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Abstract In this paper, first, a differential inequality with uncer-

tain parameters is established. Then by employing the obtained

inequality, the formula for the variation of parameters for fuzzy

differential equations, the norm and measure of matrix, an alge-

braic criterion for the robust stability of fuzzy impulsive differential

equations is obtained.
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1 Introduction

The theory of fuzzy functions and its application has increased recently

due to the industrial interest of fuzzy control. Moreover, in view of the H-

differentiability due to Puri and Ralescu [14], fuzzy differential equations were

studied by Kaleva [5], Lakshmikantham [6], Wu and Song [15], [17], Xue [20]

etc., for the fuzzy-valued functions of a real variable whose values are normal,

convex, upper semi-continuous, and are compactly supported fuzzy sets in

Rn. Some basic and interesting results have been systematically investigated,

including existence theorem [7], [8], [18], stability theory [4], [9], [15], etc..

Since the fuzziness and impulsiveness occur in several real world problems,

the proposed union of impulsive differential equations and fuzzy differential

equations would be of immense value. For example, the interest rate models

in bond pricing, where the interest rates are unpredictable and vague could be
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modeled by means of fuzzy impulsive differential equations. In [10], [16] some

results on this topic have been reported.

On the other hand, time delay is often encountered in various engineering

systems, such as the turbojet engine, nuclear reactors, manual control and long

transmission lines in pneumatic, hydraulic systems. Frequently, it is a source

of the generation of oscillation and a source of instability in many systems.

Therefore, stability testing for time delay systems with or without impulses

has received considerable attention over the years [1], [2], [19], [21]. How-

ever, besides delay, the stability may also be destroyed by some unavoidable

uncertainty caused by the existence of modeling errors, external disturbance

and parameter fluctuation. Thus it is important to investigate robustness of

models against such errors and fluctuations. The robustness of the time delay

systems with or without impulses have received a lot of attention. In [12], [22],

[23], some results related to this issue have been reported.

Motivated by the above-mentioned discussion, unfortunately, the robust-

ness of fuzzy impulsive differential equations with delay have not been con-

sidered. Therefore, it is necessary to investigate the robust stability of fuzzy

impulsive differential equations with delay, and it is challenging to address the

issues since the introduction of the delay factor, impulsiveness factor, fuzzi-

ness factor render the system analysis more complicated, in addition to the

difficulties caused by the perturbations or uncertainties.

In this paper, we shall attempt to initiate the robust stability of fuzzy

impulsive differential equations with delay by combining the formula for the

variation of parameters, the technique of differential inequality with uncertain

parameters, the norm and measure of matrix.

2 Preliminaries

LetRn be the space of n−dimensional real column vectors and Rm×n denote

the set of m × n real matrices, E be the identity matrix with appropriate

dimension. For A,B ∈ Rm×n or A,B ∈ Rn, A ≥ B(A > B) means that each

pair of corresponding elements of A and B satisfies the inequality “ ≥ (>)”.

Especially, A is called a nonnegative matrix ifA ≥ 0 and denoted by A ∈ Rm×n
+ .

||x||, ||A||, μ(A), ρ(A) denote the vector norm, the induced matrix norm,

the matrix measure and the spectral radius of the corresponding matrix A,

respectively. [A]+ = (|aij |)m×n where A = (aij)m×n.

Let Pk(R
n) denote the set of all nonempty compact and convex subsets of

Rn.
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Define En = {u : Rn → [0, 1]}, where

(i) u is normal; that is, there exists an x0 ∈ Rn such that u(x0) = 1;

(ii) u is fuzzy convex; i.e., for x, y ∈ Rn and 0 ≤ β ≤ 1, u(βx + (1 − β)y) ≥
min{u(x), u(y)};
(iii) u is upper semi-continuous;

(iv) [u]0 = {x ∈ Rn : u(x) > 0} is compact.

Denote [u]α = {x ∈ Rn : u(x) ≥ α}, then from (i) to (iv), it follows that

the α−level sets [u]α ∈ Pk(R
n) for 0 ≤ α ≤ 1. For later purposes, we define

ô ∈ En as ô(x) = 1 if x = 0 and ô(x) = 0 if x �= 0.

Let dH(A,B) be the Hausdorff distance between the sets A,B ∈ Pk(R
n).

Then we define

d[u, v] = sup
0≤α≤1

dH

[
[u]α, [v]α

]
,

which is a metric in En. It is easy to see that (En, d) is a complete metric

space, and for any u, v, w ∈ En, γ ∈ R, d[u, v] satisfies the following properties:

(1) d[u+ w, v + w] = d[u, v];

(2) d[u, v] = d[v, u];

(3) d[γu, γv] = |γ|d[u, v];
(4) d[u, v] ≤ d[u, w] + d[w, v].

For x, y ∈ En, if there exists a z ∈ En such that x = y+ z, then z is called

the H-difference of x and y, denoted by x− y.

Let I = [t0, t0 + p] ⊂ R(p > 0, t0 > 0) be a compact interval, a mapping

F : I → En be called differential at t ∈ I if there exists an F ′(t) ∈ En such

that the limits

lim
h→0+

F (t+ h) − F (t)

h
and lim

h→0+

F (t) − F (t− h)

h

exist and are equal to F ′(t). Here the limits are taken in the metric space

(En, d).

For details on fuzzy differential equations and the calculus described above,

see [11].

Let us consider the following fuzzy impulsive differential equations with

delay

⎧⎪⎪⎨
⎪⎪⎩

u′ = A0u(t) +B0u(t− τ(t)) + Δf(t, u(t)) + Δg(t, u(t− τ(t))), t �= tk,

u(tk) = u(t−k ) + Ik(u(t
−
k )),

u(t) = φ(t), t ∈ [t0 − τ, t0],

(1)
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where u = (u1, · · · , uN)T with ui ∈ En for each 1 ≤ i ≤ N so that u ∈
EnN in which EnN = (En × En × · · · × En), N−times, A0, B0 are given

constant matrices with appropriate dimensions, the uncertainties Δf,Δg ∈
C[R×EnN , EnN ] are unknown functions and represent the system parameter

perturbations with respect to the current state u(t), the delay state u(t−τ(t)),
respectively. The delay τ(t) is a continuous function with 0 ≤ τ(t) ≤ τ , where

τ is a positive constant, the initial condition φ(t) is a continuous function on

[t0 − τ, t0]. tk is the impulsive sequence satisfying t0 < t1 < t2 < · · · < tk < · · ·
and lim

k→∞
tk = ∞.

In fact, Eqs (1) includes many fuzzy differential equations. For example,

when Δf ≡ f,Δg ≡ g, where f, g are deterministic functions, and τ(t) ≡
0, N = 1, then (1) becomes the equations discussed in [10]; when Δf ≡ f,Δg ≡
g and Ik ≡ 0, τ(t) ≡ 0, then (1) becomes the equations given in [6], [9], [15],

etc.

In the following, suppose that Conditions (H1) and (H2) hold.

(H1) For any t ∈ I, u, v ∈ EnN , there exist uncertain matrices ΔA ≥ 0,

ΔB ≥ 0 such that

D
[
Δf(t, u),Δf(t, v)

] ≤ ΔAD[u, v], D
[
Δg(t, u),Δg(t, v)

] ≤ ΔBD[u, v], (2)

where D[u, v] = (d[u1, v1], · · · , d[uN , vN ])T , and known non-negative constants

α, β satisfying

||ΔA|| ≤ α, ||ΔB|| ≤ β. (3)

(H2) For any u, v ∈ EnN , there exist positive matrices Rk such that

D[Ik(u), Ik(v)] ≤ RkD[u, v], k = 1, 2, · · · . (4)

Definition 1 A piecewise continuous function u : [tk−1, tk) → EnN , k =

1, 2, · · · , is a solution of the initial value problem (1) if and only if it satisfies

the integral equation

u(t) = u(t0) +

∫ t

t0

(
A0u(s) +B0u(s− τ(s)) + Δf(s, u(s)) + Δg(s, u(s− τ(s)))

)
ds, t ∈ [tk−1, tk),

(5)

denoted by u(t, t0, φ) or u(t) if no confusion arisen.

For the existence and uniqueness of the solution of fuzzy differential equa-

tions, please refer to [7], [8], [18].
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3 Robust exponential stability

Definition 2 Let v(t, t0, ϕ) be the given unperturbed solution of (1) on [t0,∞),

and u(t, t0, φ) be any perturbed solution of (1) on [t0,∞). Then v(t, t0, ϕ) (or

(1)) is robustly exponentially stable if there exists a finite constant λ > 0 such

that

||D[u, v]|| ≤ ||D[φ, ϕ]||e−λ(t−t0), t ≥ t0, (6)

for any Δf,Δg satisfying (2) and (3), where ||D[φ, ϕ]|| = supt0−τ≤t≤t0 ||[φ(t)−
ϕ(t)]+||.

