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Abstract

Let R be a commutative ring with non-zero identity and M be a unital R-

module. Then M is called Dedekind finite if whenever N is a submodule of

M such that M is isomorphic to the module M ⊕N , then N = 0. The ring R

is called FDF -ring if any Dedekind finite R-module is finitely generated. In

this note, we show that a commutative ring R is an FDF -ring if and only if

it is an Artinian principal ideal ring.
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INTRODUCTION

Let R be a commutative ring with non-zero identity and M be a unital R-

module. Then a submodule L of M is called essential if L ∩ N �= 0 for every

non-zero submodule N of M . M has finite uniform dimension if it does not

contain a direct sum of an infinite number of non-zero submodules. M is

called co-Hopfian if any injective endomorphism of M is an isomorphism. M
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is called weakly co-Hopfian if any injective endomorphism of M is essential.

M is called Dedekind finite if whenever N is a submodule of M such that M is

isomorphic to the module M ⊕N , then N = 0. The ring R is called FDF -ring

if any Dedekind finite R-module is finitely generated. In this paper, we show

that for a commutative ring R, the following conditions are equivalent :

(1) R is an FDF -ring.

(2) R is an Artinian principal ideal ring.

Throughout all rings are associative commutative with non-zero identity and

all modules are unital module. We denote by J(R) the Jacobson radical of

R. For an R-module M , Soc(M) and E(M) are the socle and the injective

envelop of M , respectively.Definitions and notations used in this paper can be

found in [1] and [8].

1 Some Properties of Commutative FDF-rings

Let R be a commutative ring and M be an R-module. Then M is called

Dedekind finite if whenever N is a submodule of M such that M is isomorphic

to the module M ⊕ N , then N = 0. Note that the R-module M is Dedekind

finite if and only, if for any endomorphisms f and g of M such that g◦f = IdM ,

we have f ◦ g = IdM , where IdM denotes the identity homomorphism of M .

The ring R is called FDF - ring if any Dedekind finite R-module is finitely

generated.

Lemma 1.1. For an R-module M , consider the following statements:

(1) M is co-Hopfian.

(2) M is weakly co-Hopfian.

(3) M is Dedekind finite.

Then (1) ⇒ (2) ⇒ (3). If M is quasi-injective all three statements are equiva-

lent.

Proof. It results from [7, Proposition 1.4 ].�

Remark 1.2. In general for a commutative ring R, it may exist a Dedekind

finite R-module which is not finitely generated:
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(1) The Z - module Z(p∞) is Artinian thus Dedekind finite but Z(p∞) is

not a finitely generated Z-module.

(2) The Z-module Q is Dedekind finite, however, Q is not a finitely gen-

erated Z-module.

Proposition 1.3. Let R be a commutative FDF -ring. If R is an integral

domain, then R is a field.

Proof. Let S be the set of regular elements of R and K = RS−1 be the

quotient field of R. Then the R-module K is Dedekind finite. It follows

that K is finitely generated and so that K = R. �

Remark 1.4. .

(1) Any homomorphism image of a commutative FDF -ring is an FDF -ring.

(2) Direct Product of rings Ri (1 ≤ i ≤ n) is an FDF -ring if and only if so

is each Ri for (1 ≤ i ≤ n).

Lemma 1.5. Let an R-module M = M1 ⊕ M2 be a direct sum of submodules

M1 and M2. Then M1 is a fully invariant submodule of M if and only if

HomR(M1; M2) = 0.

Proof. It results from [2, Lemma 1.7].�

Lemma 1.6. .

Let P1 and P2 be two primes ideal of R. If P1 � P2 , then HomR(R/P1; R/P2) =

0.

