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Abstract

A pair (u, v) of real-valued functions on a set X is said to represent
an interval order � on X if x � y is equivalent to u(x) ≤ v(y) for all
x, y ∈ X. In this paper we provide a characterization of the existence of
a pair (u, v) of upper semicontinuous real-valued functions representing
an interval order � on a topological space (X, τ). The famous Rader’s
utility representation theorem appears as a corollary of our main result.
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1 Introduction

The problem concerning the existence of a pair (u, v) of continuous real-
valued functions representing an interval order � on a topological space (X, τ)
was considered by many authors (see e.g. Chateauneuf [6], Bosi, Candeal,
Campión and Induráin [2], Bosi [1] and Bosi and Isler [4]). On the other hand,
the representation of an interval order � on a topological space (X, τ) by means
of a pair (u, v) of upper semicontinuous real-valued functions received scarce
attention in the literature. Some partial results in this direction were presented
by Bridges [5] but to the best of our knowledge this kind of representation was
not studied by other authors.
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In this paper we therefore characterize the representability of an interval
order on a topological space by means of a pair of upper semicontinuous func-
tions. As a consequence of this characterization, we present a rather general
condition according to which an interval order � on a second countable topo-
logical space is representable by means of two upper semicontinuous functions.
The famous Rader’s utility representation theorem, according to which every
upper semicontinuous total preorder on a second countable topological space
(X, τ) admits an upper semicontinuous utility function u, can be also inter-
preted as a corollary of our main result.

2 Notation and preliminaries

We first recall that an interval order � on an arbitrary nonempty set X is
a binary relation on X which is reflexive and in addition verifies the following
condition for all x, y, z, w ∈ X:

(x � z) and (y � w) ⇒ (x � w) or (y � z).

An interval order � on a set X is total (i.e., for all x, y ∈ X we have that
either x � y or y � x) and not necessarily transitive (see e.g. Oloriz et al.
[8]). The irreflexive part of an interval order � will be denoted by ≺ (i.e., for
all x, y ∈ X, x ≺ y if and only if (x � y) and not(y � x)).

Fishburn [7] proved that if � is an interval order on a set X, then the
following binary relation �∗∗ on X is a total preorder:

x �∗∗ y ⇔ (y � z ⇒ x � z) for all z ∈ X.

The irreflexive part ≺∗∗ of �∗∗ is therefore defined as follows:

x ≺∗∗ y ⇔ ∃η ∈ X : x � η ≺ y (x, y ∈ X).

Obviously, if � is a total preorder � (i.e., � is reflexive, transitive and
total), then � is an interval order. In this case, we have that �=�∗∗.

If R is a binary relation on a set X, then denote by LR(x) the lower section
of any element x ∈ X (i.e., for every x ∈ X, LR(x) = {y ∈ X : yRx}).

A real-valued function u on X is said to be a utility function for a total
preorder � on a set X if, for all x, y ∈ X,

x � y ⇔ u(x) ≤ u(y).

A pair (u, v) of real-valued functions on X is said to represent an interval
order � on X if, for all x, y ∈ X,

x � y ⇔ u(x) ≤ v(y).

An interval order � on a topological space (X, τ) is said to be upper semi-
continuous if L≺(x) is an open subset of X for every x ∈ X.
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3 Representability by means of two upper semi-

continuous functions

We characterize the semicontinuous representability of an interval order on
a topological space.

Theorem 3.1 Let � be an interval order on a topological space (X, τ).
Then the following conditions are equivalent:

(i) There exists a pair (u, v) of upper semicontinuous real-valued functions on
(X, τ) representing the interval order �;

(ii) There exist a countable family {(An, Bn}n∈�+ of pairs of open subsets of
X satisfying the following conditions:

(a) {(x, y) ∈ X × X : x ≺ y} ⊂ ⋃
n∈�+ An × Bn;

(b) x ≺ y and y ∈ Bn imply x ∈ An for all x, y ∈ X and for all
n ∈ N+;

(c) x � y and y ∈ An imply x ∈ Bn for all x, y ∈ X and for all
n ∈ N+;

(d) for all x, y ∈ X such that x ≺ y there exist n ∈ N+ such that
x ∈ An, y 	∈ Bn.

