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Abstract

The purpose of this paper is to introduce new generalized contrac-
tions on fuzzy metric space and to give some fixed point theorems for
mappings with values into fuzzy metric spaces.
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1 Introduction

The notion of fuzzy sets was introduced by Zadeh [15]. Since then, various
concepts of fuzzy metric spaces were considered in [3, 10, 14]. Many authors
have studied fixed point theory in fuzzy metric spaces [6, 7, 12, 13]. We
establish fixed and coincidence point results for mappings defined on fuzzy
metric spaces. We generalize the notion of (g, ϕ)-contraction in fuzzy metric
spaces [6]. Another particular results for deterministic and fuzzy types of
contractions are obtained [12]. The theory of probabilistic metric spaces [11],
[15] has solved some problems in the measurement processes in many situations
where the distance between two points is a probabilistic distribution function
rather than a single real number. But, when the uncertainty is due to fuzziness,
rather than randomness the concept of fuzzy metric space is more suitable.
Fuzzy metric spaces offer an appropriate framework for inexact measurements
of the distance between two or more points. The value of a fuzzy metric is a
fuzzy set on [0,∞) rather than a number [3], 10].

Definition 1.1 A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is said to be a
continuous t-norm if it is satisfies the following conditions:
(a) ∗ is associative and commutative;
(b) ∗ is continuous;
(c) a ∗ 1 = a for all a ∈ [0, 1];
(a) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for each a, b, c, d ∈ [0, 1].
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Definition 1.2 Definition 1.2. The triple (X, M, ∗) is said to be a fuzzy
metric space if X is an arbitrary set, ∗ is a continuous t-norm and M is a
fuzzy set on X2×[0,∞), satisfying the following conditions: For all x, y, z ∈ X
and t, s > 0 :
(f1) M(x, y, 0) = 0;
(f2) M(x, y, t) = 1 if, and only if, x = y;
(f3) M(x, y, t) = M(y, x, t);
(f4) M(x, z, t + s) ≥ M(x, y, t) ∗ M(y, z, s);
(f5) M(x, y, ·): (0,∞) → [0, 1] is continuous.

Example 1.3 Let (X, d) be a metric space. Define a ∗ b = a · b (or a ∗ b =
min{a, b}) and for all x, y ∈ X and t > 0,

M(x, y, t) =
t

t + d(x, y)
. (1)

Then (X, M, ∗) is a fuzzy metric space. This fuzzy metric M induced by the
metric d is called the standard fuzzy metric.
In a fuzzy metric space (X, M, ∗) the family

U = {U(ε, λ) = {x, y) ∈ X : M(x, y, ε) > 1 − λ} : ε > 0, λ ∈ (0, 1)},

is a base for the uniformity generated by the fuzzy metric M. The largest
condition for the existence of the above uniformity is given by : sup{a � a :
0 < a < 1} = 1. If the t-norm ∗ is continuous then, this condition is assured.
Under the above uniformity the convergence and continuity are equivalently
expressed by the fuzzy metric M as in [3-4], [10], [14].

2 Main Results

Theorem 2.1 Let g be an injective mapping defined on a non-empty set X
with values into a fuzzy metric space(S, M, �). Then we have :
(a) The mapping Mg defined on X × X × [0,∞) with values into [0, 1] by
Mg(x, y, t) = M(g(x), g(y), t) is a fuzzy metric on X, that is, (X, Mg, �) is a
fuzzy metric space under the same t-norm �.
(b) If S1 = g(X) and (S1, M, �) is a complete fuzzy metric space, then (X, Mg, �)
is also a complete fuzzy metric space.
(c) If (S1, M, �) is compact then (X, Mg, �) is also compact.

Proof. We will prove only the statement (c). Suppose that (xn)n≥1 is a se-
quence in X. Then (un)n≥1 with un = g(xn) is a sequence in S1, which is a
compact fuzzy metric space. Now, we can find a subsequence {vn : n ≥ 1} ⊂
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{un : n ≥ 1} convergent to a point v ∈ S1. This is equivalent to M(vn, v, t) → 1,
(n → ∞), for every t > 0. If we set yn = g−1(vn), y = g−1(v) then we have :

Mg(yn, y, t) = M(g(yn), g(y), t) = M(vn, v, t) → 1, (n → ∞),

for every t > 0. This shows us that (S, Mg, �) is a compact fuzzy metric space.
The above theorem allows us to define a fuzzy metric Mg on a non-empty
arbitrary set X. This new fuzzy metric is induced by the fuzzy metric M and
by the function g. Moreover, it preserves some properties of the fuzzy metric
M. It is obvious that non-injectivity of g implies that g−1 is a multi-function.
By using some selectors of g−1 similar results can be obtained. This fuzzy
metric Mg will be used to obtain coincidence and fixed point theorems.
Let us consider a function ϕ : R+ → R+ such that the following conditions
are satisfied :
(a1) ϕ is nondecreasing and right continuous;
(a2) lim

n→∞ϕn(t) = 0, for all t > 0;