Proof. Let f ∈ HomR(R/P1, R/P2). We have f(1+P1) = t+P2, or f(1) = t,

for some t ∈ R. For all x ∈ R, we have f(x) = xf(1) = xt = xt, or f(x+P1) =

xt+P2. Since f is an R-homomorphism, we have f(0) = 0, i.e f(P1) ⊆ P2. So,

let x ∈ P1 and x /∈ P2. We have f(x) = 0, thus xt + P2 = P2. Hence xt ∈ P2

and x /∈ P2 imply that t ∈ P2, or f(x + P1) = 0.�

Proposition 1.7. .

Let M be an R-module. Then the following assertions are verified :

(1) If M is Dedekind finite, then so is any direct summand of M .

(2) If M =
⊕

i∈I

Mi such that each Mi is a fully invariant submodule of M ,

then M is Dedekind finite if and only if so is each Mi for i ∈ I.
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Proof. It results from [5, Proposition 3.2].�

Proposition 1.8. Let R be a commutative FDF -ring. Then every prime

ideal of R is maximal. Moreover, the set of all prime ideals of R is finite.

Proof. Let P a prime ideal of R, then R/P is a commutative integral

domain. Since R/P is a homomorphism image of the commutative FDF -ring

R, R/P is a FDF -ring. It follows that R/P is a field and P is maximal.

Let now L be the set of all prime ideals of R and M =
⊕

P∈L

R/P .

For any P ∈ L, R/P is a simple R-module, furthermore if P and P ′ ∈ L

with P � P ′, then by Lemma 1.6, HomR(R/P ; R/P ′) = 0, hence R/P is

a fully invariant submodule of M . Then, by Proposition 1.7, the R-module

M =
⊕

P∈L

R/P is Dedekind finite so M is finitely generated and hence the set

L is finite. �

Corollary 1.9. Let R be a commutative FDF -ring. Then the following

assertions are verified:

(1) The Jacobson radical J(R) of R is a nil ideal.

(2) R is semi - local and the idempotents can be lifted modulo J(R).

(3) R is a finite direct product of commutative local FDF -rings.

(4) If M is a simple R-module, then M ∼= I where I is a minimal ideal of R.

(5) R/J(R) is a von Neumann regular ring.

(6) For any a ∈ R, there exists n ∈ N∗ such that an ∈ anRan.

Proof. It follows from Proposition 1.8.�

Proposition 1.10. Let R be a commutative FDF -ring, then E(R/J(R)) is

finitely generated.

Proof. Since R/J(R) is a homomorphism image of R, R/J(R) is an FDF -

ring. Let I1, ..., In be the set of maximal ideal of R. By Chinese remainder

theorem,

R/J(R) ∼= R/I1 ⊕ ... ⊕ R/In, it follows that E(R/J(R)) ∼= E(R/I1) ⊕ ... ⊕
E(R/In). Since each R/Ii is simple, E(R/Ii) is an indecomposable injective

module, thus E(R/Ii) is Dedekind finite. It follows that E(R/I1) ⊕ ... ⊕
E(R/In) is finitely generated, so E(R/J(R)) is finitely generated.�
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Proposition 1.11. Let R be a commutative Artinian ring. If R has a non-

principal ideal, then there exists a Dedekind finite R-module which is not

finitely generated.

Proof. It follows from [2, Proposition 2.5 ]�

2 Characterization of commutative FDF-rings

Definition 2.1. An R-module M is said to be finitely annihilated if there exist

m1, ..., mn ∈ M such that AnnR(M) = AnnR(m1, m2, ..., mn), where

AnnR(X) = {a ∈ R : ax = 0, ∀x ∈ X}. Thus we can deduce from the

definition the following remark.

Remark 2.2. Let R be a commutative ring. If M is a finitely generated R-

module, then M is finitely annihilated.

Lemma 2.3. .[4, Lemma 1.3]

Let M be an R-module. If every fully invariant submodule of M is finitely

annihilated, then every submodule of M is finitely annihilated.

Proposition 2.4. Let R be a commutative local FDF -ring. If N is a fully

invariant submodule of E(R/J(R)), then N is finitely annihilated.

Proof. It suffices to prove that N is finitely generated or equivalently N

is Dedekind finite. Since E(R/J(R)) is an injective indecomposable module,

E(R/J(R)) is weakly co-Hopfian. By [7, Corollary 1.5], it suffices to prove

that N is an essential submodule of E(R/J(R)). Let 0 �= x ∈ E(R/J(R)),

this implies that Rx �= {0}. Since Rx is a nonzero submodule of E(R/J(R)),

R/J(R)∩Rx �= {0}. So R/J(R) ⊂ Rx because R/J(R) is a simple R-module.

Thus there exists λ ∈ R such that λx �= 0 and λx ∈ R/J(R) ⊂ N . It follows

that N is an essential submodule of E(R/J(R)). �

Theorem 2.5. .[4. Theorem 2.7]

Let R be a ring with prime radical N such that every submodule of E(R/N) is

finitely annihilated. Then the following conditions are equivalent:

(1) R is left Artinian.
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(2) For every prime ideal P of R, R/P is left Artinian.

(3) Every finitely generated left R-module is finitely annihilated, and every

prime ideal of R is maximal.

Proposition 2.6. Let R be a commutative local FDF -ring. Then R is Ar-

tinian.

Proof. It follows from Proposition 2.4 and Theorem 2.5. �

Lemma 2.7. If M is the direct sum of infinitely many copies of the same

non-zero module, then M is not Dedekind finite.

Proof. Suppose M =
⊕

i∈�
Ni such that for all i ∈ N , Ni

∼= N for some

module N . Then for all i ∈ N, there exists an isomorphism σi : Ni −→ Ni+1

Ṫhen the σi induce the right shift map f : M −→ M by x �→ σi(x) for

all x ∈ Ni. Similarly, the σi induce the left shift map g : M −→ M by

x �→ σ−1
i (x) for all x ∈ Ni+1 and g maps N0 to zero. Clearly, f and g are

endomorphisms of M satisfying g ◦ f = IdM but f ◦ g �= IdM , where IdM

denotes the identity homomorphism of the R-module M . It follows that M is

not Dedekind finite.�

Theorem 2.8. Let R be a commutative ring . Then the following statements

are equivalent:

(1) R is an FDF -ring.

(2) R is an Artinian principal ideal ring.

Proof.

(1) ⇒ (2) If R is a FDF -ring, then by Theorem 2.5 and Proposition 1.11, R

is an Artinian principal ideal ring.

(2) ⇒ (1) Let R be a commutative Artinian principal ideal ring and M be a

Dedekind finite R-module. Suppose that M is not finitely generated. Then

by [6, Theorem 4.1], every R - module is a direct sum of cyclic R - modules.

Since there are only finite non-isomorphic cyclic R-modules, we can write M =

K(�∗ ) ⊕L, where K is a cyclic submodule of M. By Lemma 2.7, K(�∗ ) is

not Dedekind finite, it follows that M is not Dedekind finite. Thus M is

finitely generated. �
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Corollary 2.9. Let R be a commutative FDF -ring . Then the following

conditions are equivalent for an R - module M.

(1) M has finite uniform dimension.

(2) M is Dedekind finite.

(3) Soc(M) is Dedekind finite.

Proof.

(1) ⇒ (2) and (1) ⇒ (3) are obvious.

(2) ⇒ (1) Let M be a weakly co-Hopfian module.Then, by Theorem 2.8, M

is finitely generated. Since R is Artinian, [1, Proposition 10.18] implies that

M is Artinian. It follows that M has finite uniform dimension.

(3) ⇒ (1) Let Soc(M) be a weakly co-Hopfian R - module. Since there

are only finitely many simple R - module up to isomorphism, by [7, corollary

1.12], Soc(M) has finite uniform dimension. In the other hand, Soc(M) is

an essential submodule of M , so M has finite uniform dimension.�
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