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Abstract

In this paper we study the submersion of CR- De Sitter space Sn+1
1

onto complete simply connected spacelike hypersurface Mn in nearly
Kaehler semi-Euclidean space Rn+2

2 and conclude the non-existence of
compact spacelike hypersurface in Sn+1

1 .
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1 Introduction

The fundamental equations for submersions [3] are very well known in the
theory of submanifolds. Using these equations S. Ali and S.I. Hussain [1] in-
vestigated the submersions of CR-submanifolds of a nearly Kaehler manifold.
Furthermore based on the sign of the sectional curvature or in particular holo-
morphic sectional curvature, A. Gray [2] showed the existence of conjugate
points in a complete nearly Kaehler manifold which led to the compactness of
the same. On the other hand, In [5] and [6], B. Sahin introduced the concept of
lightlike submersion from a semi-Riemannian manifold onto lightlike manifold.
In the present article we use the timelike nature of the vertical distrubution
of the CR-de Sitter space Sn+1

1 sitting in Rn+2
2 and show the non-existence of

the conjugate points in the complete spacelike hypersurface of Sn+1
1 and hence

non-compactness of spacelike hypersurface of Sn+1
1 .

1This research work is supported by UGC Major Research Project No. 33-112/2007(SR).
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2 Preliminaries

Let Rn+2
2 be the (n + 2)-dimensional semi-Euclidean space, n(even)≥ 2, en-

dowed with the semi-Euclidean metric tensor g given by

g(v, w) =
n∑

i=1

viwi −
∑

j=n+1,n+2

vjwj

and let Sn+1
1 ⊂ Rn+2

2 be the (n + 1)-dimensional unitary de Sitter space given
by Sn+1

1 = {x ∈ Rn+2
2 : g(x, x) = 1}.

Let ∇◦ be the semi-Euclidean connection on Rn+2
2 . Then ∇◦ induces the Levi-

Civita connection ∇̄ on Sn+1
1 . These connections are related by Gauss and

Weingarten formula given by [4]

∇◦
XY = ∇̄XY − g(X, Y )N, (2.1)

∇◦
XN = −ANX, (2.2)

for X, Y ∈ χ(Sn+1
1 ) where N is the unit vector spanning the normal vector

bundle μ of Sn+1
1 and A is the shape operator of Sn+1

1 in Rn+2
2 with respect to

the normal vector field N. It is clear that for Sn+1
1 we have[4]

ANX = −X. (2.3)

A connected submanifold Mn of Sn+1
1 is said to be a spacelike hypersurface if

the induced metric on Mn is Riemannian. We denote the induced Riemannian
connection on Mn by ∇∗.
In the entire discussion of this article we shall assume spacelike hypersurfaces
to be complete simply connected.

Definition 2.1 Assume that Rn+2
2 has an almost complex structure J . Then

the de-Sitter space Sn+1
1 ⊂ Rn+2

2 is said to be a CR − de Si tter space if there
exist two orthogonal distributions D and D⊥ on Sn+1

1 such that D is invariant
under the almost complex structure J i.e. JD = D and D⊥ is totally real, i.e.
JD⊥ = μ, where μ is the normal bundle of Sn+1

1 in Rn+2
2 . The distributions D

and D⊥ are called horizontal and vertical distributions respectively.

Since the co-dimension of Sn+1
1 in Rn+2

2 is one , we conclude that D⊥ is also
one dimensional.
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Now let Mn be an n-dimensional almost Hermitian spacelike hypersurface of
Sn+1

1 with Hermitian metric g∗. Let π : Sn+1
1 −→ Mn be a submersion of a

CR − de Si tter space Sn+1
1 onto Mn (for submersion see [3]) such that

(i) D⊥ is the kernel of π∗, i.e. π∗D⊥ = {0}.
(ii) π∗ : Dp −→ D∗

π(p) is a isometry of the subspace Dp onto D∗
π(p) for all

p ∈ Sn+1
1 , where D∗

π(p) denotes the tangent space of Mn at π(p).

Since Mn is a hypersurface of Sn+1
1 we take D⊥ = span{ξ}, where ξ is the

unit timelike vector field of Sn+1
1 and is carried away by J to the normal

vector field N to Sn+1
1 or we can say Jξ = N. The submersion is then called

semi-Riemannian submersion. Further for every vector field X on Sn+1
1 we set

X = HX +V X, where HX and V X = −g(X, ξ)ξ are the horizontal part and
the vertical part of X respectively. Now we define special vector fields called
basic vector fields to relate the geometry of Sn+1

1 to that of Mn.

