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Abstract

The classical Steiner tree problem in weighted graphs seeks a mini-

mum weight connected subgraph containing a given subset of the ver-

tices which are called required. If the edge weights are all positive,

then the resulting subgraph is obviously a tree. The computational na-

ture of the problem makes it a traditional research subject in theory

of computing. Steiner tree problem in graphs is NP-complete, i.e., the

exact optimal solutions are unlikely computable in polynomial-time un-

less P=NP. We present a new polynomial time approximation algorithm
1School of Computer Sciences, Institute for Research in Fundamental Sciences (IPM),

P.O.Box:19395-5746, Tehran, Iran
2Center of Excellence in Geomatics Engineering and Disaster Management

* Corresponding author. E-mail: dmoazzami@ut.ac.ir



2626 S. V. Dolagh and D. Moazzami

that achieves an approximation ratio of 1.5 in most graphs, which im-

proves upon the previously best-known approximation algorithm ratio

of 1.55.

Keywords: Steiner Tree Problem, Approximation Algorithms, Heuristic

Algorithm

1. Introduction Given an arbitrary weighted graph with a distinguished

vertex subset, the Steiner Tree Problem seeks a minimum-weight subtree span-

ning the distinguished vertices. Steiner trees are important in various ap-

plications such as VLSI routing[8], Network routing[10], Wirelength estima-

tion[4],Phylogenetic tree reconstruction in biology[7]. The Steiner Tree prob-

lem is NP-hard, even in the Euclidean or rectilinear metrics [5], and thus effi-

cient approximation heuristics are sought instead of exact algorithms. Arora

established that Euclidean and rectilinear minimum-weight Steiner trees can

be efficiently approximated arbitrarily close to optimal [1]. On the other hand,

unless P = NP, the Steiner tree problem in general graphs cannot be approxi-

mated within a factor of 1 + ε, for sufficiently small ε>0, [3].

In general, for NP-hard optimization problems, such as Steiner tree problem,

their optimal solutions are unlikely to be computable in polynomial time. For

such problems, polynomial time approximate solutions are useful. One way

to design a polynomial time approximation algorithm is as follows: Put some

restriction on feasible solutions so that the optimal solution under this restric-

tion can be computed in polynomial time, and then use this optimal solution

for the restricted problem to approximate the optimal solution for the original

problem. For arbitrary weighted graphs, the best Steiner approximation ratio

achievable within polynomial time was gradually improved from 2 to 1.55 in a

series of papers [13, 14, 2, 15, 11, 9, 6, 12]. Refer to Table 1 for more informa-

tion on approximation algorithms for the Steiner tree problem. In this paper

we present a polynomial time approximation scheme for the graph Steiner tree

problem with a best-known performance ratio approaching 1.5.
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Table 1: Steiner Tree Approximation ratio

2. Definitions, notation, and basic properties.

Let G = (V, E, w) be a graph with strictly positive edge weight and whose

vertices are partitioned into two sets, required (or terminal) and Steiner, find

a minimum weight tree in G that contains all the required vertices and any

subset of the Steiner vertices. Any tree in G spanning a given set of required

R ⊆ V is called a Steiner tree, and the weight of a tree is defined to be the sum

of its edge weights. The Steiner Tree Problem (ST) seeks a minimum-weight

Steiner tree for a given required set R. Any Steiner vertices contained in a

Steiner tree are referred to as Steiner points.

Definition 1: The path(a, b) is shortest path between vertex a and vertex

b. In Example 1, in the graph G (illustrated in Figure 2(a) ) path(b, c) is b, i, c

and cost of path(b, c) i.e. Pbc is sum of edges in path that is 8.

Definition 2: The pathTree(a, b, c) is a tree that connect three ver-

tices a, b and c together and contains edges in path(a, b) and path(b, c), i.e.

pathTree(a, b, c) is union of edges in path(a, b) and path(b, c). We suppose Pab

and Pbc are less than Pac , if Pab and Pac is less than Pbc then pathTree(a, b, c)

will be union edges in path(a, b) and path(a, c).
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Figure 1 : (a) Graph G with four required vertices (square) and three Steiner

vertices (Circle). (b) minimum Steiner tree of G.