(a3) there is t > 0 such that ϕ(t) > 1, ;
It is easy to see that under these conditions ϕ(t) < t. We denote by Φ the set
of all functions which satisfy the conditions (a1), (a2), and a3. The family of
functions ϕk,n(t) = knt, k ∈ (0, 1) and n ∈ N is into the set Φ.
Now, let ϕ1 and ϕ2 be in Φ such that ϕ2 < ϕ1.

Definition 2.2 Let (X, M, ∗) be a fuzzy metric space. We say that the
mapping f : X → X is a fuzzy (g, ϕ1, ϕ2)-contraction if there exists a bijec-
tive function g : X → X such that for every x, y ∈ X, t > 0 the following
implication holds:

(c1) M(g(x), g(y), ϕ1(t) > 1 − ϕ1(t) =⇒ M(f(x), f(y), ϕ2(t)) > 1 − ϕ2(t).

Note that,for particular cases of the function g and ϕ the concept of (g, ϕ1, ϕ2)-
contraction generalizes those of [6] and [12].
If we take ϕ1(t) = knt, ϕ2(t) = kn+1t for k ∈ (0, 1), t > 0, then we say that the
mapping f is a (g, kn)-contraction if :

(c2) M(g(x), g(y), knt > 1 − knt =⇒ M(f(x), f(y), kn+1t) > 1 − kn+1t.

The notion of (g, ϕ1, ϕ2)-contraction is justified because measuring with a fuzzy
metric M the imagines of two points x, y by the function f are more near than
imagines of the same points by the function g. The degree of nearness is related
with the contraction function ϕ1 and ϕ2.

Theorem 2.3 If a mapping f : X → S is a fuzzy (g, ϕ1, ϕ2)-contraction,
then the following statements are true :
(a) f is a continuous mapping on (X, Mg, �) with values in (S, M, �).
(b) h = g−1 ◦ f is a continuous mapping on (X, Mg, �) with values into itself.
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Proof. Let (xn)n≥1 be a sequence in X, such that xn → x ∈ X under the fuzzy
metric Mg. This implies that Mg(xn, x, t) → 1, for every t > 0. By taking into
account the definition of the fuzzy metric Mg we have M(g(xn), g(x), t) → 1,
for every t > 0. This implies that for every ϕ1(t) > 0 there exists n0 ∈ N
such that M(g(xn), g(x), ϕ1(t)) > 1−ϕ1(t), for all n > n0. By the contraction
condition (c1) it follows that M(f(xn), f(x), ϕ2(t)) > 1 − ϕ2(t), for all n >
n0. From the definition of the function ϕ2 yields ϕ2(t) < t, which implies
1 − ϕ2(t) > 1 − t. So, we have that, for every t > 0 there exists n0 ∈ N such
that M(f(xn), f(x), t) > 1 − t, for all n > n0, that is, M(f(xn), f(x), t) → 1,
(n → ∞), for every t > 0. This shows us that the mapping f is continuous.
Now, we observe that the above convergence implies M(gg−1fxn, gg−1fp, t) →
1, (n → ∞), for every t > 0, that is, Mg(g−1fxn, g−1fp, t) → 1, (n → ∞), for
every t > 0, what means that the mapping g−1 ◦ f defined on the fuzzy metric
space (S, M, �) with values in itself is continuous.

Theorem 2.4 If f and g are two mappings defined on a non-empty set X
with values in a complete fuzzy metric space (S, M, �), g is a bijective function
and f is a fuzzy (g, ϕ1, ϕ2)-contraction, then there exists a unique point x∗ ∈ X
such that f(x∗) = g(x∗), x∗ is considered a coincidence point of the mappings
f and g. The point x∗ is obtained as a limit of the sequence {xn}n∈N defined
by the recurrence relation g(xn+1) = f(xn), x0 ∈ S.

Proof. Let t > 0 be such that ϕ1(t) > 1, then in follows that Mg(x, y, ϕ1(t)) >
1−ϕ1(t). By the definition of the fuzzy metric Mg we have M(gx, gy, ϕ1(t)) >
1 − ϕ1(t). From the (g, ϕ1, ϕ2)-contraction condition (c1) one obtains
M(fx, fy, ϕ2(t)) > 1 − ϕ2(t). This means that M(gg−1fx, gg−1fy, ϕ2(t)) >
1−ϕ2(t), or equivalently, Mg

g−1fx,g−1fy(ϕ2(t)) > 1−ϕ2(t). We denote g−1◦f = h.
Then by iterations it follows

Mg(hnx, hny, ϕn
2(t) > 1 − ϕn

2(t).

