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Abstract

Arc-annotated sequences are useful in representing the structural in-
formation of RNA and protein sequences. The longest arc-preserving
common subsequence problem has been introduced in [1], [2] as a frame-
work for studying the similarity of arc-annotated sequences. In this
paper, we consider arc-annotated sequences with various arc structures.
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1 Introduction

Given two sequences S and T over some fixed alphabet Σ, the sequence T is a
subsequence of S if T can be odtained from S by deleting some letters from S.
Notice that the order of the remaining letters of S bases must be preserved.
The length of a sequence S is the number of letters in it and is denoted as
|S|. Given two sequences S1 and S2 (over some fixed alphabet Σ), the classic
longest common subsequence (LCS) problem asks for a longest sequence T
that is a subsequence of both S1 and S2.

The computational problem of finding the longest common subsequence
of a set of k strings has been studied extensively over the last thirty years
(see [3], [4], [5] and references). This problem has many applications. When
k = 2, the longest common subsequence is a measure of the similarity of two
strings and is thus useful in molecular biology, pattern recognition, and text
compression [6], [7], [8]. The version of LCS in which the number of strings is
unrestricted is also useful in text compression [8], and is a special case of the
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multiple sequence alignment and consensus subsequence discovery problem in
molecular biology [9], [10], [11].

The k-unrestricted LCS problem is NP-complete [8]. If the number of
sequences is fixed at k with maximum length n, their longest common subse-
quence can be found in O(nk−1) time, through an extension of the pairwise
algorithm [4]. Suppose |S1| = n and |S2| = m, the longest common subse-
quence of S1 and S2 can be found in time O(nm) [12], [13].

For simplicity, we use S[i] to denote the ith letter in sequence S, and S[i, j]
to denote the substring of S consisting of the ith letter through the jth letter
(see [14]).

Arc-annotated sequences are useful in describing the secondary and tertiary
structures of RNA and protein sequences. See [1], [14] for further discussion
and references.

2 The arc-annotated LCS problem and its re-

stricted versions

Given two annotated sequences S1 and S2 with arc sets P1 and P2 respectively,
a common subsequence T of S1 and S2 induces a bijective mapping from a
subset of {1, . . . , |S1|} to subset of {1, . . . , |S2|}. The common subsequence T
is arc-preserving if the arcs induced by the mapping are preserved, i.e., for any
(i1, j1) and (i2, j2) in the mapping,

(i1, i2) ∈ P1 ⇔ (j1, j2) ∈ P2.

The longest arc-preserving common subsequence problem is to find a longest
common subsequence of S1 and S2 that is arc-preserving (with respect to the
given arc sets P1 and P2) [1]. It is shown in [1] that the longest arc-preserving
common subsequence problem is NP-hard, if the arc annotations are unre-
stricted. Since the difficulty of the problem depends on the complexity of the
arc structures of the input sequences, it is of interest to consider various re-
strictions on arc structures. We consider the following four natural restrictions
on a arc set P which are first discussed in [1]:

1. no sharing of endpoints:
∀(i1, i2), (i3, i4) ∈ P, i1 �= i4, i2 �= i3, and i1 = i3 ⇔ i2 = i4.

2. no crossing:
∀(i1, i2), (i3, i4) ∈ P, i1 ∈ [i3, i4] ⇔ i2 ∈ [i3, i4].

3. no nesting:
∀(i1, i2), (i3, i4) ∈ P, i1 ≤ i3 ⇔ i2 ≤ i3.

4. no arcs:
P = ∅.
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These restrictions are used progressively and inclusively to produce five
distinct levels of permitted arc structures for LCS:

– unlimited — no restrictions;
– crossing — restriction 1;
– nested — restrictions 1 and 2;
– chain — restrictions 1, 2 and 3;
– plain — restriction 4.

The problem LCS is varied by these different levels of restrictions as LCS(x, y)
which is problem LCS with S1 having restriction level x and S2 having restric-
tion level y. Without loss of generality, we always assume that x is at the same
level or higher than y.

It is shown in [1] that if |Σ| ≥ 1 then LCS(unlimited,plain) is NP-hard.
Let |Σ| = 1 Given a pair (S1, P1) and (S2, ∅) of arc-annotated sequences with
P1 being crossing, denote |S1| = n and |S2| = m. It is easy to see that if T is
the longest common subsequence of S1 and S2 then |T | = min{n− 1

2
|P1|, |S2|}.

