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On Galois Extensions for Separable Group Rings
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Abstract

Let R be a ring with 1, G a group, and RG a group ring with center
C. Assume RG is an Azumaya C-algebra. Then the inner automor-
phism group G of RG induced by the elements of G is finite, and RG
is not a Galois extension of (RG)G with Galois group G. For a proper
subgroup K of G with an invertible order, the following are equivalent:
(1) RG is a Galois extension of (RG)K with Galois group K; (2) RG

is a projective right (RG)K -module and the centralizer of (RG)K is
⊕∑

g∈K Jg where Jg = {a ∈ RG
∣
∣ ax = g(x)a for each x ∈ RG}; and

(3) {g ∈ G
∣
∣ g is a representative of g ∈ K} are linearly independent over

C. Moreover, we call f : K −→ (RG)K the Galois map from the set of
subgroups of G to the set of subalgebras of RG. Then f is one-to-one
from a set of Galois groups K of RG to the set of separable subalgebras
(RG)K of RG.
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1 Introduction

Let R be a ring with 1, G a group, and RG a group ring. F. R. DeMeyer
and G. J. Janusz ([3], Theorem 1) studied an Azumaya group ring RG. When
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R is a field and G is a finite group of a nonzero order in R, K. Hirata ([5],
Proposition 6) proved that for a subgroup K of G, RG is a Hirata separable
extension of the double centralizer of RK in RG. This fact was extended to
any Azumaya group ring RG ([12], Lemma 4.2). In the present paper, we study
some problems for Galois extensions in RG. Let G be the inner automorphism
group of RG induced by the elements of G. Then G is a finite group. We
shall show that RG is not a Galois extension of (RG)G with Galois group G

where (RG)G is the subring of the elements fixed under each element in G.
Moreover, let K be a proper subgroup of G with an invertible order in R. We
shall show the following equivalent conditions: (1) RG is a Galois extension

of (RG)K with Galois group K; (2) RG is a projective right (RG)K-module

and the centralizer of (RG)K is ⊕∑
g∈K Jg where Jg = {a ∈ RG

∣
∣ ax = g(x)a

for each x ∈ RG}; and (3) Let A be a set of representatives of elements of K
in G. Then the elements in A are linearly independent over C where C is the
center of RG. Let K be a subgroup of G, we call f : K −→ (RG)K the Galois
map from the set of subgroups of G to the set of subalgebras of RG over C.
Then f is one-to-one from a set of Galois groups K as given in the equivalent
conditions to the set of separable subalgebras of RG.

2 Basic Definitions and Notations

Let B be a ring with 1 and A a subring of B with the same identity 1. Then
B is called a separable extension of A if there exist {ai, bi in B, i = 1, 2, ..., k
for some integer k} such that

∑
aibi = 1 and

∑
xai ⊗ bi =

∑
ai ⊗ bix for all

x in B where ⊗ is over A. In particular, B is called an Azumaya algebra if it
is a separable extension over its center. A ring B is called a Hirata separable
extension of A if B ⊗A B is isomorphic to a direct summand of a finite direct
sum of B as a B-bimodule. For more about Azumaya algebras and Hirata
separable extensions, see [7] and [11]. Let G be a finite automorphism group
of B and BG = {x ∈ B

∣
∣ g(x) = x for all g ∈ G}. Then B is called a

Galois extension of BG with Galois group G if there exist elements {ci, di in
B, i = 1, 2, ..., m for some integer m} such that

∑
cidi = 1 and

∑
cig(di) = 0

for each g �= 1 in G, and {ci, di} is called a G-Galois system for B ([1]). A
Galois extension B of BG is called a Galois algebra if BG is contained in the
center of B, and a central Galois algebra if BG is equal to the center of B
([9], [10]). The order of a group G is denoted by |G|. For a subring A of
B, we denote by VB(A) the centralizer (also called commutator) subring of
A in B. As given in [1], let R be a commutative ring with 1, and G a finite
group. Then ⊕∑

g∈G RUg is called a projective group algebra of G over R if
UgUh = f(g, h)Ugh for g, h ∈ G and f : G×G −→ {units of R} is a factor set.
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3 Galois Extensions

Let R be a ring with 1, G a group, and RG the group ring of G over R with
center C. Assume RG is an Azumaya C-algebra. We shall show that RG is
not a Galois extension of (RG)G with Galois group G where G is the inner
automorphism group of RG induced by the elements of G. Moreover, let K be
a proper subgroup of G with an invertible order in R. We shall characterize a
Galois extension RG of (RG)K with Galois group K. Throughout this section,
RG is an Azumaya C-algebra, and G is the inner automorphism group of RG
induced by the elements of G. We note that the order |G| of G is finite ([3],
Theorem 1). We begin with a lemma.

Lemma 3.1 Let R0 be the center of R. Then RG is a Galois extension of
(RG)G with Galois group G if and only if R0G is a Galois extension of (R0G)G

with Galois group G restricted to R0G.