Especially, if v(t, t0, ϕ) = ô, then the trivial solution ô of (1) is robustly

exponentially stable.

Theorem 1 In addition to conditions (H1) and (H2), assume that

(H3) Let θ = inf{tk − tk−1}∞k=1 > 0. Assume that there exists a constant γ

such that

||U +Rk|| ≤ γ, k = 1, 2, · · · , (7)

where U is an identity matrix with appropriate dimension.

(H4) ln γ
θ

+ μ([A0]
+) + α + (||[B0]

+|| + β)γ
τ
θ < 0.

Then (1) is robustly exponentially stable.

In order to prove Theorem 1, the following lemma is needed.

Lemma 1 Suppose continuous function x(t) : [t0,∞) → Rn, satisfy the fol-

lowing uncertain delay differential inequality

ẋ(t) ≤ (P0 + ΔP )x(t) + (Q0 + ΔQ)x(t− τ(t)), (8)

x(t) = ψ(t), t ∈ [t0 − τ, t0], (9)

where P0, Q0 are known matrices, ΔP,ΔQ are unknown perturbations satisfy-

ing

||ΔP || ≤ α0, ||ΔQ|| ≤ β0, (10)

in which α0, β0 are known non-negative constants.

Assume that

μ(P0) + α0 + ||Q0|| + β0 < 0, (11)
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then for arbitrary constant K ≥ 1, we have

||x(t)|| ≤ K||ψ||e−λ(t−t0), t ≥ t0, (12)

where λ > 0 is the unique solution of

λ+ μ(P0) + α0 + (||Q0|| + β0)e
λτ = 0. (13)

Proof Set h(λ) = λ+ μ(P0) + α0 + (||Q0|| + β0)e
λτ . From (11), h(0) < 0

and h(+∞) = +∞. Since h(λ) is continuous with respect to λ and h′(λ) > 0,

(13) has a unique solution λ > 0.

By the formula for the variation of parameters, the solution of (8) can be

represented by

x(t) ≤ eP0(t−t0)x(t0) +

∫ t

t0

eP0(t−s)[ΔPx(s) + (Q0 + ΔQ)x(s− τ(s)]ds. (14)

For ||eP0(t−t0)|| ≤ eμ(P0)(t−t0) (Ref. to [3]), then by (10) and (14), we obtain

||x(t)|| ≤ eμ(P0)(t−t0)||x(t0)|| +
∫ t

t0

eμ(P0)(t−s)[α0||x(s)|| + (||Q0|| + β0)||x(s− τ(s)||]ds.
(15)

For the initial condition ψ(t), t ∈ [t0 − τ, t0], for arbitrary constant K ≥ 1,

it can be seen that

||x(t)|| ≤ K||ψ||e−λ(t−t0), t ∈ [t0 − τ, t0]. (16)

Next, we will show, for any t ≥ t0, (12) holds.

To this end, we consider an arbitrary constant ε > 0 and claim that

||x(t)|| < (K + ε)||ψ||e−λ(t−t0). (17)

Otherwise, by the continuity of ||x(t)||, there must exits a t∗ > t0 such that

||x(t)|| < (K + ε)||ψ||e−λ(t−t0), for t ∈ [t0, t
∗), ||x(t∗)|| = (K + ε)||ψ||e−λ(t∗−t0).

(18)
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Then, by using (13), (15) and the inequality of (18), we derive that

(K + ε)||ψ||e−λ(t∗−t0) = ||x(t∗)||
≤ K||ψ||eμ(P0)(t∗−t0) +

∫ t∗

t0

eμ(P0)(t∗−s)[α0||x(s)||
+(||Q0|| + β0)||x(s− τ(s))||]ds

< (K + ε)||ψ||eμ(P0)(t∗−t0)
{
1 +

∫ t∗

t0

eμ(P0)(t0−s)

[α0 + (||Q0|| + β0)e
λτ(s)]e−λ(s−t0)ds

}
≤ (K + ε)||ψ||eμ(P0)(t∗−t0)

{
1 +

[α0 + (||Q0|| + β0)e
λτ ]

∫ t∗

t0

e−(μ(P0)+λ)(s−t0)ds
}

= (K + ε)||ψ||eμ(P0)(t∗−t0)
{
1 −

α0 + (||Q0|| + β0)e
λτ

μ(P0) + λ
[e−(μ(P0)+λ)(t∗−t0) − 1]

}

= (K + ε)||ψ||eμ(P0)(t∗−t0)
[
1 + e−(μ(P0)+λ)(t∗−t0) − 1

]
= (K + ε)||ψ||e−λ(t∗−t0),

which is a contradiction. Hence, (17) holds for all numbers ε > 0, it follows

immediately that (12) is always satisfied, so the conclusion of lemma 1 holds,

this completes the proof.

