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Abstract

We study the stability of an optimal control of general Markov chains
under perturbations of the transition probabilities. The criterion of
optimality is the expected total discounted cost with a random rate
of discounting. We give upper bounds for the stability index which
are expressed in terms of the weighted total variation distance between
the transition probabilities of an original and a perturbed processes. In
addition, we show how the inequalities found can be applied to estimate
the robustness of the optimal control for some controlled queues and for
a certain consumption-investment process.

Mathematics Subject Classification: 90C40, 90C31

Keywords: Approximating process; Discounted cost; Markov control (de-
cision) process; Random rate; Stability index; Weighted total variation norm

1 Introduction

In this paper we investigate robustness (stability) properties of discrete time
Markov control processes on Borel spaces with the expected total discounted
cost as a performance index. The one-stage cost is allowed to be unbounded.
The discount factors are random and can depend on their previous values and
on the preceding states and actions. The interest in such control optimization
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models has been arisen in the last years in some areas of applied probability
such as financial mathematics, see [7, 11]. Issues of existence and approxi-
mate calculation of optimal control policies for general Markov processes with
stochastic discounting were studied in the recent papers [2, 3].

We will assume that the dynamics of certain “real” control process Q,
together with the evolution of the discount factor are governed by a transition
probability p, which is known only approximately. Thus a decision maker,
who is searching for the control policy π∗ which minimizes the expected total
discounted cost V for the process Q, disposes only with an approximation p̃
of the unknown transition probability p, which is obtained by some statistical
estimations or theoretical considerations.

The transition probability p̃ determines the approximating control process
Q̃ with the expected total discounted cost denoted by Ṽ . Let us suppose that
the control policy π̃∗ that minimizes Ṽ can be found. Considering π̃∗ as an
available approximation to the unknown policy π∗, we evaluate the quality of
such approximation by mean of the following stability index:

Δ = V (π̃∗) − V (π∗) ≥ 0.

The value of Δ represents the excess of the cost paid when the policy π̃∗ is
applied to control the original process Q instead of the best (optimal) policy
π∗.

In this paper we extend the technique used for the evaluation of the stability
index for Markov control chains with a fixed discount factor, see [4]. As a result
we obtain robustness inequalities of the form:

Δ ≤ Md(p, p̃), (1.1)

where M is an explicit function of an initial state of a process, and d is certain
“distance” between the transition probabilities. The distance d in (1.1) is
defined in terms of the weighted total variation norm and, partially through
the Kantorovich metric. The inequalities such as (1.1) yield to the stability of
the control optimization problem in the sense that if d(p, p̃) → 0, then Δ → 0.
In this case the polices π∗ and π̃∗ provide asymptotically the same quality of
control. It is worthful to mention that there are unstable total discounted cost
control optimization problems, see [5].

Since the distance d(p, p̃) in (1.1) involves the unknown (al least partly)
transition probability p, this distance can not be calculated in practice. How-
ever, in order to apply inequalities such as (1.1) it suffices to possess some
available upper bound for d(p, p̃). Such bounds are frequently obtainable. For
example, a rather typical case is when p̃ is a statistical estimate of p. Then
some known bounds of the rate of convergence of p̃ to p may be used.

In the last section of the paper we discuss the application of the inequalities
found to a queue system with a controlled service rate and to the problem of
dynamic consumption-investment optimization over an infinite time interval.
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2 Control Model and its Approximation

Let us consider two Markov control processes Q and Q̃ with discrete time (t =
0, 1, 2, . . . ) which are defined on the same state-rate space Y = X × [α∗,∞),
where X is a given Borel space where the “states” xt, t = 0, 1, 2, . . . evolve,
and [α∗,∞) with a given α∗ > 0 is the interval where the random “rates” αt,
t = 0, 1, 2, . . . take their values. Thus both x and α are treated as a part of
the state tuple Y .

Both processes Q and Q̃ have a common action set A, which is a Borel
space with given subsets A(x, α), (x, α) ∈ Y of admissible actions.

We also suppose that for each (x, α) ∈ Y the set A(x, α) is compact, and
the set

K := {(x, α, a); (x, α) ∈ Y, a ∈ A(x, α)}
is a Borel subset of Y × A, such that K contains the graph of a measurable
map from Y to A.

The only difference between the control processes Q and Q̃ is due to their
different transition probabilities, which are denoted, respectively, by:

p(B|x, α, a) and p̃(B|x, α, a), B ∈ BY (Borel σ-algebra), (x, α, a) ∈ K.

In what follows p̃ is interpreted as an available approximation of the unknown
transition probability p of the “real” control process Q.