Definition 3: Let a, b and c be the three vertices in G, center of this three

vertices, center(a, b, c) is a vertex in V so that has minimum sum of distance

of this vertices. (i.e. center of a, b, c is x ∈ V : d(a ,x)+d(b, x)+d(c ,x) be

minimum). We use Algorithm1 (which computes center(a, b, c)) to find some

particular edges for removing in given graph G. Notices that this stage has

nothing to do with our main approximation algorithm for Steiner Tree and it is

just an explanation in order to define a useful operator. We call this operator

center and it has three input parameters and one output, each of its three

input parameters are in fact three required vertices and one output parameter

is a vertex in G. Algorithm 1 will be used in step 3 of algorithm 2.

Definition 4: The centerTree(a, b, c) is a tree that connect three vertices

a, b and c together via center(a, b, c).

Example 1: Graph G exhibit in Figure (2.a), in Figure (2.b) shown CEN-

TER ( a, b, c). Center of three vertices a, b and c is vertex h. Sum of distance

vertex h from a, b and c is 12. (i.e. DM[h, a]=4, DM[h, b]=3 and DM[h, c]=5

thus sum of distances is 12.)
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Figure 2: (a) G = (V, E, w) (b) CENTER (a, b, c)

Algorithm1 can be executed in the order O(|V |). In fact we can combine

step 1 and step 2, thus time complexity of Algorithm 1 is O(|V |).

3. The MAIN Algorithm

Our main approximation algorithm for Steiner Tree, repeatedly removes some

edges from given graph, then connect all required vertices together.
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Algorithm 2: (Approximation minimum Steiner Tree) 
__________________________________________________________________

Input: a graph G = (V,E, w) and R V , 
R = {r1, r2, …, rr} Required vertices 

 S =V / R Steiner vertices
 Output: minimum Steiner tree
__________________________________________________________________

1- Preprocessing 
 1.1- For any si if deg(si) <2 then remove si from G. 
 1.2- For any edges in E, if |Pij| < |eij| then eliminate eij.

2- For any triple a, b, c  R :
 If ( | centerTree (a, b, c) | < | pathTree (a, b, c) | ) 
  { 
  If ( path(a, b) not conatin any required vertices ) 
   Eliminate { path (a, b) \ centerTree (a, b, c)} 

If ( path(b, c) not conatin any required vertices ) 
   Eliminate { path (b, c) \ centerTree (a, b, c) } 

  If ( eliminated any edges ) 
   update shortest paths (i.e. DM) 

 } 

3- selectedTree={ r1}
 unselected={ r2, …, rr}

 while ( unselected  ) 
  { 
   Find nearest rx in unselected to ry in selectedTree 
   Add path(rx , ry ) to selectedTree  
   unselected = unselected \ path(rx , ry )
   Remove rx from unselected 
  } 

4- Output: selectedTree 

In step 1.1, if degree of vertex si in Steiner vertices is one, then remove si

from V , because si will not appear in minimum Steiner Tree. In step 1.2 for

any u, v ∈ V , if we can connect u and v with another shorter path then we

remove the edge between u and v. Clearly G still is connected. In step 2, we

must remember definition 2 that in pathTree(a, b, c) we supposed Pab and Pbc
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(a) (b) (c) 

Required vertex 
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Figure 3: (a) Graph G (V, E) with 13 vertices and 6 required vertices. All

edges have cost 1. (b) Graph G after first iteration of step 2 of algorithm2.

(c) Steiner tree with cost 6. Algorithm 2 returns this tree.

are less than Pac. In Elimination section of step 2, we delete edges that belong

to path(a, b) and not belong to centerTree(a, b, c).

Example 2: In figure 3 graph G with 13 vertices and 6 required vertices

has given. All edge’s cost are 1. In step 1 of algorithm 2, no vertex nor edge

not remove. In step2, we have 20 triples. In first iteration a = r1, b = r2

and c = r3 then path(r1, r2) = {r1s1, s1r2} and path(r2, r3) = {r2s2, s2r3} will

illustrate. At last algorithm 2 returns the tree that six required vertices be

connected by s7 that displayed in figure 3 (c).

4. Analysis for Time Complexity and Space Complexity

In this section, we analyze the time complexity and the space complexity. At

first, we analyze algorithm 1. Because we have distance matrix, indenting the

center of three vertices can be done in O(|V |) time. In this algorithm we don’t

need any additional variable thus space complexity of Algorithm1 is O(1).