Proof of Theorem 1 Set F (t, u(t), u(t−τ(t))) = A0u(t)+B0u(t−τ(t))+
Δf(t, u(t))+Δg(t, u(t−τ(t))). Suppose that v(t, t0, ϕ) be a given unperturbed

solution of (1) on [t0,∞), and that u(t, t0, φ) be any perturbed solution of (1)

on [t0,∞), respectively. For small h > 0 the H-difference of u(t + h) − u(t),

v(t + h) − v(t) exists. Denote m(t) = D[u(t), v(t)], for any t ∈ I, by the

properties of D[u(t), v(t)] (i.e., the properties of d[ui(t), vi(t)], 1 ≤ i ≤ N), we

have

m(t+ h) = D[u(t+ h), v(t+ h)]

≤ D[u(t+ h), u(t) + hF (t, u(t), u(t− τ))]

+D[u(t) + hF (t, u(t), u(t− τ)), v(t+ h)]

≤ D[u(t+ h), u(t) + hF (t, u(t), u(t− τ))]

+D[v(t) + hF (t, v(t), v(t− τ)), v(t+ h)]

+D[u(t) + hF (t, u(t), u(t− τ)), v(t) + hF (t, v(t), v(t− τ))]

≤ D[u(t+ h), u(t) + hF (t, u(t), u(t− τ))]

+D[v(t) + hF (t, v(t), v(t− τ)), v(t+ h)]
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+D[u(t) + hF (t, u(t), u(t− τ)), u(t) + hF (t, v(t), v(t− τ))]

+D[u(t) + hF (t, v(t), v(t− τ)), v(t) + hF (t, v(t), v(t− τ))]

= hD[
u(t+ h) − u(t)

h
, F (t, u(t), u(t− τ))]

+hD[F (t, v(t), v(t− τ)),
v(t+ h) − v(t)

h
]

+hD[F (t, u(t), u(t− τ)), F (t, v(t), v(t− τ))]

+D[u(t), v(t)], t ∈ [tk−1, tk), k = 1, 2, · · · .

So,

m(t+ h) −m(t)

h
≤ D[

u(t+ h) − u(t)

h
, F (t, u(t), u(t− τ))]

+D[F (t, v(t), v(t− τ)),
v(t+ h) − v(t)

h
]

+D[F (t, u(t), u(t− τ)), F (t, v(t), v(t− τ))],

and consequently, in view of the fact that u(t), v(t) are solutions of (1), we

derive that

D+m(t) = lim
h→0+

sup
1

h
(m(t+ h) −m(t))

≤ lim
h→0+

supD[
u(t+ h) − u(t)

h
, F (t, u(t), u(t− τ))]

+ lim
h→0+

supD[F (t, v(t), v(t− τ)),
v(t+ h) − v(t)

h
]

+D[F (t, u(t), u(t− τ)), F (t, v(t), v(t− τ))]

= D[F (t, u(t), u(t− τ)), F (t, v(t), v(t− τ))], t ∈ [tk−1, tk), k = 1, 2, · · · ,

that is

D+m(t) ≤ D[A0u(t) +B0u(t− τ(t)) + Δf(t, u(t)) + Δg(t, u(t− τ(t))),

A0v(t) +B0v(t− τ(t)) + Δf(t, v(t)) + Δg(t, v(t− τ(t)))].