The one-stage cost c(x, a), x ∈ X, a ∈ ⋃
α∈[α∗,∞) A(x, α) is a given mea-

surable function that takes values in R.
One can think of the dynamics of the process Q as follows. If at the instant

t the “state” is xt = x, the rate is αt = α, and the action at = a is chosen,
then the distribution of the pair (xt+1, αt+1) of the “state-rate” is determined
by the transition probability:

p
(
(xt+1, αt+1) ∈ B | x, α, a), B ∈ BY .

In addition, at the time t the randomly discounted cost

e−(α0+···+αt−1) c(xt, at)

is paid.

Remark 1. For the sake of brevity we will name a “state-rate” pair (x, α)
simply as a state (of a process).

The control policy π = {πt, t = 0, 1, 2, . . .} is defined in a standard way
(see, for instance, [1]), and represents a sequence of actions (controls) at succes-
sive times. In general, πt (randomized or not) depends on the whole “history”
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of the process upon the time t, but we restrict our attention to stationary
control policies (or briefly: stationary policies).

A policy f = {f, f, . . . } is called stationary if for each t ≥ 0, πt ≡ at =
f(xt, αt) with f : Y → A being a measurable function such that f(x, α) ∈
A(x, α) for each (x, α) ∈ Y . In words, the application of a stationary policy f
results in a choice of the control at = f(xt, αt) when the process is in the state
(xt, αt).This assumes that both variables xt and αt are completely observable.

For each given initial state (x, α) ∈ Y and control policy π, the canonical
probability measures on the space of trajectories:

{x, α, a0; x1, α1, a1; . . . , xt, αt, at; . . . }

are defined in a standard way, (see, for example [9]). In the rest of the paper

the expectations with respect to these measures are denoted by Eπ
x,α and Ẽπ

x,α

for the processes Q and Q̃, respectively.

Considering the process Q and Q̃ with an arbitrary but fixed initial state
(x, α) ∈ Y and control policy π, the expected total discounted costs are defined
as follows:

Vπ(x, α) := Eπ
x,α

[ ∞∑
t=0

e−Stc(xt, at)

]
, (2.1)

Ṽπ(x, α) := Ẽπ
x,α

[ ∞∑
t=0

e−S̃tc(x̃t, ãt)

]
, (2.2)

where

St = α + α1 + · · ·+ αt−1, t ≥ 2; (S0 := 0, S1 := α),

S̃t = α + α̃1 + · · ·+ α̃t−1, t ≥ 2; (S̃0 := 0, S̃1 := α).

Note that under the hypotheses of the next section the expectations in
(2.1) and (2.2) are well defined and finite.

The control policies π∗ and π̃∗ are optimal correspondingly for the process
Q and Q̃ if for all (x, α) ∈ Y

Vπ∗(x, α) = inf
π

Vπ(x, α) =: V∗(x, α),

Ṽπ̃∗(x, α) = inf
π

Ṽπ(x, α) =: Ṽ∗(x, α),

where inf is taken over all possible policies of control.

The functions V∗, Ṽ∗ : Y → [−∞,∞) are called the value functions of Q

and Q̃, respectively.
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3 Assumptions. Stability Index.

The following conditions are needed to guarantee the existence of a minimizer
in an optimality equation, which in turn, yields to the existence of stationary
optimal policies of control.

Assumption 1 (Continuity conditions)

(a) The map (x, α) → A(x, α) is upper semicontinuous with respect to the
Hausdorff metric.

(b) The cost function c is lower semicontinuous.

(c) For every bounded continuous function u : Y → R the functions

u′(x, α, a) :=

∫
Y

u(y, β) p(dy dβ | x, α, a),

u′′(x, α, a) :=

∫
Y

u(y, β)p̃(dy dβ | x, α, a)

are continuous on the set K.

To handle the cases of bounded and unbounded cost functions we will use
the Banach space (Bw, ‖ · ‖w) defined as follows. Let w : X → [1,∞) be a
given measurable function. The set Bw consists of all measurable functions
u : Y → R such that

‖u‖w := sup
x∈X,α∈[α∗,∞)

|u(x, α)|
w(x)

< ∞. (3.1)

Assumption 2 (Bounding conditions)

(a) For all x ∈ X and for all a ∈ ⋃
α∈[α∗,∞) A(x, α) it follows that |c(x, a)| ≤

w(x).

(b) There exists a number β∗ ∈ [0, 1) such that for each (x, α, a) ∈ K,∫
Y

w(y)p(dydβ|x, α, a) ≤ eα∗β∗w(x), (3.2)∫
Y

w(y)p̃(dydβ|x, α, a) ≤ eα∗β∗w(x). (3.3)

Applying the method given in [8], it is easy to prove that under Assump-

tions 1 and 2 the value functions V∗, Ṽ∗ satisfy the optimality equations. More-
over from these equations, it follows the existence of optimal stationary control
policies f∗ and f̃∗ for the processes Q and Q̃, respectively.

