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Abstract

The paper delineates the problem related to difference and comple-
mentation in Multiset Theory. It is shown that none of the existing
approaches succeeds in resolving the attendant difficulties without as-
suming some contrived stipulations.

Mathematics Subject Classifications: 03E15, 03E20, 03E30

Keywords: Multiset, submultisets, difference, complementation, boolean
selection (wholesubmultiset)

1 Introduction

A bag or multiset (mset, for short) is an unordered collection of objects, like
a set, but which may contain copies or duplicates (Brink [4] prefers to call it
multiples). Moreover, the multiple occurrences of an object in an mset are
quasi–generally treated without preference. The term multiset, as Knuth [7]
p. 36 notes, was first suggested by N.G. de Bruijn in a private communica-
tion to him. In fact, prior to Bruijn’s coinage, a variety of terms like heap,
bunch, bag, weighted set, occurrence set and fireset (finitely repeated element



1878 D. Singh, A. M. Ibrahim, T. Yohana and J. N. Singh

set) appeared in different contexts but conveying synonimity with multiset.
Currently, multiset and bag are being used interchangeably.

As to the development of multiset theory, Knuth [4], p. 636 notes that
despite frequent occurrences of multiset like structures in mathematics, there
is currently no structured way to deal with multisets, and similar observations
have been voiced by many others (see [3] for details). Nevertheless, in the
course of developing Bag theory ([12], for example), most of the algebraic
properties of multisets in disguised forms were exploited. In the recent years, a
sizeable number of works, specially dealing with the foundational development
of the theory of multisets, have appeared. And, not very surprisingly, some
of the outcomes, in particular reference to difference and complementation
operations, turned out to be disturbing (see [4], p. 214 and [2], p. 53, for
details).

In this paper, we endeavour to revisit the problem related to difference and
complementation in multiset theory. It is shown that the attendant difficulties
do remain unresolved unless some contrived stipulations are assumed.

2 Preliminaries

2.1 Notations and Definitions

Formally, a mapping ∝: � → X, where � is a universal set and X is a numeric
set, is called a set if X = {0, 1}; a multiset if X = N, the set of natural
numbers with 0; a signed multiset if X = Z, the set of integers. The set of
all mappings ∝: � → X is denoted by �X . This representation is specifically
helpful in explicating the structure of multiset space as a functional relation
with the algebraic structure existing on the codomain.

Notationally, an mset containing one occurrence of a, two occurrences of
b, and three occurrences of c is represented as [[a, b, b, c, c, c]] or [a, b, b, c, c, c]
or [a, b, c]1,2,3 or [a, 2b, 3c] or [a1, b2, c3] or [a.1, b.2, c.3]. For convenience, even
curly brackets are in use in place of the square brackets. Here a, b and c are
the objects and each occurrence of these objects is an element (see Singh et.al
[11] for alternative forms of representing msets). Note that it is advantageous
to distinguish between object and element of an mset. Every individual oc-
currence of an object in an mset is called its element. In other words, distinct
elements of an mset are its objects (See [9], for details).

The number of occurrences of an object x in an mset A, which is finite in
most of the studies that involve msets, is called its multiplicity or characteristic
value, usually denoted by m

A
(x) or C

A
(x) or simply by A(x). In the theory of

bags, x ∈∈ A is used in place of m
A
(x) (see [1], for example). A well formed

formula x ∈n y semantically reads that x belongs n times to y. The number of
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distinct elements in an mset (which need not be finite) and their multiplicities
jointly determine its cardinality. In other words, the cardinality of an mset is
the sum of the multiplicities of all its objects.

The set of distinct elements of an mset is called its root or support. For-
mally, the root set of an mset A is the set {x|x ∈ A}. The cardinality of the
root set of an mset is called its dimension.

An mset is called regular or constant if all its objects occur with the same
multiplicity and the common multiplicity is called its height. For example,
[a, b]3,3 is a regular mset.

An mset is called simple if all its elements are the same. For example, [a]3
is a simple mset. It follows that the root set of a simple mset is a singleton.

Two msets A and B are called equal, denoted byA = B, if m
A
(x) = m

B
(x)

for all objects x.
An mset A is called a submultiset (submset, for short) or a multisubset

(msubset, for short) of an mset B, denoted by A ⊆ B, if m
A
(x) ≤ m

B
(x) for

all objects x. An mset is called the parent multiset or overmultiset in relation
to its submsets. For example, [a, b]1,2 is a submset of [a, b, c]1,3,1. It follows
that A = B if and only if A ⊆ B and B⊆ A. Also A ⊂ B if A ⊆ B and
A 	= B.

A submset of a given mset is called whole if it contains all multiplicities of
the common objects. For example, [a, b]2,3 is a whole msubset of [a, b, c]2,3,4.

A submset of a given mset is called full if it contains all objects of the
parent mset. For example, [a, b, c]1,2,3 is a full msubset of [a, b, c]2,3,4. (See
Blizard [2, 3], for details).

The powermset of A, denoted by ℘̃(A) is the mset of all submsets of A.
Remark 1

For a finite mset X, the following combinatiorial formula for computing the
total number of elements in ℘̃(X) exists and it preserves the Cantor’s theorem
for sets:

Let ℘̃(X) = [Y | Y ⊆ X].
Now, if Y = ∅, then Y ∈1 ℘̃(X).

If Y 	= ∅, then Y ∈k ℘̃(X) where K =
∏

z∈Y ∗

( |Xz|
|Yz|

)
and

( |Xz|
|Yz|

)
=(

n
m

)
=

n!

m!(n − m)!
, where

∏
z∈Y ∗

is taken over distinct elements z of the

msubset Y , |Xz| = n iff z ∈n X and |Yz| = m iff z ∈m Y.
Note, however, that the aforesaid formulation fails in case the given mset

X is infinite (See Blizard [2], p.45 for details).
Besides, as Hickman [6] p. 213 notes, there does not seem to have a good

reason for admitting repeated elements into a powermset. Accordingly, in
multiset theory, powerset p(X) instead of powermset ℘̃(X) is introduced. In
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order to admit collections of non–repeated msubsets, a predicate Set(y) is
introduced as follows:

Set(y) =def [y = ϕ ∨ ∀x∀n[x ∈n y → n = 1]].

Hence, the powermset of an mset X is defined as:
p(X) = df ∀X ∃Y [Set(Y ) ∧ ∀Z[Z ∈ Y ↔ Z ⊆ X]]
As a consequence, Cantor’s power set theorem fails for msets, because

singleton msubsets do not repeat in p(X).

2.2 Multiset Operations

LetA and B be msets. The union of A and B, denoted by A∪B, is the smallest
mset C containing both A and B i.e., A ⊆ C and B ⊆ C. In other words,
mC(x) = max{mA(x), mB(x)} for all objects x if such a max exists; otherwise
the min is taken which always exists.

The intersection of A and B, denoted by A ∩ B, is the largest mset C
contained in both A and B i.e., C ⊆ A and C ⊆ B. In other words, mC(x) =
min {mA(x), mB(x)} for all objects x, which always exists.

The sum or (arithmetic) addition of A and B, denoted by A + B or A�B
or A � B, is the mset C such that mC(x) = mA(x) + mB(x), for all x.

It follows that the insertion of an element x into an mset A gives rise to a
new mset A′ = A + x such that mA′(x) = mA(x) + 1 and mA′(y) = mA(y) for
all x 	= y.

3 Difference and Complementation

Let A and B be two msets, and B ⊆ A. The (arithmetic) difference of B
from A, denoted by A\B or A − B, is the mset C ⊆ A such that mC(x) =
mA(x) − mB(x), for all objects x.

In general, mC(x) = mA(x) − m(A∩B)(x) = max{mA(x) − mB(x), 0}, for
all objects x.

It is also called the relative complement of B in A.
It follows that the deletion of an element x from an mset A gives rise to a

new mset A′ = A − x such that mA′(x) = max{mA(x) − 1, 0}.
Remark 2
It is easy to see that in multiset theory, an element may occur in an msubset

and in its relative complement. Accordingly, some of the consequences of the
aforesaid definition turn out to be disturbing (see Hickman [6] p. 214 and
Blizard [2] p. 53, for details).
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For example, if A = [a, b]4,5 and B = [a, b]2,3 then A − B = [a, b]2,2 ⊂ B
contradicting the classical laws that (A − B) ∩ B = ∅ and (A − B) ∪ B = A.
Therefore, 〈p(Y ),∪,∩,−, ∅, Y 〉 is only a lattice Knuth [7] and not a boolean
algebra.

Remark 3
We note that if the complementation operator is restricted to sets, then

the classical laws hold. That is,
[Set(Y )∧X ⊆ Y ] → [Set(X)∧Set(Y −X)∧X∩(Y −X) = ∅∧X∪(Y −X) =

Y ].
Recall that whole msubsets are set-like i.e., elements do not spill over into

the relative complement. Thus, if X is a whole in Y , then
X ∩ (Y − X) = ∅ and X ∪ (Y − X) = Y hold.
In other words, complementation operator behaves classically when re-

stricted to sets and whole msubsets (See also Blizard [2], p. 53).
Seemingly, in order to define complementation such that multisets may

have a boolean algebraic structure, one needs to introduce a restricted multiset
universe, like the one above in which there underlie some contrived stipulations.

In this direction, a seminal work Brink [4] appeared, though with a specific
motivation to capture relevant logic structure. The power multiset ℘̃(A) of a
given mset A is taken as the working universe. Hence, for any mset α ∈ ℘̃(A),
mα(x) ≤ mA(x) for every object x. The complement α of α is defined as
the mset such that mα(x) = mA(x) − mα(x) for every object x. It is easy to
observe that

(i) α = α (involution holds)
(ii)(α ∨ β) = α ∧ β and (α ∧ β) = α ∨ β (DeMorgan properties hold).
In general, neither α ∨ α = A, nor α ∧ α = ∅ holds.
In course of delineating algebraic properties of bag data types, a very fas-

cinating approach was adopted in Albert [1] in order to provide a boolean
algebraic structure on a truncated part of ℘̃(U) , where U is a bag (or a
multiset). The paper, besides defining other bag operations, introduces the
following two specific operations:

Let A, B and C be bags.
δ(B) =def {x|x ∈ B}, called the duplicate elimination function.
δϕ(A) =def the bag C such that, for all objects x,
x ∈∈ C = x ∈∈ A if ϕ(x);
x ∈∈ C = 0 otherwise.
This is called the boolean selection function.
Further, in Albert [1] (theorem 3, p. 214), besides other results, a key

result appears in item (5) viz:
x ∈∈ δϕ(A) = (x ∈∈ A).(x ∈∈ δϕ(δ(A)), where δ(δϕ(A)) = δϕ(δ(A)),

which formally entails that the bag selection operator has all-or-nothing se-
mantics.



1882 D. Singh, A. M. Ibrahim, T. Yohana and J. N. Singh

Finally, in Albert [1] (theorem 8, pp. 216–217), it is shown that with respect
to selection operations, bags behave like sets and consequently the operations
of union, intersection, and difference for bags give rise to a boolean algebra
when the operations arise from boolean selection. The following conclusion
can be found in theorem 9 of Albert [1]

Theorem 9(Albert [1]): Let (S(U),∪,∩,−) is a boolean algebra where
U is a bag, S(U) is a structure analogous to p(X) but containing subbags (or,
submsets) obtained by applying a selection operator to U . That is, S(U) =
def{A ⊆ U |(∃ a predicate ϕ)(A = δϕ(U)}.

Remark 4

In view of remark 3, it can be observed that the subbags obtained by
applying selection operator to a given bag U are exactly the whole msubsets
of the given mset U and hence, theorem 9 is a rephrasing of observations made
in Remark 3 of this paper.

In order to define complementation, Petrovsky [9], pp. 3–4 adopts a some-
what new approach as follows:

Let � = {A1, A2, . . . } be a family of msets. The maximum mset Z is
defined such that m�(x) = max mA(x) , A ∈ �, for all objects x and all
A ∈ �. Then, the complement of an mset A, denoted by A, is defined as
A = Z − A such that mA(x) = m�(x) − mA(x), for all objects x.

However, the attendant difficulties remain unresolved; for example, A∪A 	=
Z, and A ∪ A 	= ∅.

In fact, the case of bounded multiplicities has already been addressed in
Brink [4], p. 8 and it was not found of much help in resolving the issues at
hand.

A similar approach, recently explicated in Jena et al [8] and Girish et al
[5], is as follows:

Let X be a set. The multiset space Xn is defined as the set of all msets
built from the elements of X such that an object in any mset of Xn occurs at
most n times. That is, the multiplicities of objects in any mset of the space
Xn are bounded. