
International Mathematical Forum, Vol. 6, 2011, no. 45, 2239 - 2244

CR Diffeomorphisms between
Real-Analytic Subvarieties in Cn

Houda Boubekri

Department of Mathematics
Faculty of Science, Moulay Ismail University

Meknes, Morocco
houdaoujda78@hotmail.com

Abstract

We give a new technique makes use of the reflection principle. In
fact, through the establishment of the reflection principle due to several
authors, on holomorphic extension of a smooth CR diffeomorphism be-
tween real-analytic hypersurfaces in Cn and we discuss the case for a
real-analytic subvarieties of codimension 2.
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1. Introduction

It is well-known that the holomorphic extension takes place if the reflection
principle holds. Recall that in the complex plane, the classical Schwarz reflec-
tion principle stated as follows. Let M and M ′ be two real analytic curves
in C and H a holomorphic function defined on one side of M , extending con-
tinuously through M , and mapping M into M ′. Then H has a holomorphic
extension across M . This classical principle can result the reflection principle.
Note that the holomorphic extension for the higher-dimensional in the classi-
cal Schwarz reflection principle is much more complicated than in C without
several assumptions.
The first results in higher dimension were due to H. Lewy and S. Pincuk
[12, 15], they proved independently that the reflection principle holds if M
and M ′ are strictly pseudoconvex such that f : M −→ M ′ is a smooth CR
diffeomorphism or by Only, the strict pseudoconvexity forM [5]. Other results
on the reflection principle have been obtained by many mathematicians, see
the papers [2], [3], [8], [14].
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In this paper, we discusses the use of the reflection principle under the condi-
tions proposed in Theorem 1, improving the conditions proposed by J.Merker
in Theorem 2.8. Our principal result is as follows.

Theorem 1 Let M , and M ′ ⊂ Cn are real-analytic hypersurfaces, and let
f : M −→ M ′ is a smooth CR diffeomorphism. If M is compact, then f
extends holomorphically to a neighborhood of M.

2. Proof of Theorem 1

Recall and use some concepts and definitions which serve to show our main
result.

Definitions 2.1 Let M ⊂ Cn be a smooth submanifold of real codimension
1. Let p ∈M and let rp denote the generator of the principal ideal of germs at
p of smooth functions vanishing on M .
We write ν(z) = νp(z) for the multiplicity of z; this is the minimum of the
order of vanishing of the mappings tj(t) − pj. We write ν(z∗rp) for the order
of vanishing of the function t→ r(z(t)) at the origin. The maximum order of
contact of M at p is the number ∆1(M, p) = supz

ν(z∗rp)
ν(z)

We say M is of finite type (or finite 1-type) at p ∈M in the sense of D’Angelo
if ∆1(M, p) <∞

Theorem 2.2 [Diederich-Fornaess] Let X ⊂ Cn be a compact real analytic
subvariety. Then X contains no germ of a nontrivial complex analytic subva-
riety.

In particular, all compact real analytic subvarieties (or submanifolds) are
D’Angelo finite type at every point [7].

Recall that if M and N be manifolds and x ∈ M . We consider all smooth
mappings f : Uf → N , where Uf is some open neighborhood of x in M .
We define an equivalence relation on the set of mappings considered, and we
put f ∼

x
g if there is some open neighborhood V of x with f |V = g|V . The

equivalence class of a mapping f is called the germ of f at x, denoted by f or,
sometimes, germxf , and we write

f : (M,x)→ (N, f(x))

Definition 2.3 The segre variety Qω of M (CR real analytic subvariety of
type (m, d) in Cn; (z, w) ∈ Cm × Cd) associated at a point w is sufficiently
close to 0 is the complex subvariety defined in a neighborhood of 0 by
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Qω = {(z, w) / ρ(z, w̄) = 0,  = 1, ...d}, where ρ(z, w̄) is the complexification
of defining functions of M.

Definition 2.4 The segre map associated with real analytic variety M is
defined by λ : ω −→ Qω, where Qω is the segre variety at a point w.

Definition 2.5 M is called essentially finite at p, if there exists an integer
k such that the Segre mapping Qk is locally finite in a neighborhood of the
origin.