The stability index Δ is defined as in [4, 5, 6]:

Δ(x, α) := Vf̃∗(x, α) − Vf∗(x, α)

≡ Vf̃∗(x, α) − V∗(x, α) ≥ 0, (x, α) ∈ Y. (3.4)
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4 Robustness Inequalities

Proposition 1. Suppose that Assumptions 1 and 2 hold. Then for any initial
state (x, α) ∈ Y ,

Δ(x, α) ≤ 2e−α∗(1 − β∗)−2w(x)δw(p, p̃), (4.1)

where

δw(p, p̃) := sup
(x,a,α)∈�

1

w(x)

∫
Y

w(y)|p(dy dβ|x, α, a)− p̃(dy dβ|x, α, a)|,

and |ν(·)| stands for the total variation of a signed finite measure ν.

Remark 2. Let μξ and μη be the distributions of random vectors ξ and η
taking values in a Borel space Y. It is well-known that∫

Y

w(z)|μξ − μη|(dz) = sup
ϕ:|ϕ|≤w

|Eϕ(ξ) − Eϕ(η)|.

When Y = R
k and μξ, μη have densities ρξ, ρη with respect to the Lebesgue

measure, ∫
Y

w(z)|μξ − μη|(dz) =

∫
�k

w(z)|ρξ(z) − ρη(z)|dz.

Proof: For each stationary policy f = f(x, α) we define the operators:

Tf , T̃f := Bw → Bw by:

Tfu(x, α) := c(x, f(x, α)) + e−α

∫
Y

u(y, β)p
(
dydβ|x, α, f(x, α)

)
, (4.2)

T̃fu(x, α) := c(x, f(x, α)) + e−α

∫
Y

u(y, β)p̃
(
dydβ|x, α, f(x, α)

)
. (4.3)

We show that both operators maps Bw into Bw, and moreover they are con-
tractive on Bw.

By (3.1) and Assumption 2 for any u ∈ Bw, we get

‖Tfu‖w ≤ sup
x,a

|c(x, a)|
w(x)

+ e−α∗ sup
x,α

1

w(x)

∫
Y

|u(y, β)|p(dydβ|x, α, f(x, α)
)

≤ 1 + e−α∗ sup
x,α,a

‖u‖w

w(x)

∫
Y

w(y)p(dydβ|x, α, a)

≤ 1 + β∗‖u‖w.
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In addition, using (4.2) we get that for every u, v ∈ Bw∗

‖Tfu − Tfv‖w ≤ e−α∗ sup
x,α

1

w(x)

∫
Y

|u(y, β)− v(y, β)|p(dy dβ|x, α, f(x, α))

≤ e−α∗ sup
x,α,a

‖u − v‖w

w(x)

∫
Y

w(y)p(dy dβ|x, α, a) (4.4)

≤ β∗‖u − v‖w,

due to Assumption 2.
It is showed similarly to (4.4) that for the operators T̃f in (4.3) we have:

‖T̃fu − T̃fv‖w ≤ β∗‖u − v‖w, u, v ∈ Bw. (4.5)

Since the policies f∗ and f̃∗ are optimal for the process Q and Q̃, respec-
tively, it follows from (3.4) and (3.1) that

Δ(x, α) = Vf̃∗(x, α) − Ṽf̃∗(x, α) + inff Ṽf (x, α) − inff Vf(x, α)

≤ 2 supf |Ṽf(x, α) − Vf(x, α)|
≤ 2w(x) supf ‖Ṽf − Vf‖w.

(4.6)

In the proof of Theorem 10 in [2] it was shown that for every stationary
policy f ,

Ṽf = T̃f Ṽf and Vf = TfVf .

Hence by (4.5)

‖Ṽf − Vf‖w = ‖T̃f Ṽf − TfVf‖w

≤ ‖T̃f Ṽf − T̃fVf‖w + ‖T̃fVf − TfVf‖w

≤ β∗‖Ṽf − Vf‖w + ‖T̃fVf − TfVf‖w.