So using the properties of D[u, v] again, we obtain that

D+m(t) ≤ [A0]
+D[u, v] + [B0]

+D[u(t− τ(t), v(t− τ(t)]

+ D[Δf(t, u(t)),Δf(t, v(t))] +D[Δg(t, u(t− τ(t))),Δg(t, v(t− τ(t)))],

and then by (2) of the condition (H1) and m(t) = D[u, v], we have

D+m(t) ≤ [A0]
+m(t) + [B0]

+m(t− τ(t)) + ΔAm(t) + ΔBm(t− τ(t)),
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that is, for any t ∈ [tk−1, tk), k = 1, 2, · · · , we derive that

D+m(t) ≤ ([A0]
+ + ΔA)m(t) + ([B0]

+ + ΔB)m(t− τ(t)). (19)

Combining (3), (19), condition (H4) and using Lemma 1, we have

||m(t)|| ≤ γ||m(t0)||e−(λ+ ln γ
θ

)(t−t0), t ∈ [t0, t1), (20)

here we take the arbitrary constant K ≥ 1 in Lemma 1 as γ, since 1 = ρ(U) ≤
ρ(U + Rk) ≤ ||U +Rk|| ≤ γ (for the first inequality, please refer to [13]), and

λ > 0 is the unique solution of

λ +
ln γ

θ
+ μ([A0]

+) + α + γ
τ
θ (||[B0]

+|| + β)eλτ = 0, (21)

that is

λ+
ln γ

θ
+ μ([A0]

+) + α + (||[B0]
+|| + β)e(λ+ ln γ

θ
)τ = 0, (22)

By the discrete part of (1) and condition (H2), we obtain that

D[u(tk), v(tk)] = D[u(t−k ) + Ik(u(t
−
k )), v(t−k ) + Ik(v(t

−
k ))]

≤ D[u(t−k ) + Ik(u(t
−
k )), v(t−k ) + Ik(u(t

−
k ))]

+ D[v(t−k ) + Ik(u(t
−
k )), v(t−k ) + Ik(v(t

−
k ))]

= D[u(t−k ), v(t−k )] +D[Ik(u(t
−
k )), Ik(v(t

−
k ))]

≤ D[u(t−k ), v(t−k )] +RkD[u(t−k ), v(t−k )],

that is

m(tk) ≤ (U +Rk)m(t−k )), k = 1, 2, · · · , (23)

then

||m(tk)|| ≤ ||U +Rk|| · ||m(t−k ))|| ≤ γ||m(t−k ))||, k = 1, 2, · · · . (24)

In view of (20) and (24), we can easily obtain that

||m(t1)|| ≤ γ||m(t−1 )|| ≤ γ2||m(t0)||e−(λ+ ln γ
θ

)(t1−t0). (25)

So

||m(t)|| ≤ γ2||m(t0)||e−(λ+ ln γ
θ

)(t−t0), t ∈ [t1 − τ, t1]. (26)
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Then, using (19) and Lemma 1 again, we have

||m(t)|| ≤ γ2||m(t0)||e−(λ+ ln γ
θ

)(t−t0), t ∈ [t1, t2), (27)

and then by (24) and (27), we derive that

||m(t2)|| ≤ γ3||m(t0)||e−(λ+ ln γ
θ

)(t2−t0), (28)

so

||m(t)|| ≤ γ3||m(t0)||e−(λ+ ln γ
θ

)(t−t0), t ∈ [t2 − τ, t2]. (29)

Therefore, by the method of mathematical induction,

||m(t)|| ≤ ||m(t0)||(
∏

t0<tk≤t

γ)e−(λ+ ln γ
θ

)(t−t0), t ≥ t0, (30)

then

||m(t)|| ≤ ||m(t0)||γ · γ
t−t0

θ e−(λ+ ln γ
θ

)(t−t0), t ≥ t0, (31)

since γ ≥ 1 and θ = inf{tk − tk−1} > 0.

So it is easily observed that

||m(t)|| ≤ γ||m(t0)||e
ln γ
θ

(t−t0)e−(λ+ ln γ
θ

)(t−t0) = γ||m(t0)||e−λ(t−t0), t ≥ t0, (32)

which can easily be led to

||D[u, v]|| ≤ γ||D[φ, ϕ]||e−λ(t−t0), t ≥ t0, (33)

so the conclusion of theorem 1 follows from (33), this completes the proof.

4 Conclusion

In this paper, the robust stability of fuzzy impulsive differential equations

with delay is considered using the Hukuhara derivatives (H-derivatives). In

order to obtain the robust stability condition, we first establish a differential

inequality with delay and uncertain parameters. Then combining with the

formula for the variation of parameters, the norm and measure of matrix, the

sufficient condition in algebraic norm is given. which is useful to the stability

theory of FDE.
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