We will peruse complexity of Algorithm 2. In step 1, shortest paths can be cal-

culate in time O(|V |3), step 1.1 can be done in time O(|S|) and step 1.2 can be
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done O(|V |2), thus time complexity of step 1 is O(|V |3 + |S|+ |V |2). In step 2,

in worst-case (in each iteration illustrate some edges) we must calculate short-

est paths in O(|V |3). Computing the centerTree(a, b, c) and pathTree(a, b, c)

can be done in time O(|V |) (Algorithm 1) and O(|V |). Step 2 will be repeated
(

R
3

)
times. Thus time complexity of step 2 is O(

(
R
3

)
(|V |3 + |V | + |V |)).

Step 3, have the time complexity of O(|R| ∗ (|V |2 + |V |+ |V |)). Therefore time

complexity of Algorithm 2 is O(|R|3∗|V |3). Space complexity of this algorithm

is O(|V |2).

5. IMPLEMENTATION

We implemented algorithm using Microsoft Visual C# 2008, and all results

are calculated with Pentium4 3.00 GHz and 512 MB RAM.

We use testset B, SP and wrp3 of SteinLib [16]. Testset B has 18 instances.

These instances are random generated sparse graphs with edge weights between

1 and 10 (Table 2).

6. CONCLUSION

In this article, we introduce a pragmatic approximation algorithm for the

Steiner tree problem with a acceptable time complexity and good approxima-

tion factor in several test sets. We run our algorithm on some tight examples of

other’s approximation algorithms and our approximation factor (ratio) always

less than 1.5. We envisage develop our algorithm and prove that its approxi-

mation factor is 1.5.
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Table 2: Results of SteinLib testset BTable 2: Results of SteinLib testset B. 
Graph |V| |E| |T| opt result ratio running time 

B01 50 63 9 82 82 1 109 ms 

B02 50 63 13 83 83 1 203 ms 

B03 50 63 25 138 139 1.007 1".437 

B04 50 100 9 59 62 1.05 78ms 

B05 50 100 13 61 62 1.016 218ms

B06 50 100 25 122 128 1.049 1".453 

B07 75 94 13 111 111 1 234ms

B08 75 94 19 104 104 1 656ms

B09 75 94 38 220 223 1.013 5".062 

B10 75 150 13 86 98 1.139 312ms

B11 75 150 19 88 90 1.022 718ms

B12 75 150 38 174 174 1 5".171 

B13 100 125 17 165 175 1.06 609ms

B14 100 125 25 235 238 1.012 1".593 

B15 100 125 50 318 326 1.025 5".765 

B16 100 200 17 127 137 1.078 687ms

B17 100 200 25 131 133 1.015 1".812 

B18 100 200 50 218 224 1.027 12".061 

average: 75 122 23.22   1.0285 2".121 

Table 3: Results of SteinLib testset SP

Graph |V| |E| |T| opt result ratio running time 

oddcycle3 6 9 3 4 4 1 0".004

oddweel 7 9 4 5 5 1 0".004

design432 8 20 4 9 9 1 0".004 

antiweel 10 15 5 5 6 1.2 0".004 

se03 13 21 4 12 12 1 0".015

w13c29 783 2262 406 508 676 1.33 1:12':00".500 

average: 1.088

Science for providing all the necessary facilities available to me for successfully

conducting this research. I would like to thank Center of Excellence Geomatics
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Table 4: of SteinLib testset wrp3p

Graph |V| |E| |T| opt result ratio running time 

wrp3-11 128 227 11 1100361 1400359 1.272 01".1

wrp3-12 84 149 12 1200237 1300220 1.083 00".5

wrp3-13 311 613 13 1300497 1300581 1 25".1 

wrp3-14 128 247 14 1400250 1400250 1 00".8 

wrp3-15 138 257 15 1500422 1500435 1 02".0

wrp3-36 435 818 36 3600610 4700700 1.305 02':54".2 

wrp3-37 1011 2010 37 3700485 4200653 1.135 45:32'.00".31 

wrp3-38 603 1207 38 3800656 4900659 1.289 09':46".6 

wrp3-39 703 1616 39 3900450 5700366 1.461 35':39".3 

wrp3-41 178 307 41 4100466 4800397 1.17 00':10".7 

wrp3-85 528 1017 85 8500739 10500819 1.235 14':00".8 

wrp3-92 1765 3613 92 92000764 110001209 1.26 10:51':13".0 

average: 501 1006.75 36.08333    1.184167 
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