(4.7)

Therefore, in view of (4.2) and (4.3),

‖Ṽf − Vf‖w ≤ 1
1−β∗‖T̃fVf − TfVf‖w

≤ e−α∗
1−β∗ sup

x,α

1

w(x)
‖Vf‖w

×
∣∣∣∣∫

Y

Vf(y, p) [p(dydβ|x, α, f(x, α))− p̃(dydβ|x, α, f(x, α))]

∣∣∣∣
≤ e−α∗

1−β∗ sup
(x,α,a)∈�

1

w(x)
‖Vf‖w

×
∫

Y

w(y)|p(dydβ|x, α, a)− p̃(dydβ|x, α, a)|.
(4.8)
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To obtain the desired inequality (4.1) it suffices to combine (4.6), (4.8) and
to observe that by (4.4), it follows that

‖Vf‖w =‖TfVf‖w ≤ ‖TfVf − Tf0‖w + ‖Tf0‖w

≤β∗‖Vf‖w + ‖Tf0‖w, or

‖Vf‖w ≤ (1 − β∗)−1‖Tf0‖w ≤ (1 − β∗)−1, (4.9)

where we have used Assumption 2, (a).

Now we focus on a particular class of Markov control processes with stochas-
tic discounting for which a “state part” {xt, t ≥ 0} and a “rate part” {αt, t ≥ 0}
of trajectories evolve “independently” (in the sense expressed in (4.10) below).
We introduce the following assumptions.

Assumption 3.

There exist transition probabilities q, q̃, r and r̃ such that for every (x, α, a) ∈
K,

p(dydβ|x, α, a) = q(dy|x, a)r(dβ|α, a),

p̃(dydβ|x, α, a) = q̃(dy|x, a)r̃(dβ|α, a).
(4.10)

Remark 3. (a) In general, equations (4.10) do not provide the independence
of {xt, t ≥ 0} and {αt, t ≥ 0} since a control can depend on both, x and α.

(b) In the right hand side of inequality (4.11) below and in Proposition 2
later, the supremum in the first term is taken over

(x, a) ∈ {x ∈ X, a ∈ ⋃
α∈[α∗,∞) A(x, α)},

while in the second term the supremum is taken over

(α, a) = {α ∈ [α∗,∞), a ∈
⋃
x∈X

A(x, α)}.

Corollary 1. Suppose that Assumptions 1, 2 and 3 hold. Then for each
(x, α) ∈ Y

Δ(x, α) ≤ 2(1 − β∗)−2w(x)×{
e−α∗ supx,a

1
w(x)

∫
X

w(y)|q(dy|x, a)− q̃(dy|x, a)|

+β∗ supα,a

∫ ∞

α∗
|r(dβ|α, a)− r̃(dβ|α, a)|

}
.

(4.11)
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Proof: We bound the integral term in the middle part of the right-hand side
of inequality (4.8) as follows:

d :=

∣∣∣∣∫
X×[α∗,∞)

Vf (y, β)q(dy|x, f(x, α))r(dβ|α, f(x, α))

−
∫

X×[α∗,∞)

Vf(y, β)q̃(dy|x, f(x, α))r̃(dβ|α, f(x, α))

∣∣∣∣
≤

∣∣∣∣∫
X×[α∗,∞)

Vf (y, β)q(dy|x, f(x, α))r(dβ|α, f(x, α))

−
∫

X×[α∗,∞)

Vf(y, β)q̃(dy|x, f(x, α))r(dβ|α, f(x, α))

∣∣∣∣
+

∣∣∣∣∫
X×[α∗,∞)

Vf(y, β)q̃(dy|x, f(x, α))r(dβ|α, f(x, α))

−
∫

X×[α∗,∞)

Vf(y, β)q̃(dy|x, f(x, α))r̃(dβ|α, f(x, α))

∣∣∣∣
=: d1 + d2.

(4.12)

Integrating (3.3) over β ∈ [α∗,∞) we get that

∫
X

w(y)q̃(dy|x, a) ≤ eα∗β∗w(x). (4.13)

Now we apply Fubini’s Theorem to give upper bounds for d1 and d2 in (4.12).
This theorem is fulfilled here. Indeed, for instance for the forth integral in
(4.12), denoting a = f(x, α) we obtain (see (4.9)):

∫
X×[α∗,∞)

|Vf(y, β)|q̃(dy|x, a)r(dβ|α, a)

≤(1 − β∗)−1

∫
X×[α∗,∞)

w(y)q̃(dy|x, a)r(dβ|α, a)

=(1 − β∗)−1

∫ ∞

α∗
r(dβ|α, a)

∫
X

w(y)q̃(dy|x, a) < ∞.

