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Abstract

Let R be a coherent ring and S an extension ring (almost extension
or free normalizing extension )of R. In this paper, we study the weak
Gorenstein homological dimensions over R and S. We show that if M is
an S-module, then MR is Gorenstein flat if and only if MS is Gorenstein
flat. Secondly, we prove that the right Gorenstein weak dimension of R

is equal to the right Gorenstein weak dimension of S.
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1 Introduction

We use InjR to denote the class of injective R-modules.

Suppose that R is a subring of the ring S, R and S have the same identity.

The ring S is said to be an excellent extension of R if

(A) S is a free normalizing extension of R with a basis that includes 1; that

is; there is a finite set {a1, . . . , an} ∈ S such that a1 = 1, S = a1R + · · ·+ anR

and aiR = Rai for all i = 1, . . . n and S is free with basis {a1, . . . , an} as both

a right and left R-module and

(B) S is R-projective, that is , if NS is a submodule of MS , then NR|MR

implies NS|MS . Excellent extensions were introduced by Passman [12] and

named by Bonami [2]. Example include finite matrix rings [ 12 ] and crossed

prodct s R ∗ G, where G is a finite group o(G)−1 ∈ R[2 ].
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The ring S is said to almost excellent extension of R, if the conditions (B)

and (C) are satisfied.

(C) S is a finite normalizing extension of R such that RS is projective

R-module and SR is flat.

In [8], Fang proved that if S is an excellent extension of R, and M is an

S-module, then MR is projective if and only if MS is projective. In [11], Liu

proved that if S is an excellent extension of R, then wdim(R) = wdim(S),

where wdim(R) denotes the weak global dimension of the ring R.

One should observe that Gorenstein flat modules are generalizations of flat

modules. Our main results are given in section 2. First, we show that if S is

an almost excellent extension of R, R is right coherent and M is an S-module,

then MR is Gorenstein flat if and only if MS is Gorenstein flat (Lemma 2.3),

this generalizes Liu’s result. Secondly, we prove that r.wGpd(R) = r.wGpd(S)

(Theorem 2.4). Some results in [11] are generalized to the settings of Goren-

stein flat modules and Gorenstein flat dimensions respectively.

Let R be a noetherian ring with dualizing complex D. The Auslander cat-

egory A(R) with respect to D is defined in [1]. It is shown that the modules in

A(R) are precisely those of finite Gorenstein projective dimension(Gorenstein

flat dimension), see[4, Theorem 4.1]. This maybe view as an extension of the

results of [5]. In [7] Esmkhani, Tousi extend the characterization of finiteness

of Gorenstein projective and flat dimension in [4] to arbitary local noethe-

rian rings. They defined A′(R) to be the calss of R-modules M such that

R̂ ⊗R M ∈ A(R̂).In section 3 of this paper, we investigate the relative Aus-

lander categories over free normalizing extension ring A. It is shown that

M ∈ A′(A) if and only if M ∈ A′(R). And we proved that AM is Gorenstein

flat if and only if RM is Gorenstein flat.

2 Almost extension rings and weak Gorenstein

homological dimension

In This section all rings are associative and have an identity, and all modules

are right modules.

Lemma 2.1. Let S be an almost excellent extension of R, and M an S-

module. If MR is a Gorenstein flat R-module, then M ⊗R SS is a Gorenstein

flat S-module.

Proof. Assume that MR is a Gorenstein flat R-module. Then there exists a
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−⊗R Inj exact exact sequence

F = · · · → F1R → F0R → F 0
R → F 1

R → · · ·

of flat modules such that M = Ker(F 0
R → F 1

R). Applying − ⊗R SS to F we

get an exact complex F ⊗R SS

F ⊗R SS = · · · → F1 ⊗R SS → F0 ⊗R SS → F 0 ⊗R SS → F 1 ⊗R SS → · · ·

and M ⊗R SS = Ker(F 0 ⊗R SS → F 1
R ⊗R SS). For any injective left S-

module SI, we have RSS ⊗S I is an injective left R-module. So F ⊗R SS ⊗S I

is exact. Thus, M ⊗R SS is a Gorenstein flat module.

Lemma 2.2. If R is right coherent, then the class of Gorenstein flat R-

modules is closed under direct summands.

Proof. See [9, Theorem 3.7]

Lemma 2.3. Let R be a right coherent ring and S an almost excellent exten-

sion of R, and MS an S-module. Then MR is Gorenstein flat if and only if

MS is Gorenstein flat.

Proof. ′ =⇒′ Assume that MR is Gorenstein flat. Then M⊗RSS is Gorenstein

flat module by Lemma 2.1. Since MS is a submodule of (M ⊗R S)S. Thus,

MS is Gorenstein flat by Lemma 2.2 and [9, Theorem 3.7].
′ ⇐=′ Let MS be Gorenstein flat. Then there is a − ⊗S I exact exact

sequence

FS = · · · → F1S → F0S → F 0
S → F 1

S → . . .

of flat S-modules such that MS = Ker(F 0
S → F 1

S). Clearly,

FR = · · · → F1R → F0R → F 0
R → F 1

R → . . .

is an exact sequence of flat R-modules and MR = Ker(F 0
R → F 1

R). Next, we

shall prove that FR is −⊗R Inj exact. In fact, for any injective left R-module

RI, SSR ⊗R I is an injective left R-module. Then FS ⊗S SR ⊗R I is exact, and

FR
∼= FS ⊗S SR. So FR ⊗R I is exact, thus MR is Gorenstein flat.