Definition 2.2 A vector field X on Sn+1
1 is said to be basic if (i) X is hori-

zontal, i.e. X ∈ D, and (ii) X is π-related to a vector field on Mn, i.e. there
exist a vector field X∗ on Mn such that (π∗)p(X) = (X∗)π(p) for all p ∈ Sn+1

1 .

We then have the following lemma

Lemma 2.3 Let X and Y be basic vector fields on Sn+1
1 . Then

(i) g(X, Y ) = g∗(X∗, Y∗) ◦ π;
(ii) H [X, Y ] is basic vector field corresponding to [X∗, Y∗];
(iii) H(∇̄XY ) is basic and corresponding to ∇∗

X∗Y∗ where ∇∗ is an induced
Riemannian connection on Mn;(iv) [ξ, X] is a timelike vector field for all X ∈
D and ξ ∈ D⊥.

Proof. (i), (ii) and (iii) can be concluded directly from [3]. We shall prove
the last part of this lemma.
(iv) We know from assumption that Mn is a spacelike hypersurface of Sn+1

1

and π is a semi-Riemannian submersion from which we conclude that D⊥ is
a timelike distribution. The whole thing we need to show is that [ξ, X] also
belongs to D⊥ for all X ∈ D and ξ ∈ D⊥, or we are to show that

H [ξ, X] = 0.

Now since (π∗)p(ξ) = (0)π(p) we have

π∗ ◦ [ξ, X] = [π∗ξ, π∗X] = [0, π∗X] = 0.
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This shows that [ξ, X] is π-related to zero vector field. But this is the property
possessed by vertical vector field. Hence [ξ, X] ∈ D⊥ which gives the required
result.
For a covariant differentiation operator ∇∗ we define a corresponding operator
∇̃∗

for basic vector fields of Sn+1
1 by

∇̃∗
XY = H(∇̄XY ).

Then ∇̃∗
XY is a basic vector field and

π∗(∇̃∗
XY ) = ∇∗

X∗Y∗.

Define a tensor field C by

∇̄XY = ∇̃∗
XY + C(X, Y ) for all X, Y ∈ D (2.4)

where ∇̃∗
XY = H(∇̄XY ) and C(X, Y ) = V ∇̄XY.

Further for X ∈ D and ξ ∈ D⊥, we define a tensor Ã by

∇̄Xξ = ÃXξ + V (∇̄Xξ) (2.5)

where ÃXξ = H(∇̄Xξ).
It is clear that

C(X, Y ) = g(ÃXξ, Y )ξ. (2.6)

Lemma 2.4 [3]C(X, Y ) is skew symmetric.

Lemma 2.5 [3]C(X, Y ) = 1
2
V [X, Y ].

Using equation (2.6) we get

g(C(X, Y ), ξ) = −g(ÃXξ, Y ). (2.7)

Further the curvature tensor R̄(X, Y, Z, W ) for Sn+1
1 is given by R̄(X, Y, Z, W ) =

g(R̄(X, Y )W, Z). It is easy to see through equation (2.7) that

R̄(X, Y, Z, W ) = R∗(X∗, Y∗, Z∗, W∗) − g(C(Y, W ), C(X, Z))

+ g(C(X, W ), C(Y, Z)) + 2g(C(X, Y ), C(W, Z)) (2.8)

where R∗ denote the curvature tensor of Mn for each basic vector fields X, Y, Z, W
on Mn.
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3 Submersion of CR-De Sitter space and non-

existence of compact spacelike hypersurface

Let Sn+1
1 be a CR-de Sitter space of a nearly Kaehler semi-Euclidean space

Rn+2
2 . Let π : Sn+1

1 −→ Mn be a semi-Riemannian submersion of Sn+1
1 onto

an almost Hermitian spacelike hypersurface Mn such that

D = TSn+1
1 ∩ J(TSn+1

1 )

is the horizontal part of the tangent bundle TSn+1
1 of Sn+1

1 and at each point
p ∈ Sn+1

1 , π∗ : Dp −→ D∗
π(p) is an isometry of Dp onto D∗

π(p) ,where D∗
π(p) is the

tangent space of Mn at π(p). Suppose D⊥ is the orthogonal complement of D
in TSn+1

1 , then it is a real subbundle of dimension one given by D⊥ = span{ξ}.
Then we have the following orthogonal decomposition

TRn+2
2 = D ⊕ {ξ} ⊕ {N}. (3.1)

It is clear that D and {ξ} ⊕ {N} are invariant under the almost complex
structure J.

Lemma 3.1 Let π : Sn+1
1 −→ Mn be a semi-Riemannian submersion of a

CR-de Sitter space Sn+1
1 of nearly Kaehler semi-Euclidean space Rn+2

2 onto
an almost Hermitian spacelike hypersurface Mn. Then Mn is a nearly Kaehler
spacelike hypersurface.