The boundedness of the last integral follows from the inequality (4.13). There-
fore, proceeding as in (4.8) and using (4.9) we get:

d1 =

∣∣∣∣∫ ∞

α∗
r(dβ|α, a)

∫
X

Vf(y, β)
[
q(dy|x, a) − q̃(dy|x, a)

]∣∣∣∣
≤ (1 − β∗)−1

∫
X

w(y)|q(dy|x, a)− q̃(dy|x, a)|.
(4.14)
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On the other hand, for a = f(x, α),

d2 =

∣∣∣∣∫
X

q̃(dy|x, a)

∫ ∞

α∗
Vf(y, β)[r(dβ|α, a)− r̃(dβ|α, a)]

∣∣∣∣
≤ (1 − β∗)−1

∫
X

q̃(dy|x, a)

∫ ∞

α∗
w(y)|r(dβ|α, a)− r̃(dβ|α, a)|

≤ (1 − β∗)−1eα∗β∗w(x)

∫ ∞

α∗
|r(dβ|α, a)− r̃(dβ|α, a)|

(4.15)

due to inequality (4.13). Now we apply the bounds (4.14) and (4.15) to (4.12),
and then use the resulting inequality in (4.8). Then the proof is completed as
in Proposition 1.

Remark 4. The second term of bound (4.11) is not quite satisfactory since it
does not provide an estimation of stability in the problem with deterministic
discount factors. Indeed, let us consider the case when q ≡ q̃ and in the
model Q, αt = α = constant (t = 0, 1, 2, . . . ) and also α̃

(i)
t = α̃i = constant

(t = 0, 1, 2, . . . ) in the approximating models Q̃i, i = 1, 2, . . . . If α̃i → α as
i → ∞ then it is reasonable to expect that in the left-hand side of inequality
(4.11), i. e. the stability index Δ(x, α), tends to zero as i → ∞. However, in
the situation considered,∫ ∞

α∗
|r(dβ|γ, a) − r̃(dβ|γ, a)| = 2 for all γ, provided that α̃i 	= α.

We can overcome this shortcoming making use of additional restrictions on
the structure of the processes Q and Q̃, such as the ones given in Assumption
4 bellow.
Assumption 4

(a) For each (x, α) ∈ Y : A(x, α) = A(x). In other words the action set
A(x, α) does not depend on α ∈ [α∗,∞).

(b) Equations (4.10) hold with transition probabilities r and r̃ not depending
on controls a. Moreover,

αt+1 = G(αt, ηt), t = 0, 1, 2, . . . ,

α̃t+1 = G(α̃t, η̃t), t = 0, 1, 2, . . . ,

where {ηt} and {η̃t} are sequences of i. i. d. random variables.

(c) |G(α, z) − G(α′, z)| ≤ |α − α′| for all z and α, α′ ≥ α∗.

We will use the Kantorovich metric in the space of probability distributions.
Let μ and λ be probability measures on (R,B(R)) with the corresponding
distribution functions Fμ and Fλ. The Kantorovich distance is

�(μ, λ) :=

∫ ∞

−∞
|Fμ(s) − Fλ(s)|ds.
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It is well-known (see, for example [12] that if ξ and η are random variables
with the corresponding marginal distributions μ and λ, then

�(μ, λ) ≤ E|ξ − η|, (4.16)

and that �(μn, λ) → 0 if and only if μn converges to λ weakly and∫ ∞

−∞
|s|dFμn(s) →

∫ ∞

−∞
|s|dFλ(s), as n → ∞.

Particularly, if ξn = cn, η = c (are constants) and cn → c, then �(ξn, η) → 0.

Proposition 2. Suppose that Assumptions 1,2, and 4 hold. Then for each
(x, α) ∈ Y ,

Δ(x, α) ≤ 2(1 − β∗)−2w(x)

{
e−α∗ sup

x,a

1

w(x)

∫
X

w(y)|q(dy|x, a)

−q̃(dy|x, a)|+ eα∗β2∗
1−β∗ sup

α∈[α∗,∞)

�[r(·|α), r̃(·|α)]

}
.

(4.17)

Remark 5. From Assumption 4 (b), and inequalities (4.16) and (4.17), it
follows that for any selection of the joint distribution of (η1, η̃1) we obtain:

sup
α∈[α∗,∞)

�[r(·|α), r̃(·|α)] ≤ sup
α∈[α∗,∞)

E|G(α, η1) − G(α, η̃1)|.

Proof. In view of definition (3.4) of the stability index Δ(x, α) we can replace
in the right-hand side of inequality (4.6) sup

f
(over all stationary policies) by

max
f∈{f∗,f̃∗}

, where f∗ and f̃∗ are optimal stationary policies for the processes Q

and Q̃, respectively. Therefore, similarly to (4.6),

Δ(x, α) ≤ 2w(x) max
{
‖Ṽf∗ − Vf∗‖w, ‖Ṽf̃∗ − Vf̃∗‖w

}
. (4.18)

The first term under the sign of max is evaluated as in (4.7) and (4.8),
obtaining:

‖Ṽf∗ − Vf∗‖w ≤ 1

1 − β∗
‖T̃f∗V∗ − Tf∗V∗‖w, (4.19)

because of Vf∗ = V∗ (value function).
The second term is bounded as follows, by (4.4) we have:

‖Ṽf̃∗ − Vf̃∗‖w = ‖T̃f̃∗Ṽf̃∗ − Tf̃∗Vf̃∗‖w

≤ ‖Tf̃∗Vf̃∗ − Tf̃∗Ṽf̃∗‖w + ‖Tf̃∗ Ṽ �f∗ − T̃f̃∗Ṽf̃∗‖w

≤ β∗‖Ṽf̃∗ − Vf̃∗‖w + ‖Tf̃∗Ṽ∗ − T̃f̃∗Ṽ∗‖w,
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since by the definition of f̃∗, Ṽf̃∗ = Ṽ∗. Consequently

‖Ṽf̃∗ − Vf̃∗‖w ≤ 1

1 − β∗
‖T̃f̃∗Ṽ∗ − Tf̃∗Ṽ∗‖w. (4.20)

The rest of the proof is carried out along the lines of Corollary 1. However
now we evaluate the first integral in (4.15) with f = f∗ and f = f̃∗ using a
distinct approach.

For f = f∗ we get in (4.15):

d2 ≤
∫

X

q̃(dy|x, a)

∣∣∣∣∫ ∞

α∗
V∗(y, β)

[
r(dβ|α)− r̃(dβ|α)

]∣∣∣∣ , (4.21)

Similarly, using (4.20) instead of (4.19) we can see that for f = f̃∗ in (4.15)

d2 ≤
∫

X

q̃(dy|x, a)

∣∣∣∣∫ ∞

α∗
Ṽ∗(y, β)

[
r(dβ|α) − r̃(dβ|α)

]

∣∣∣∣ . (4.22)

Now we show that for every x ∈ X the functions V∗(x, ·), Ṽ∗(x, ·) satisfy
the Lipschitz condition on [α∗,∞) with the constant

L =
β∗

(1 − β∗)2
w(x). (4.23)

Let us realize it, for example for V∗. In [2], it was shown that

V∗ = TV∗, (4.24)

where for u ∈ Bw, (x, α) ∈ Y,

Tu(x, α) := min
a∈A(x)

{
c(x, a) + e−α

∫
X×[α∗,∞)

u(y, β)q(dy|x, a)r(dβ|α)

}
. (4.25)

Similarly to (4.4), it is shown that T is a contractive operator on (Bw, ‖·‖w)
with modules β∗. Therefore in view of (4.24),

V∗ = lim
n→∞

Vn, where Vn := T n0, n ≥ 0. (4.26)

We verify by induction that for every n ≥ 0, x ∈ X; α, α′ ≥ α∗,

|Vn(x, α) − Vn(x, α′)| ≤ β∗
1 − β∗

w(x)Ln|α − α′|, (4.27)

where

Ln :=

n−1∑
k=0

βk
∗ ≤ (1 − β∗)−1. (4.28)
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By (4.25) and Fubini’s theorem we get:

Vn+1(x, α)

= min
a∈A(x)

{
c(x, a) + e−α

∫
X

q(dy|x, a)

∫ ∞

α∗
Vn(y, β)r(dβ|α)

}
= min

a∈A(x)

{
c(x, a) + e−α

∫
X

q(dy|x, a)EVn[y, G(α, η)]

}
.

(4.29)

Where η is a random variable distributed as ηt in Assumption 4, (b). In (4.29)
E denotes the expectation with respect to η.

The use of Fubini’s theorem in the above integrals is justified in the same
way as in the proof of Corollary 1, provided that we bound ‖Vn‖w as follows.
In view of (4.25) and Assumption 2, repeating the calculations in the proof of
Proposition 1, we obtain:

‖Vn‖w ≤ 1 + β∗‖Vn−1‖w, n ≥ 1.

Iterating these inequalities we see that:

‖Vn‖w ≤ (1 − β∗)−1, n ≥ 1. (4.30)

Now, assuming (4.27) and using (4.29), the version of (4.13) for q, Assumption
4 (c) and (4.30), we can write for α, α′ ≥ α∗:

|Vn+1(x, α) − Vn+1(x, α′)|
≤ max

a∈A(x)
|e−α − e−α′ |

∣∣∣∣∫
X

q(dy|x, a)EVn[y, G(α, η)

∣∣∣∣+
max

a∈A(x)

∣∣∣∣e−α′
∫

X

q(dy|x, a) {EVn[y, G(α, η)] − EVn[y, G(α′, η)]}
∣∣∣∣

≤ max
a∈A(x)

|α − α′|e−α∗‖Vn‖w

∫
X

w(y)q(dy|x, a)

+e−α∗ max
a∈A(x)

∫
X

q(dy|x, a)
β∗

1− β∗
w(y)Ln|α − α′|

≤ β∗
1−β∗w(x)[1 + β∗Ln]|α − α′|.