By the condition (c1), for every ε > 0; λ ∈ (0, 1) there exists a positive integer
n(ε, λ) such that ϕn

2 (t) ≤ min(ε, λ), for every n ≥ n(ε, λ). If we take into
account that every function M(x, ·) is non decreasing, then we have :

Mg(hnx, hny, ε) ≥ Mg(hnx, hny, ϕn
2(t)) > 1 − ϕn

2 (t) > 1 − λ.

Let x0 be fixed in X and let (xn)n≥1 be the sequence of successive approxima-
tions defined by xn+1 = h(xn). If we take x = xn+p and y = x0 then, from the
above inequalities one obtains

Mg(xn+p, xn, ε) = Mg(hnxp, h
nx0, ε) > 1 − λ,

for every n ≥ n(ε, λ) and p ≥ 1. Therefore (xn)n≥1 is a Cauchy sequence. Since
(S, M, �) is a complete fuzzy metric space, then (X, Mg, �) is also a complete
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fuzzy metric space. So, there exists a point x∗ ∈ X such that the sequence
(xn)n≥1 converges to the point x∗. The continuity of the mapping h implies
that h(x∗) = x∗, that is, (g−1 ◦ f)(x∗) = x∗, or equivalently, f(x∗) = g(x∗).
The uniqueness of the coincidence point of f and g, x∗ it follows also by the
(g, ϕ1, ϕ2)-contraction, (c1).
When X = S, and g is the identity on (S, M, �) one obtains the following fixed
point result.

Theorem 2.5 If f is a mapping defined on a complete fuzzy metric space
(S, M, �) with values into itself and the following contraction condition is sat-
isfied ;

(c3) M(x, y, ϕ1(t)) > 1 − ϕ1(t) ⇒ M(f(x), f(y), ϕ2(t)) > 1 − ϕ2(t),

then there exists a unique point x∗ ∈ X such that f(x∗) = x∗, it is obtained as
limit of the sequence {xn}n∈N defined by the recurrence relation xn+1 = f(xn),
x0 ∈ S.

Theorem 2.6 Let f and g be two mappings defined on a non-empty set
X with values into a complete metric space (S, d), g is bijective and f is a
(g, ϕ1, ϕ2)-contraction, that is,

(c4) ϕ1(d(fx, fy)) ≤ ϕ2(d(gx, gy)),

for every x, y ∈ X. Then:
(a) There exists a unique coincidence point x∗ of the mappings f and g, that
is, f(x∗) = g(x∗). Moreover x∗ is obtained as limit of the sequence {xn}n∈N

defined by the recurrence relation g(xn+1) = f(xn), x0 ∈ S.

(b) If X = S and g is the identity then the mapping f has a unique fixed
point x∗, which it is obtained as limit of the sequence {xn}n∈N defined by the
recurrence relation xn+1 = f(xn), x0 ∈ S.

Proof. We suppose that d(x, y) ∈ [0, 1]. Otherwise, we define the equivalent
metric d1(x, y) = 1 − e−d(x,y). The set S together the mapping M : S × S ×
[0,∞) → [0, 1] defined by M(x, y, t) = t

t+d(x,y)
becomes a fuzzy metric space

under the t-norm � = Min. Now, let f be a (g, ϕ1, ϕ2)-contraction on (S, d).
We will show that f is a (g, ϕ1, ϕ2)-contraction on (S, M, �). Let suppose that

t > 0 and M(gx, gy, ϕ1(t)) > 1−ϕ1(t). Then, we have ϕ1(t)
ϕ1(t)+d(gx,gy)

> 1−ϕ1(t).

This implies d(gx, gy) < ϕ1(t) and, as a consequence we have ϕ2(d(gx, gy)) <
ϕ2(ϕ1)(t) < ϕ2(t) for all t > 0. By the condition contraction condition (c4) we
have ϕ1(d(fx, fy)) < ϕ1(ϕ2(t)) < ϕ2(t), which implies ϕ2(d(fx, fy)) < ϕ2(t).

This implies ϕ2(t)
ϕ2(t)+d(fx,fy)

> 1 − ϕ2(t), that is, M(fx, fy, ϕ2(t)) > 1 − ϕ2(t).

Thus, the mapping f is a (g, ϕ1, ϕ2)-contraction defined on the fuzzy metric
space (S, M, �). The conclusions result by the the Theorem 2.6.
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