It is shown in [1] that if |Σ| ≥ 2 then LCS(crossing,plain) is NP-hard. If
|Σ| ≥ 3 then LCS(crossing,plain) is MAX SNP-hard [14]. The problem
LCS(crossing,crossing) is 2-approximable, which implies 2-approximation al-
gorithms for problem LCS(crossing,nested), problem LCS(crossing,chain), and
problem LCS(crossing,plain) [14].

Theorem 2.1 If |Σ| = 2 then LCS(crossing,plain) is MAX SNP-hard.

3 Proof of the theorem

Let G = (V, E) be an undirected graph, and let I ⊆ V . We say that the set I
is independent if whenever i, j ∈ I then there is no edge between i and j. We
make use of the following problem:

Maximum Independent Set-Cubic (MaxIS-Cubic): Given a cubic
graph G (i.e., every vertex has a degree 3), find a largest independent set of
G.

MaxIS-Cubic is MAX SNP-complete [14].
Let us suppose that Σ = {a, b}. We will show that MaxIS-Cubic can be

L-reduced to problem LCS(crossing,plain).
Given a cubic graph G = (V, E), let V = {v1, v2, . . . , vn}. For each vertex

vi ∈ V , construct a segment Wi of letters a6b5a2b2. Sequence S1 is obtained
by concatenating the n segments Wi, 1 ≤ i ≤ n. Let us suppose that

Wi = aaaaaabbbbbaabb = aaaaaabbwiaabb.

The arc set P1 on sequence S1 is constructed as follows: Whenever there is an
edge (vi, vj) ∈ E, introduce an arc between a letter b from wi to letter b from
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wj, ensuring that each letter b is used only once. Sequence S2 is obtained by
concatenating n identical segments of a6b2a2b5 and its arc set P2 = ∅. This
constitutes an instance I of problem LCS(crossing,plain).

Suppose that graph G has a maximum independent set V ′ with cardinality
k. We put a6b7 from each Wi, vi ∈ V ′ into sequence T and put a6b2a2b2

from each Wi, vi /∈ V ′ into sequence T . Clearly, sequence T is a common
subsequence of both S1 and S2. From the independency of V ′, we know that
sequence T inherits no arcs from P1, and thus it is an arc-preserving common
subsequence. Let opt(I) denote the length of a longest arc-preserving common
subsequence of S1 and S2, and opt(G) denote the cardinality of maximum
independent set of graph G. It follows from the above that

opt(I) ≥ opt(G) + 12n. (1)

On the other hand, assume that we have an arc-preserving common subse-
quence T of length k for (S1, P1) and (S2, P2). Define the function f : S1 → T
such that for each letter S1[i] either f(S1[i]) = S1[i] or f(S1[i]) = Δ where Δ is
an empty word. Let us suppose that f(S1) = T . Define the function g : S2 → T
such that for each letter S2[i] either g(S2[i]) = S2[i] or g(S2[i]) = Δ. Let us
suppose that g(S2) = T .

Suppose that

a6b5a2b2 = u1u2

and

g(W1) = f((a6b5a2b2)pu1)

where p ≥ 1. Let |u1| = t. Without loss of generality, we assume that

f(S1[15p + t]) �= Δ.

If |g(W1)| = s < 13 then we modify f , g (and thus T ) as follows:

f ′(S1[i]) = S1[i] if 1 ≤ i ≤ 8

f ′(S1[i]) = Δ if 9 ≤ i ≤ 11

f ′(S1[i]) = S1[i] if 12 ≤ i ≤ 15

g′(S2[i]) = S2[i] if 1 ≤ i ≤ 12

g′(S2[i]) = Δ if 13 ≤ i ≤ 15

It is easy to check that f ′(W1) = g′(W1) and |f ′(W1)| = 12. Therefore, without
loss of generality, we assume that |g(W1)| = s ≥ 13. Since |W1| = 15, s ≤ 15.
Suppose that

f(S1[15p + t]) = a.
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It is easy to see that in this case

g(W1) = g(a6b2a2).

Clearly, |a6b2a2| = 10 and thus

|g(a6b2a2)| ≤ 10.

Since f(S1[15p + t]) �= Δ, we assume that

f(S1[15p + t]) = b.

In this case t ≥ 7. It is easy to check that either

|g(W2)| < 13

or
g(W2) = f(u)

where
u = u2a

6b5a2b2u3.

