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Abstract
In this work, we investigate the global stability of the following

fourth-order rational difference equation

x%xn,lngg, + 2 + o1 + xl;l,3 +a n—0.1.2 (1)
b b b b l+a o
TpTp—1+ Tn-1%,_g+2px), 5+ 1+a

Tn+1 =
where a,b € [0,00) and the initial values z_3,z_2,2_1,20 € (0, 00).
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1 Introduction

Rational difference equations can be look very simple, but in fact their global

behaviors are mostly very complicated.
Li and Zhu [1] are obtained a sufficient condition to quarante the global asymp-

totic stability of the following recursive sequence

b b
TpX, 1+, o+a

xn+l = b b
T, 1 +TpT,_o+a

,n=0,1,2,.. (2)
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where a,b € [0,00) and the initial values x_o,x_1,x¢ € (0, 00).
Li [2] use a new method to investigate the qualitative properties of the
following rational difference equation

TpTn-1Tp—3 + Tp + Tp—1 + Tp—3+a
)
TpTp—1 + TpTp—3 + Tp_1Tp_3+1+a

Tt = n=012,.. (3)

V. V. Khuong [3, 4] investigated the global behavior of the following fourth-
order rational difference equation

T2 w3tz +al  +z.3+a

Y
xnxf%l + x%flxn_g + 2,03+ 1+a

Tpyl = n=0,1,2,.. (4)
To be motivated by the above studies, in this paper, we consider the following
nonlinear difference equation

b b b b
T, Tn 1%, 3+2, +Tp_1+T, 3+a

Tyt = =0,1,2, ...

b b ’
2o, g+ xpl s+ abad s+ 1+a

where a,b € [0,00) and the initial values x_3,x_o,2_1,x¢ € (0, 00).
We review some results which will be useful in our investigation.

Definition 1.1. Let I C R and f : I*™' — I be a continuously differentiable
function. Then for every set of initial conditions x_y, x_jy1, ..., Tg € I, the
difference equation

Tot1 = [(Tn, Tp-1y ey Tn—g), n=0,1,2 .. (5)

has an unique solution {x,}> .
A point T € I is called an equilibrium point of equation (5) if T = f(Z,Z, ..., T).

Definition 1.2. Let T be the equilibrium point of the Eq. (5).

(i) The equilibrium point T of Eq. (5) is called locally stable if for every e > 0,
there exists & > 0 such that for all x_y, x_gi1, ..., Tg € I, with

vk — Z| + |x_py1 — & + ... + |zo — Z| <6,
we have

|z, —Z| <€ for alln > —k (6)

(11) The equilibrium point T of Eq. (6) is called a global attractor if for every
T_f, T ki1, ---, To € I, we have

lim z, =7 (7)

n—oo
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(111) The equilibrium point T of Eq. (5) is called a global asymptotically stable
if it is locally stable and a global attractor.

Definition 1.3. A positive semicycle of a solution {x,}5° 5 consists of a

“string” of terms {x;, Ti41, ..., Tm}, all greater than or equal to the equilibrium
T, with | > —3 and m < oo and such that

either | = =3, or | > =3 and x;_1 <T.

and
either m = o0, or m < oo and T, <T.

A negative semicycle of a solution (x,,) consists of a ”string” of terms {x;, 141, ...
q Yy n g 1y L1+1,

all less than to T, with | > —3 and m < oo and such that
either l=—-3 or Il > -3 and xz;_1 > 7.

and
either m =00 or m < oo and Tp41 > 7.

The length of a semicycle is the number of the total terms contained in it.

Definition 1.4. A solution {x,}>2 5 of Eq. (5) is said to be enventually
trivial if x, eventually equal to T = 1; otherwise, the solution is said to be
nontrivial.

2 Several Lemmas
It is easy to see that the positive equilibrium point Z of Eq. (1) satisfies

B tr+2P+a
T= s (8)
271t + 3% + 1 +a

from which one can see that Eq. (1) has an unique positive equilibrium z = 1.

Lemma 2.1. A positive solution {x,}5° _, of Eq. (1) is eventually equal to 1
if and only if

(w3 = (@1 — D(wo — 1)(21 —1) =0 (9)

Proof. Assume the (9) holds. Then according to Eq. (1), it is easy to see that
z, =1 forn > 1.
Conversely, assume that

(w5 = 1)(z-1 — D)(xo — 1)(21 —1) #0 (10)
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Then one can show that x,, # 1 for any n > 1.
Assume the contrary that for some N > 1,

xy =1 and that 2, #1 for —3<n <N —1 (11)
It is easy to see that

b b b b
TN_1TN2TN_4 T Iyt TN 2+ TNy Fa

1= N =
Ty 1Nz T ANty 2R 2l 1+ a

which implies (2%_, —1)(2%_, —1)(xx_; — 1) = 0. Obviously, this contradicts
(11). 0

Remark 2.1. If the initial conditions do not satisfy Eq. (9), then, for any
solution {x,} of Eq. (1), x, # 1 for n > —3. Here, the solution is a nontrivial
one.

Lemma 2.2. Let {z,}5° 4 be a nontrivial positive solution of Eq. (1). Then
the following conclusions are true for n > 0.

(a) (Tny1 — 1) (zn — 1) (T — 1)(Tp3—-1) >0

(b) (Tnt1 — 1) (Tna — 1) <0.

) (e — )z 1) <0

(d) (Tnt1 — 25 _5) (255 — 1) < 0.