Proposition 2.6 [1] M is a real-analytic hypersurface in Cn+1 with 0 ∈ M ,
then (i) implies (ii)
(i) M is of D-finite type at 0
(ii) M is essentially finite at 0.

Proof. If M is not essentially finite at 0, then the essential variety of M ,
WM is nontrivial holomorphic subvariety contained in M through 0. Hence M
is not of D-finite type, which proves the result.

Theorem 2.7 [1] Let M ⊂ Cn be a smooth generic submanifold and p ∈M .
Then (i) implies (ii)
(i) M is essentially finite at p
(ii) M is holomorphically nondegenerate at p

This implication is proved by contradiction. In addition, we deduce from
these two theorems that M is holomorphically nondegenerate. Therefore, M
is necessarily non-degenerate without needing to assume as indicated in [13].
Recall then this theorem of a special case due to Joel Merker in [13]

Theorem 2.8 [13] If M is globally minimal and if M ′ is holomorphically
nondegenerate, then the C∞-smooth CR diffeomorphism f is real analytic at
every point of M.

Definition 2.9 We say thatM is globally minimal (in the sense of Trépreau-
Tumanov) if it consists of a single CR orbit.

Lemma 2.10 [13] If M is globally minimal, then M ′ is also globally minimal

Proof. Indeed, as f is CR, it sends every C∞-smooth curve of M running
into complex tangential directions diffeomorphically onto a curve γ′ := (γ)
also running in complex tangential directions. Then the Lemma is a direct
consequence of the definition of CR orbits.

Our main result is verified is as below.
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One hand, M is a compact hypersurface in Cn, then it is globally minimal.
Other hand, since M is a compact real-analytic of Cn, then M is of finite
D’Angelo type [7]. Furthermore, M is of finite D’Angelo type implies that
M is essentially finite [1]. Implying that M is holomorphically nondegenerate
[1] equivalent to saying that M ′ is also holomorphically nondegenerate [13].
Finally, we return to the particular case of Theorem 2.8, and applied, we
deduce the desired result that f is real analytic at every point of M. Hence, f
extends holomorphically to a neighborhood of M.

�

3. In the case of codimension two.

Let S, S ′ are two subvarieties of codimension 2, there are functions that satisfy
the holomorphic extension under the same conditions as above in Theorem 1?

Recall that we suppose M ⊂ Cn is at least a C2 hypersurface, M is Levi-flat if
it is pseudoconvex from both sides, or equivalently if and only if the Levi form
of M vanishes identically.
Let T cM be the complex tangent space of M that is at each point p ∈ M
define T cpM = J(TpM) ∩ TpM where J is the complex structure. Since M
is a hypersurface the dimension of T cpM is always 2n − 2 and so T cM is a
subbundle of TM . M is Levi-flat if and only if T cM is involutive. Since the
leaves are graphs of functions that satisfy the Cauchy-Riemann equations, the
leaves are complex analytic. Hence, M is Levi-flat, if and only if it is foliated
by complex hypersurfaces.
The cannonical example of a Levi-flat hypersurface is the hypersurface defined
in Cn by the equation Imz1 = 0 . In fact, locally, all real analytic Levi-flat
hypersurfaces are biholomorphic to this example.

Note also that the standard complex space Cn is a Stein manifold since Cn is
holomorphically convex and it is holomorphically separable.

let f : S −→ S ′ a smooth CR diffeomorphism. Since Cn is a Stein, S is
a compact 2-codimensional submanifold, we can apply the results of J.Lebel
or P.Dolbeault in [9, 11], which means the existence of a single H Levi flat
hypersurface such that S = dH. And by continuity, since f is a CR function
on S, then the function f is well CR on H.
Since f is a diffeomorphism, H is levi-flat, Furthermore, it is clear that H is
real analytic, then H is equivalent CR to a real hyperplane {Imzn = 0} [4].
The function f is also CR on {Imzn = 0} = H ′. But it is clear that not all
such functions extend holomorphically from the hyperplane H ′ [16].
We can then, deduce that the holomorphic extension is impossible for all func-
tions on subvarieties of codimension 2 in Cn.
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