Similarly, suppose that
a6b2a2b5 = u1u2

and
f(W1) = g((a6b2a2b5)pu1)

where p ≥ 1. Let |u1| = t. Without loss of generality, we assume that

g(S2[15p + t]) �= Δ.

If |f(W1)| = s < 13, we modify f , g (and thus T ) as in previous case. There-
fore, without loss of generality, we assume that |f(W1)| = s ≥ 13. Since
|W1| = 15, s ≤ 15. Suppose that

g(S2[15p + t]) = a.

It is easy to see that in this case

f(W1) = f(a6b5a2).

Clearly,
|a6b5a2| = 13

and thus
|f(a6b5a2)| ≤ 13.
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If |f(a6b5a2)| = 13 then either t > 1 or p > 1. Suppose that t > 1. In this case
it is easy to see that either |f(W2)| < 12 or f(W2) = g(u2u3) where |u3| ≥ 7.
If |f(W2)| < 12 then we modify f , g (and thus T ) as follows:

f ′(S1[i]) = S1[i] if 1 ≤ i ≤ 8

f ′(S1[i]) = Δ if 9 ≤ i ≤ 11

f ′(S1[i]) = S1[i] if 12 ≤ i ≤ 23

f ′(S1[i]) = Δ if 24 ≤ i ≤ 26

f ′(S1[i]) = S1[i] if 27 ≤ i ≤ 30

g′(S2[i]) = S2[i] if 1 ≤ i ≤ 12

g′(S2[i]) = Δ if 13 ≤ i ≤ 15

g′(S2[i]) = S2[i] if 16 ≤ i ≤ 27

g′(S2[i]) = Δ if 28 ≤ i ≤ 30

It is easy to check that

f ′(W1W2) = g′(W1W2)

and
|f ′(W1W2)| = 24.

Suppose that
f(W2) = g(u2u3).

It is easy to check that either

|f(W3)| < 13

or
f(W3) = g(u)

where
u = u3a

6b2a2b5u4.

Now suppose that
g(S2[15p + t]) = b.

In this case |u1| ≥ 7. It is easy to check that either

|f(W2)| < 13

or
f(W2) = g(u)
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where
u = u2a

6b2a2b5u3.

So we can assume that either

f(S1[15l + 1, 15(l + 1)]) = g(S2[15l + 1, 15(l + 1)]),

0 ≤ l ≤ n − 1,

or we can modify f , g as follows:

f ′(S1[1, 15(n − r)]) = g′(S1[1, 15(n − r)]),

|f ′(S1[1, 15(n − r)])| ≥ |T | − 9r.

It is easy to check that if T ′ is a longest arc-preserving common subsequence
for

S1[15(n − r) + 1, 15n]

and
S2[15(n − r) + 1, 15n]

then |T ′| ≥ 12r. Therefore we can assume that

f(S1[15l + 1, 15(l + 1)]) = g(S2[15l + 1, 15(l + 1)]),

0 ≤ l ≤ n − 1.

Consider the matches defined by f and g between segments

S1[15l + 1, 15(l + 1)]

and
S2[15l + 1, 15(l + 1)]

for every l. Clearly, either

|f(S1[15l + 1, 15(l + 1)])| = 12

or
|f(S1[15l + 1, 15(l + 1)])| = 13.

If
|f(S1[15l + 1, 15(l + 1)])| = 13

then
f(S1[15l + 1, 15(l + 1)]) = a6b7.

If
|f(S1[15l + 1, 15(l + 1)])| = 12
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then either
f(S1[15l + 1, 15(l + 1)]) = a6b6

or
f(S1[15l + 1, 15(l + 1)]) = a6b2a2b2.

If
f(S1[15l + 1, 15(l + 1)]) = a6b6,

we can modify f , g (and thus T ) as above. Clearly, this modification doesn’t
make the solution worse. Therefore we can assume that if

|f(S1[15l + 1, 15(l + 1)])| = 12

then
f(S1[15l + 1, 15(l + 1)]) = a6b2a2b2.

We now define a subset V ′ of vertices of G as follows: for every segment
S1[15l + 1, 15(l + 1)] in sequence S1, if f(S1[15l + 1, 15(l + 1)]) = a6b7, we put
vl+1 in V ′. By the construction of arc set P1, no pair of vertices in V ′ are
connected in graph G and hence V ′ is an independent set for G. In view of
(1), it is easy to check that V ′ is a maximum independent set for G (see [14]).
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