(4.31)

But by (4.28), 1+β∗Ln = Ln+1, and therefore from (4.31) the inequality (4.27)
follows for Vn+1.

In view of (4.26) Vn converges to V∗ in Bw and therefore pointwise. Hence
the function V∗(x, ·) satisfies the Lipschitz condition with the constant L given

in (4.23). The same property of Ṽ∗(x, ·) from (4.22) is proved analogously.
Returning to (4.21) we can write:

d2 ≤ sup
x,a

∫
X

w(y)q(dy|x, a)

∣∣∣∣∫ ∞

α∗

V∗(y, β)

w(y)
[r(dβ|α)− r̃(dβ|α)]

∣∣∣∣ , (4.32)
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where for each y ∈ X the function ϕy(·) := V∗(y,·)
w(y)

satisfies on [α∗,∞) the

Lipschitz condition with the constant β∗(1 − β∗)−2.
On the other hand, it is known (see [12]) that for distributions μ, λ, the

Kantorovich distance can be expressed as follows:

�(μ, λ) = sup
ϕ∈Lip

∣∣∣∣∫
�

ϕdμ −
∫
�

ϕdλ

∣∣∣∣ ,
where Lip := {ϕ : R → R : |ϕ(s) − ϕ(t)| ≤ |s − t|, s, t ∈ R}.

Consequently, from (4.32) it follows that:

d2 ≤ β∗
(1−β∗)2

�[r(·|α), r̃(·|α)] sup
x,a

∫
X

w(y)q̃(dy|x, a)

≤ eα∗β2∗
(1−β∗)2

w(x)�[r(·|α), r̃(·|α)].
(4.33)

Applying the same arguments one can see that the right-hand side of inequality
(4.22) has the same upper bound as in (4.33).

To complete the proof of inequality (4.17) it suffices to carry out the fol-
lowing steps, which basically have been done in the proof of Corollary 1:

(1) Start with inequalities (4.18)-(4.20).

(2) Evaluate, say ‖T̃f∗V∗− Tf∗V∗‖w, proceeding as in (4.12) and move to the

definition of d2 in (4.15), with V∗ and Ṽ∗ instead of Vf .

(3) Bound d2 in (4.21) and (4.22). Here one can use inequality (4.33).

(4) Finish the proof as in Corollary 1.

5 Applications

5.1 GI|D|1|∞ queueing system with controllable service

rate.

Let us consider the following control process:

xt+1 = max{0, xt + at − ξt}, t = 0, 1, 2, . . . , (5.1)

where xt ∈ X = [0,∞) is the waiting time of the t-th customer (t = 0, 1,
2, . . . ), whereas ξt denotes the interarrival time between the t-th and the
(t + 1)-th customers. The service time of the t-customer at is nonrandom, but
it is controllable in the sense that for each customer at is chosen from a given
set A(xt, αt). We suppose that A(x, α) ≡ A with A being any given compact
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subset of a finite interval (0, θ] with θ ∈ A; and that ξ1, ξ2, . . . are nonnegative
i.i.d. random variables.

We assume that the dynamics of random rates is given by the following
autoregressive process:

αt+1 = γαt + ηt, t = 0, 1, 2, . . . , (5.2)

where γ ∈ [0, 1] is a constant, α0 = α ≥ α∗ for some fixed α∗ > 0, and η1, η2, . . .
are i.i.d. random variables with values in the interval [α∗(1 − γ),∞). Then
αt ≥ α∗ for all t ≥ 0. We assume that {ηt, t ≥ 0} is independent of {ξt, t ≥ 0}.

Along with the “real” control process given in (5.1) and (5.2) (suppos-
ingly unknown distributions of ξ := ξ1 and of η := η1) we also consider its
approximation:

x̃t+1 = max{0, x̃t + at − ξ̃t} t = 0, 1, 2, . . . , (5.3)

α̃t+1 = γα̃t + η̃t, t = 0, 1, 2 . . . , (5.4)

which, in general differ from (5.1), (5.2) in the distributions of the random

variables ξ̃ := ξ̃1, η̃ := η̃1. They are supposed to be known by a controller. We
denote by Fη and Fη̃ the distribution functions of η and η̃ respectively.
Assumption 5.

(a) Eξ > θ and Eξ̃ > θ, (ergodicity condition).

(b) The random variables ξ and ξ̃ have bounded continuous densities on
(0,∞) denoted by ρξ and ρξ̃, respectively.