Proof. Tt follows in light of Eq. (5) that

@b—U@nl—U(ng—U
b, g+ 2l g+ abab o+ 1+4a

Tpy1 — 1 = n=20,1,2,..

and
1—a22) 22 (1 + 2, ) + 22 —|—xb Tp_1+a
%H—wz:( J[( )+ Ty Ty L n=0,1,2, ..
T)Tp1 + Tp_ 1xn3+x s +1+a
and

(1 = wp)[rh (L + 2p1) + 2) 5 + 25, _3%01 + d

Tpatl — Tp_1 = , n=20,1,2,..
i ! ahwn 1+ xp) g+ abrl s+ 1+a
and
s (L=l ). 1(1+x2 3)+x2 s(L+zn)+a
1 —ab_s = . n=0,1,2,..

2bw, o+, g2l g+ abad o+ 1+4a
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Lemma 2.3. [fx_3 < x5 < 2_; < x¢ < 1, then {x,}32 _5 has a negative
semicycle with an infinite number of terms and it monotonically tends to the
positive equilibrium point T = 1.

Proof. If x_3 < x_9 < x_1 < 9 < 1 then from Lemma 2.2 b), for n > —3 we
have
To < Lo < Ty < ... < Toy, <...<1and

T < X3 < X5 < ... <Top41 < ... < 1.
So, the limits

lim x9, = L and lim x9,.1 = M (2.1)

exist and finite.
Taking the limit on both sides of Eq. (1), we get
MPLIP + M+ L+ LY +a
= =1—L=1
MbL+L1+b+MbLb+1+&

and
TOMML L 1b 4+ A+ MP
M = R e s S N Y
LbM+M1+b+MbLb+1+&
We can easily se that {z,}5° , tends to the positive equilibrium point z =
1. O

3 Main results

First we analyze the structure of the semicycles of nontrivial solutions of Eq.
(1). Here we confine us to consider the situation of the strictly oscillatory
solution of Eq. (1). From [6, 7], we have the following theorem.

Theorem 3.1. Let {z,}5° 4 be a strictly oscillatory solution of Eq. (1).
Then the rule for the lengths of positive and negative semicycles of this so-
lution to successively occur is

L3t 27,117,327, 1,1, L.

or..,37,2%,17,17,37,2", 17, 1%, ...

Theorem 3.2. Assume that a,b € [0,00), b > 0. Then the positive equilib-
rium of Eq. (1) is globally asymptotically stable.

Proof. We must prove that the positive equilibrium point Z of Eq. (1) is both
locally asymptotically stable and globally attractor. The linearized equation
of Eq. (1) about the positive equilibrium Z = 1 is

Yn+1 = Oyn + O'yn—l + 0-971—2 + O‘yn—37 n = 07 ]-) 27 (14>
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By virtue of ([1], Remark 1.3.7), Z is locally asymptotically stable. It remains
to verify that every positive solution {x,}32 4 of Eq. (1) converges to z = 1
as n — oo. Namely, we want to prove

nlirgloxn =z=1 (15)
If the solution is nonoscillatory about the positive equilibrium point  of Eq.
(1), then we know from Lemma 2.1 and Lemma 2.2, the solution is either
equal to 1 or eventually negative one which has an infinite number of terms
and monotonically tends to the positive equilibrium point Z of Eq. (1), and
so Eq. (15) holds. Therefore, it sufficient to prove that Eq. (15) holds for the
solution to be strictly oscillatory.

Consider now {z,}5° 5 to be strictly oscillatory about the possitive equi-
librium point z of Eq. (1). By virtue of Thoerem 3.1, the solution of Eq. (1)
has the positive and negative semicycles of the form
L3t 2 1t 17,320 1 1, L
or..,37,2t 17,17, 37,27 17,11, ...

First, we investigate the case where the rule for the lengths of positive and
negative semicycles which occur successively is

NN . R R s S L
It can be periodically expressed as follows:

{xp+7n7 xp+7n+17 xp+7n+2}+7 {xp+7n+37 xp+7n+4}_7 {xp+7n+5}+7 {xp+7n+6}_7

n=0,1,2 ...
From Lemma 2.2 b) the following results can be easily observed

(i) Tptn+2 < Tpt7n;

(H) Tpi7nt6 > Tp+Tn+4-
One can easily prove the following inequalities
1 1
(iii)

< LTp4+7Tn+3 < )
Tp+7n+2 Tp+7n+5

. 1
(w) Tpprppl < ———.
Tpir7(n—1)+6

Finally, we have

1
< Tprmnr1 < — <
Tp4+7n+3 Tp+7(n—1)+6

L < Zpyrtnr) < Tprrnts <
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1
< < Tppr(n-1)+2 < Tp47(n-1)-
Lp+7(n—1)+4

From this, one see that {z,47,}0, is decreasing with lower bound 1. So, the
limits

L = lim Tprin = lim Tp+Tn+5 = lim = lim Tpt+Tn+1
n—00 n—00 n—00 Tpi7n+3 n—0o0

= lim = lim = lim Zpi7n42
n—00 Tpi7n+6 n—00 TpiTn+4 n—oo

exist and finite.
Noting that

b b b b
Tyt 5Tp+Tn+4%p 2 T Tpyrnys T TppTnd T Tppqpio T4

3;' =
p+7n+6 b b b b
Tpytn45Tp+7n+4 + Tpttntalpinio T TpymnysTpimnie T 1+ @

and taking limit on both sides of this equation, we obtain

1 L2142+ L' +a
L 2L-14 %4 1+4q

— L =1

Up to now, in the first case we have shown

hm xp+7n+k - 1, k = 0,—6

For the second case
L3t 2t 1T 1t 37 2 11T

g aee

One can prove by the similar way, it is omitted. The proof is complete. O
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