CDFj

−1
(x).

The approximate 100(1 − α)% confidence interval for θj is given by(
θ̂j,Boot−t

(
α

2

)
, θ̂j,Boot−t

(
1 − α

2

))
.

5 Numerical Results

Since the performance of the different methods can not compared theoretically,
we use simulation study to compare different methods for different parame-
ter values and for different sampling schemes. The term different sampling
schemes means for different sets of Ri’s values. We consider different n, m, θ1,
θ2 and Ri’s. We take n = 20, 30, m = 5, 8, T= 2. For each case we compute the
MLEs and the 95% bootstrap confidence intervals of θ1 and θ2. We replicate
the process 1000 times in each case and report the average of θ̂1 and θ̂2. The
results are reported in Tables 1- 2.

Table 1: Here n = 20, m = 5, R1 = · · · = R4 = 2, R5 = 7, T=2.

θ̂1(Boot-t C.I.) θ̂2(Boot-t C.I.)
θ1 = 0.5, θ2 = 0.1 0.69238 (0.56971, 1.19623) 0.11607 (0.10103, 0.28868)
θ1 = 0.7, θ2 = 0.5 0.69714 (0.30062, 0.77434) 0.46805 (0.15236, 0.62175)
θ1 = 1.5, θ2 = 0.9 1.55490 (1.36225, 2.99765) 0.79176 (0.21243, 1.09167)
θ1 = 2.0, θ2 = 1.2 1.98471 (1.93455, 3.76789) 1.08078 (0.35485, 1.40305)
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Table 2: Here n = 30, m = 8, R1 = · · · = R7 = 3, R8 = 1, T=2.

θ̂1(Boot-t C.I.) θ̂2(Boot-t C.I.)
θ1 = 0.5, θ2 = 0.1 0.67234 (0.15886, 0.73559) 0.12830 (0.06979, 0.14007)
θ1 = 0.7, θ2 = 0.5 0.61796 (0.51901, 0.85757) 0.42529 (0.32411, 0.68743)
θ1 = 1.5, θ2 = 0.9 1.32304 (0.54026, 1.48633) 0.75568 (0.34655, 1.09761)
θ1 = 2.0, θ2 = 1.2 1.85604 (1.62807 5.92218) 0.99919 (0.27980 2.48298)

6 Data Analysis

In this section we consider one real-life data set originally analyzed by Hoel
(1972). The data arose from a laboratory experiment in which male mice re-
ceived a radiation dose of 300 roentgens at 5 to 6 weeks of age. The cause
of death for each mouse was determined by autopsy to be thymic lymphoma,
reticulum cell sarcoma, or other causes. For the purpose of analysis, we con-
sider reticulum cell sarcoma as cause 1 and combine the other causes of death
as cause 2. There were n = 77 observations in the data. We generated a
progressively Type-II censored sample from the original measurements.
Example 1: In this case n = 77 and we take c = 1, m = 25, T = 700,
R1 = R2 = · · · = R24 = 2 and R25 = 4. Thus the Type-II progressively hybrid
censored sample is : (40, 2), (42, 2), (62, 2), (163, 2), (179,2), (206, 2), (222,
2), (228, 2), (252, 2), (259, 2), (318, 1), (385, 2), (407, 2), (420, 2), (462, 2),
(507, 2), (517, 2), (524, 2), (525, 1), (528, 1), (536, 1), (605, 1), (612, 1), (620,
2), (621, 1).

In this case, D1 = 7, D2 = 18 and W =
∑25

i=1(Ri + 1) ln(1 + xi:m:n) =
439.9061, Therefore,

θ̂1 =
7

439.9061
= 1.5912 × 10−2 and θ̂2 =

18

439.9061
= 4.0918 × 10−2.

Now we report the 95% asymptotic and Boot-t confidence intervals of θ1 and
θ2 in Table 3.

Table 3: The 95% asymptotic and Boot-t confidence intervals of θ1 and θ2.
Methods θ1 θ2

Asymptotic [0.4124 × 10−2, 2.7701 × 10−2] [2.2015 × 10−2, 5.9821 × 10−2]
Boot-t [0.3768 × 10−2, 2.8325 × 10−2] [1.7358 × 10−2, 6.3245 × 10−2]

Now we generate the data using T = 600 instead of T = 700, while m and
R(i)’s are same as before.
Example 2: In this case the progressively hybrid censored sample obtained
as: (40, 2), (42, 2), (62, 2), (163, 2), (179,2), (206, 2), (222, 2), (228, 2), (252,
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2), (259, 2), (318, 1), (385, 2), (407, 2), (420, 2), (462, 2), (507, 2), (517, 2),
(524, 2), (525, 1), (528, 1), (536, 1).

Here D1 = 4, D2 = 17 and W =
∑21

i=1(Ri +1) ln(1+xi:m:n)+R∗
J ln(1+T c) =

439.5519: Therefore, we obtain

θ̂1 =
4

439.5519
= 0.9101 × 10−2 and θ̂2 =

17

439.5519
= 3.8676 × 10−2.

In this case we report the 95% asymptotic and Boot-t confidence intervals of
θ1 and θ2 in Table 4.

Table 4: The 95% asymptotic and Boot-t confidence intervals of θ1 and θ2.
Methods θ1 θ2

Asymptotic [0.0182 × 10−2, 1.8018 × 10−2] [2.0290 × 10−2, 5.7061 × 10−2]
Boot-t [−0.1436 × 10−2, 2.4376 × 10−2] [1.9012 × 10−2, 5.3269 × 10−2]

From Tables 3 and 4, it is observed that T plays a major role for the estimation
of θ’s and for the construction of the corresponding confidence intervals.
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