In [4], it was proved that there exists a number d > 0 such that if w(x) =
b(edx + γ), x ∈ [0,∞), where b is arbitrary, but γ is specially chosen, then
conditions (3.2) and (3.3) hold true, provided an appropriate selection of β∗ <
1. It is also shown there how to calculate d.

Assumption 6. The one-stage cost c is a continuous nonnegative function
such that for some b ≥ 1,

c(x, a) ≤ bedx, x ∈ [0,∞), a ∈ A.

Proposition 3. If the Assumptions 5 and 6 hold, then for every x ∈ [0,∞),
α ≥ α∗,

Δ(x, α) ≤ 2b
(1−β∗)2

(edx + γ)

{
edθ

∫ ∞

0

|ρξ(s) − ρξ̃(s)|ds

+ eα∗β2∗
1−β∗

∫ ∞

α∗(1−γ)

|Fη(s) − Fη̃(s)|ds

}
,

(5.5)

where β∗ is an arbitrary, but fixed number from the interval (e−α∗ , 1) and γ =
(β∗eα∗ − 1)−1.
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To prove (5.5) it is enough to observe the following:

(1) Assumption 1 is satisfied because of Assumption 6 and Assumption 5,
(b).

(2) As we have mentioned, Assumption 2 is also assured.

(3) The verification of Assumption 4 is straightforward.

(4) Hence inequality (4.17) from Proposition 2 can be applied.

(5) In [4] it is proven that for w(x) = b(edx + γ), the first summand on the
right-hand side of (4.17) can be bounded by the first summand on the
right-hand side in (5.5).

(6) Concerning the second term in (4.17), by (5.2), (5.4) we see that for
every α ≥ α∗,

�(γα + η, γα + η̃) =

∫ ∞

α∗(1−γ)

|Fη(s) − Fη̃(s)|ds.

5.2 Discrete-time model of portfolio-consumption opti-
mization

The stability of such model with a fixed discount factor was studied in [6].
Here we outline a possible application of the stability inequality (4.17) in the
extended version of the model with a random rate of discounting (for example,
given by equations (5.2), (5.4)).

In this model, “the original wealth process” is defined by the equations:

xt = (1 − a0)xt−1

m∑
k=1

akζ
(k)
t , t = 1, 2, . . . , (5.6)

while its perturbed version is

x̃t = (1 − a0)x̃t−1

m∑
k=1

akζ̃
(k)
t , t = 1, 2, . . . . (5.7)

Here the sequences of independent random vectors ξt := (ζ
(1)
t , . . . , ζ

(m)
t ),

t ≥ 1 and ξ̃t := (ζ̃
(1)
t , . . . , ζ̃

(m)
t ) represent return rates of m different assets

(“risky” in general, but the k-asset is “risky free” if the distribution of ζ
(k)
t

is degenerated). The vector (a0, a1, . . . , am) of actions (controls) belonging to
certain compact subset of R

m+1 denotes an allocation of the current capital xt−1

among a consumption a0xt−1 and the investment in m asserts (“portfolio”).
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The criterion of optimality of the consumption-investment policy π = {at =

(a
(t)
0 , a

(t)
1 , a

(t)
2 , . . . , a

(t)
m ), t ≥ 1} is the expected total randomly discounted cost

defined in (2.1), and in (2.2) for the approximating process. (See, e.g. [10]
for continuous time control problems of this kind with a fixed discount factor.)
The one stage costs is defined as some sort of “generalized logarithmic utility”:

c(x, a) = −g[ln(a0x); a1, . . . , am]

where g : R
m+1 → R is a certain continuous function.

The model turns out to be more tractable by taking the logarithm in (5.6)
and (5.7). This provides a linear control processes. In [6], it was shown how,
under certain mild restrictions, to construct a “Lyapunov function” w(x), x ≥
0 to meet Assumptions 1 and 2 for these processes.

On the other hand, making suitable assumptions about the rate processes
{αt, t ≥ 0}, {α̃t, t ≥ 0}, ( for example such as in (5.2), (5.4)) we can guarantee
the fulfilment of Assumption 4. Consequently, one can use the robustness
inequality (4.17) to bound the stability index for the consumption-investment
optimization problem discussed above. We prefer to leave out the calculations
and remark only that under hypotheses (5.2), (5.4) “the rate term” in the
stability inequality would be the same as in (5.5), while assuming the absolute

continuity of ξt and ξ̃t, it is possible to obtain something resembling the first
term in (5.5). Unfortunately if for some k, ζ

(k)
t is constant (a “non risky”

investment), we must admit that ζ̃
(k)
t = ζ

(k)
t to get a meaningful application of

inequality (4.17).
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