Theorem 2.4. Let R be a right coherent ring, if S is an almost excellent

extension of R, then r.Gfd(R) = r.Gfd(S).
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Proof. Suppose that r.Gfd(R) = m < ∞. Let MS be an S-module. Then

we get GfdRMR ≤ m. So there exists a Gorenstein flat resolution of MR:

0 → Gk → · · · → G0 → MR → 0, k ≤ m,

where Gk, . . . G0 are Gorenstein flat R-modules. Since Gi ⊗ S is a Gorenstein

flat S-module for all 0 ≤ i ≤ k by Lemma 2.1, we get a Gorenstein flat

resolution of the A-module M ⊗R SS:

0 → Gk ⊗R SS → · · · → G0 ⊗R SS → M ⊗R SS → 0.

But MS is a direct summand of (M ⊗R S)S, so GfdS(MS) ≤ m by Lemma 2.3

Thus, r.Gfd(A) ≤ r.Gfd(R). Conversely, assume that r.Gfd(S) = m < ∞.

For any R-module MR, consider the following exact sequence of R-modules

0 → N → Gm−1 → · · · → G1 → G0 → MR → 0 (2.1)

where Gi is Gorenstein flatR-module for all 0 ≤ i ≤ m − 1. Applying −⊗R S

to (2.1), we have the following exact sequence of S-modules

0 → N ⊗R SS → Gm−1⊗R SS → · · · → G1⊗R SS → G0⊗R SS → M ⊗R SS → 0

where each Gi ⊗R SS is a Gorenstein flat S-module for all 0 ≤ i ≤ m − 1 by

Lemma 2.1. Since r.Gfd(s) = m, So N ⊗R SS is Gorenstein flat S-module.

(N⊗RS)R is also a Gorenstein flat R-module by Lemma 2.3. But NR|(N⊗S)R

by the proof of [11,Theorem 3]. Hence NR is Gorenstein flat R-module. We

get that Gfd(MR) ≤ m. So r.Gfd(R) ≤ m, i.e. r.Gfd(A) ≥ r.Gfd(R).

3 Auslander categories and extension rings

In this section, R will denote a commutative ring with non-zero identity and

R̂ will denote the completion of a local ring (R, m). In [7] Esmkhani and Tousi

studied the Gorenstein homological dimension using Auslander category. They

defined A′(R) to be the class of R-modules M such that R̂ ⊗ M ∈ A(R̂).

Theorem 3.1. Let R be a commutative noetherian local ring and S =
∑n

i=1 Rai

be a free normalizing extension of R. Let M be an S-module. Then M ∈ A′(S)

if and only if M ∈ A′(R).

Proof. =⇒ Assume that M ∈ A′(S). Then Ŝ⊗M ∈ A(Ŝ). Note that Ŝ⊗M ∈
A(R̂) by [3, Proposition 5.3.]. As Ŝ ⊗ M ∼= (R̂ ⊗ M)n, then Ŝ ⊗ M ∈ A(R̂)

by [10, Proposition 4.5]. Thus, M ∈ A′(R).

⇐= Similarly.
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Corollary 3.2. Let R be a commutative noetherian local ring and S =
∑n

i=1 Rai

be a free normalizing extension of R. Let M be an S-module. Then GfdRM <

∞ if and only if GfdSM < ∞.

Proof. By [5, Proposition 2.2 and Corollary 2.6] and Theorem 3.1

Corollary 3.3. Let R be a commutative Noetherian local ring and S =
∑n

i=1 Rai

be a free normalizing extensions of R. Then R is n-Gorenstein if and only if

S is n-Gorenstein.

Proof. By [6, Theorem 12.3]

Proposition 3.4. Let R be a ring and S =
∑n

i=1 Rai be a free normalizing

extensions of R, and M is an S-module. Let RM be a Gorenstein flat R-

module, then SSR ⊗R M is a Gorenstein flat S-module.

Proof. Assume that RM is Gorenstein flat R-module. Then there exists a

IR ⊗− exact exact sequence

F = · · · →R F1 →R F0 →R F 0 →R F 1 → . . .

of projective R-modules such that M = ker(RF 0 →R F 1).

Applying SSR ⊗− to F we get an exact complex SSR ⊗ F of flat S-modules,

and SSR ⊗R M = ker(SSR ⊗R P 0 →S SR ⊗R P 1). Note that for any injective

right S-module I, IS ⊗S SR ⊗F is exact. Thus, SSR ⊗R M is a Gorenstein flat

S-module.

Corollary 3.5. Let R be a commutative noetherian local ring and S =
∑n

i=1 Rai

be a free normalizing extension of R. Let M be an S-module. Then SM is

Gorenstein flat if and only if RM is Gorenstein flat.

Proof. =⇒ Assume that SM is Gorenstein flat. Similarly to the proof of

Proposition 3.4. we know that RM is Gorenstein flat.

⇐= Assume that RM is Gorenstein flat. Then GfdSM < ∞ by Corollary

3.2. Suppose that GfdSM < n thus there exists a projective resolution of SM

as following:

0 → Gn → · · · → G0 →S M → 0

where each Gi (0 ≤ i ≤ n) is Gorenstein flat S-module, it is also a Gorenstein

flat R-module. Note that n = 0. Thus, SM is Gorenstein flat.
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