Proof. (i) ⇒ (ii). If (u, v) is a continuous representation of the interval order
� and u and v are both upper semicontinuous, then just define, for all q ∈ Q,
Aq = {x ∈ X : v(x) < q}, Bq = {x ∈ X : u(x) < q} in order to immediately
verify that the set of pairs {(Aq, Bq)}q∈� satisfies the above conditions (a), (b),
(c) and (d).
(ii) ⇒ (i). Assume that there is a countable family {(An, Bn}n∈�+ of pairs of
open subsets of X satisfying the above conditions (a) through (d). Define, for
all n ∈ N+, the following upper semicontinuous functions un and vn:

un(x) =

{
0 if x ∈ Bn

1 if x 	∈ Bn
, vn(x) =

{
0 if x ∈ An

1 if x 	∈ An
.

Then define two functions u, v : X → [0, 1] by

u(x) =

∞∑
n=1

2−nun(x), v(x) =

∞∑
n=1

2−nvn(x).

It is clear that (u, v) is a pair of upper semicontinuous functions on (X, τ). We
claim that the pair (u, v) represents the interval order �. In order to prove this
fact, first consider any two elements x, y ∈ X such that x � y, and observe
that, for every n ∈ N+, if y ∈ An then it must be that x ∈ Bn by the above
condition (c). Hence, it must be u(x) ≤ v(y) from the definition of u and
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v. Now consider any two elements x, y ∈ X such that x ≺ y. Then we have
that vn(x) ≤ un(y) for every n ∈ N+ by condition (b). Further, by condition
(d), there exists n ∈ N+ such that x ∈ An, y 	∈ Bn. Hence, we have that
v(x) < u(y). This consideration completes the proof. �

An interval order � on a set X is said to be i.o. separable if there exists
a countable subset D of X such that for all x, y ∈ X with x ≺ y there exists
d ∈ D such that x ≺ d �∗∗ y (see e.g. Bosi and Isler [4]). In this case D is
said to be an i.o. order dense subset of the set X.

Corollary 3.2 Let � be an interval order on a topological space (X, τ) and
assume that � and �∗∗ are both upper semicontinuous. If there exists a pair
(u′, v′) of real-valued functions representing � on X, then there exists a pair
(u, v) of upper semicontinuous real-valued functions representing � on (X, τ).

Proof. First observe that the interval order � is i.o. separable by Theorem
1 in Bosi et al. [3] since � is representable by means of a pair of real-valued
functions (u′, v′). Let D = {dn : n ∈ N+} be an order dense subset of X. Then
define, for all n ∈ N+,

An = L≺(dn), Bn = L≺∗∗(dn)

in order to immediately verify that {(An, Bn}n∈�+ is a countable family of
pairs of open subsets of X satisfying conditions (a) through (d) of Theorem
3.1. �

Corollary 3.3 Let � be an interval order on a second countable topologi-
cal space (X, τ) and assume that � and �∗∗ are both upper semicontinuous.
Then there exists a pair (u, v) of upper semicontinuous real-valued functions
representing � on (X, τ).

Proof. Just observe that since � is upper semicontinuous on a second countable
topological space (X, τ), from Bridges [5, Proposition 2.3] � is representable
by a pair (u′, v′) of real-valued functions on X. Then use Corollary 3.2. �

Corollary 3.4 (Rader’s theorem) Let � be an upper semicontinuous to-
tal preorder on a second countable topological space (X, τ). Then there exists
an upper semicontinuous utility function u for �.

Proof. If � is an upper semicontinuous total preorder on a second countable
topological space (X, τ), then � is in particular an upper semicontinuous in-
terval order such that �=�∗∗. From the proof of Corollaries 3.2 and 3.3, we
have that � is i.o. separable. By defining An = Bn = L≺(dn) = L≺∗∗(dn),
from the proofs of Corollary 3.2 and Theorem 3.1 we have that there exists an
upper semicontinuous real-valued function u such that x � y is equivalent to
u(x) ≤ u(y) for every x, y ∈ X. So the proof is complete. �
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