Proof. (⇐=) Since R0G is a Galois extension of (R0G)G with Galois group
G restricted to R0G, the Galois system for R0G is also a Galois system for
RG with Galois group G isomorphic with G restricted to R0G. Thus RG is a
Galois extension of (RG)G with Galois group G.

(=⇒) By hypothesis, RG is a Galois extension of (RG)G with Galois group
G, so the crossed product with trivial factor set of G over RG, Δ(RG,G) ∼=
Hom(RG)G(RG, RG) ([1], Theorem 1). But RG is an Azumaya C-algebra,

so RG ∼= R ⊗R0 R0G ∼= (R ⊗R0 C) ⊗C R0G where C is also the center of
R0G. Since R is an Azumaya R0-algebra ([3], Theorem 1), R ⊗R0 C is an
Azumaya C-algebra and R ⊗R0 C ∼= RC. Thus Δ(RG,G) ∼= Δ(RC ⊗C

R0G, G) ∼= Hom(RG)G(RC ⊗C R0G, RC ⊗C R0G). Next, (RG)G is the cen-

tralizer of R0G in RG, so (RG)G = RC. This implies that Δ(RG,G) ∼=
HomRC(RC ⊗C R0G, RC ⊗C R0G) ∼= RC ⊗C HomC(R0G, R0G). Noting
that Δ(RG,G) ∼= RC ⊗C Δ(R0G, G) by the multiplication map, we have
that RC ⊗C Δ(R0G, G) ∼= RC ⊗C HomC(R0G, R0G) as Azumaya C-algebras.
Therefore Δ(R0G, G) ∼= HomC(R0G, R0G) by the commutator theorem for

Azumaya algebras ([2], Theorem 4.3, page 57). Noting that (R0G)G = C
which is the center of the Azumaya algebra R0G, we conclude that R0G is
a Galois extension of (R0G)G with Galois group G restricted to R0G ([1],
Theorem 1).

By Lemma 3.1, we can assume that R is commutative to show that RG is
not a Galois extension of (RG)G with Galois group G.

Theorem 3.2 Let R be a commutative ring with 1, G a nonabilelian group,
and RG a group ring RG. If RG is an Azumaya C-algebra, then RG is not a
Galois extension of (RG)G with Galois group G.
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Proof. Since G is the inner automorphism group of RG induced by the
elements of G, (RG)G = C, the center of RG. Assume that RG is a Galois

extension of (RG)G with Galois group G. Then, RG is a central Galois algebra
over C with an inner Galois group G. Hence RG = CGf which is a projective
group algebra of G over C ([1], Theorem 6). Thus rankC(RG) = |G|, the
order of G. Since C = ⊕∑

ROi where Oi is the sum of the distinct elements
in the ith orbit of G under the inner automorphism of the elements of G, RZ
(= ⊕∑

z∈Z Rz) is a direct summand of C where Z is the center of G. Hence
for some prime ideal p of RZ, Cp is a free (RZ)p-module of rank greater than 1,
that is, rank(RZ)p(Cp) > 1 because G is a nonabelian group. But RG is also a
free RZ-module of rank |G/Z|, so rankRZ(RG) = rankC(RG) · rank(RZ)p(Cp)
implies that |G/Z| = |G/Z| · rank(RZ)p(Cp). Thus rank(RZ)p(Cp) = 1. This is

a contradiction. Therefore RG is not a Galois extension of (RG)G with Galois
group G.

By keeping the notations in Theorem 3.2, let K be a proper subgroup of G
with an invertible order in R. Next we characterize the Galois extension RG
of (RG)K with Galois group K.

Theorem 3.3 Let K be a proper subgroup of G with an invertible order in
R. Then the following statements are equivalent: (1) RG is a Galois extension

of (RG)K with Galois group K; (2) RG is a projective right (RG)K-module

and the centralizer of (RG)K is ⊕∑
g∈K Jg where Jg = {a ∈ RG

∣
∣ ax = g(x)a

for each x ∈ RG}; and (3) Let A = {g ∈ G
∣
∣ g ∈ K} be a set of representatives

of elements of K. Then the elements in A are linearly independent over C
where C is the center of RG.

Proof. (1) =⇒ (2) Since RG is a Galois extension of (RG)K with Galois

group K, RG is a projective right (RG)K-module ([1], Theorem 1), and the

centralizer of (RG)K is ⊕∑
g∈K Jg ([6], Proposition 1).

(2) =⇒ (1) By hypothesis, RG is a projective right (RG)K-module where

RG is an Azumaya algebra, so RG is a Hirata separable extension of (RG)K

([4], Theorem 1). Hence RG is a finitely generated right (RG)K by the general

Zelinsky-Rosenberg theorem as given in [13]. Moreover, (RG)K is a direct

summand of RG as a (RG)K-bimodules ([12], Lemma 4.2), so (RG)K is a
separable subalgebra of RG by the proof of Theorem 3.8 on page 55 in [2].

Thus (RG)K is the double centralizer of itself ([2], Theorem 4.3, page 57).

Now by hypothesis, the centralizer of (RG)K is ⊕∑
g∈K Jg, so RG is a Galois

extension of (RG)K with Galois group K ([7], Proposition 1-(2)).