Proof. We suppose that X, Y are basic vector fields. Then using equations
(2.1) and (2.4), we find

∇◦
XY = ∇̃∗

XY + C(X, Y ) − g(X, Y )N.

Applying J on both sides of the above equation we get

J∇◦
XY = J∇̃∗

XY + JC(X, Y ) − g(X, Y )JN. (3.2)

Similarly we have

J∇◦
Y X = J∇̃∗

Y X + JC(Y, X) − g(Y, X)JN. (3.3)

Now since X and Y are basic vector fields and hence JX and JY are basic.
This yields

∇◦
XJY = ∇̃∗

XJY + C(X, JY ) − g(X, JY )N, (3.4)

and

∇◦
Y JX = ∇̃∗

Y JX + C(Y, JX) − g(Y, JX)N. (3.5)
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Equ ations (3.2), (3.3), (3.4) and (3.5) imply

(∇◦
XJ)(Y ) + (∇◦

Y J)(X) = (∇̃∗
XJ)(Y ) + (∇̃∗

Y J)(X) + C(X, JY )

+C(Y, JX) − JC(X, Y ) − JC(Y, X) + 2g(X, Y )JN,

or

(∇̃∗
XJ)(Y ) + (∇̃∗

Y J)(X) + C(X, JY ) + C(Y, JX) − JC(X, Y )

− JC(Y, X) + 2g(X, Y )JN = 0

as Rn+2
2 is a nearly Kaehler semi-Euclidean space. Now comparing the tan-

gential and normal components of Mn in the above equation we deduce that

(∇̃∗
XJ)(Y ) + (∇̃∗

Y J)(X) = 0, (3.6)

and

C(X, JY ) + C(Y, JX) = −2g(X, Y )JN.

By putting the relation JN = −ξ into the above equation we may write

C(X, JY ) + C(Y, JX) = 2g(X, Y )ξ. (3.7)

Equation (3.6) shows that Mn is a nearly Kaehler spacelike hypersurface of
Sn+1

1 .

Lemma 3.2 Let π : Sn+1
1 −→ Mn be a semi-Riemannian submersion of a

CR-de Sitter space Sn+1
1 of nearly Kaehler semi-Euclidean space Rn+2

2 onto
an almost Hermitian spacelike hypersurface Mn. Then the sectional curvature
R∗(X∗, Y∗, X∗, Y∗) of Mn is negative for all unit linearly independent vector
fields X, Y ∈ D.

Proof. The curvature tensor R̄ of Sn+1
1 is related to the curvature tensor R◦

of Rn+2
2 by the following equation

R◦(X, Y, Z, W ) = R̄(X, Y, Z, W ) + g(X, Z)g(Y, W )− g(X, X)g(Y, Z).

This gives

R◦(X, Y, X, Y ) = g(R◦(X, Y )Y, X) = R̄(X, Y, X, Y ) + g(X, X)g(Y, Y ) − g(X, Y )g(Y, X).
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Further as a consequence of equation (2.8), it follows that

R◦(X, Y, X, Y ) = R∗(X∗, Y∗, X∗, Y∗) + ‖X‖2 ‖Y ‖2 − g(X, Y )2

−g(C(Y, Y ), C(X, X)) + g(C(X, Y ), C(Y, X))

+2g(C(X, Y ), C(Y, X)).

Using the skew symmetry of C(X, Y ) and the orthogonality of X and Y the
last expression is simplified to

R◦(X, Y, X, Y ) = R∗(X∗, Y∗, X∗, Y∗) + 1 − 3 ‖C(X, Y )‖2 .

But R◦(X, Y, X, Y ) = 0 since Rn+2
2 is flat and let ‖C(X, Y )‖2 = −δ2 for some

δ ∈ R as C(X, Y ) is a timelike vector. Therefore we have

R∗(X∗, Y∗, X∗, Y∗) = −(1 + 3δ2).

The last equation shows that our assertion is true for all X∗, Y∗ ∈ D∗
π(p).

We now come to the main theorem of the non-existence of compact spacelike
hypersurfaces in CR-de Sitter space.

Theorem 3.3 There exists no any compact spacelike hypersurfaces in a CR-
de Sitter space Sn+1

1 in nearly Kaehler semi-Euclidean space Rn+2
2 .

Proof. Let Mn be any spacelike hypersurface in a CR−de Sitter space Sn+1
1 .

Then as a consequence of the previous lemma Mn is with negative sectional
curvature. Further by hypothesis Mn is complete simply connected and hence
from Hadamard theorem [4], Mn is diffeomorphic to Rn. This shows that Mn

is not compact.
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