(2) =⇒ (3) By the proof of (2) =⇒ (1), RG is a Hirata separable extension

of (RG)K and a Galois extension of (RG)K with Galois group K. Hence Jg is a
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projective C-module of rank 1 for each g ∈ K ([7], Theorem 2). Since Cg = Jg

where g ∈ G such that g ∈ K, {g ∈ G
∣
∣ g ∈ K} are linearly independent over

C.

(3) =⇒ (2) Since {g ∈ G
∣
∣ g ∈ K} are linearly independent over C,

⊕∑
Cg = CKf is a projective group algebra of K over C with a factor

set f : K × K −→ {units of C}. But the order of K is a unit in C, so CKf

is a separable subalgebra of RG. Hence (RG)K (= VRG(CKf), the centralizer
of CKf in RG) is also a separable subalgebra of RG. Thus RG is a projec-

tive right (RG)K-module by the lifting property of a projective module over
a separable algebra ([2], Proposition 2.3, page 48). Moreover, since CKf is
a separable subalgebra of the Azumaya algebra RG, CKf is the double cen-
tralizer of itself ([2], Theorem 4.3, page 57). Hence CKf is the centralizer of

(RG)K . Thus the centralizer of (RG)K is ⊕∑
g∈K Jg because Jg = Cg for each

g ∈ K.

As given in [8], a Galois extension B of BG with Galois group G is called a
commutator Galois extension with Galois group G if the centralizer VB(BG) of
BG in B is a Galois extension of (VB(BG))G with Galois group G|VB(BG)

∼= G.

Corollary 3.4 Assume RG satisfy an equivalent condition in Theorem 3.3.
Then RG is a commutator Galois extension with Galois group K if and only
if the center of CKf is C.

Proof. By the proof of Theorem 3.3, CKf is the centralizer of (RG)K

and CKf is a projective group algebra of K over C. Noting that CKf is a

separable C-algebra, we have that CKf (= VRG((RG)K)) is an Azumaya C-
algebra if and only if CKf is a Galois extension with Galois group induced by
and isomorphic with K ([1], Theorem 6).

Corollary 3.5 Assume RG satisfy an equivalent condition in Theorem 3.3
and L a subgroup of K such that L = {g ∈ K

∣
∣ g(a) = a for each a ∈ CK}.

Then L is the center of K and RG is a Galois and Hirata separable extension
of (RG)L with Galois group L.

Proof. Clearly, L is the center of K. By Theorem 3.3, since RG is a Galois
and Hirata separable extension of (RG)K , RG is a Galois and Hirata separable

extension of (RG)L ([7], Theorem 6-(1)).

4 The Galois Map

Let RG be an Azumaya C-algebra and K a subgroup of G. As studied in
[9] and [10], we call the map f : K −→ (RG)K the Galois map from the set
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of subgroups of G to the set of subalgebras of RG. Then f induces a map
F : CKf −→ (RG)K (= VRG(CKf)). We shall show that (1) F is one-to-one
from the set of separable subalgebras CKf to the set of separable subalgebras
of RG, and (2) f is one-to-one from the group of subgroups K with closed

set product such that |K|−1 ∈ R and RG is a Galois extension of (RG)K to
the set of separable subalgebras of RG as given in Theorem 3.3, that is, f is
one-to-one from the group of Galois subgroups K of G with set product to the
set of separable subalgebras of RG as given in Theorem 3.3.

Theorem 4.1 Let RG be an Azumaya C-algebra and K a subgroup of G.
Let C = {CKf

∣
∣ CKf is a separable subalgebra of RG} and S the set of sep-

arable subalgebras of RG. Then F : CKf −→ (RG)K (= VRG(CKf)) is
one-to-one from C to S.

Proof. Let K and H be subgroups of G such that CKf and CHf ′ are
separable subalgebra of RG and F (CKf ) = F (CHf ′). Then VRG(CKf) =

(RG)K = F (CKf ) = F (CHf ′) = (RG)H = VRG(CHf ′). But CKf and CHf ′

are separable subalgebra of the Azumaya algebra RG, so CKf = CHf ′ by the
commutator theorem for Azumaya algebras ([2], Theorem 4.3, page 57). Thus
F is one-to-one from C to S.

We call the subgroup K a Galois group of RG as given in Theorem 3.3 if
|K|−1 ∈ R and RG is a Galois extension of (RG)K , and the group of Galois
subgroups of G with set product is denoted by D.

Theorem 4.2 Let f : K −→ (RG)K from a Galois group K in D to (RG)K

in S. Then f is one-to-one from D to S.

Proof. By Theorem 3.3, {g ∈ G
∣
∣ g ∈ K} are linearly independent over C,

so CKf (= ⊕∑
Cg) is a projective group algebra of K over C. Now let K

and H be two Galois groups in D such that f(K) = f(H). Then CKf and
CHf ′ are projective group algebras. Since |K|−1 and |H|−1 are in R, CKf and
CHf ′ are separable subalgebra of RG. Hence CKf = CHf ′ by Theorem 4.1;
and so K = H . Thus f is one-to-one from D to S.
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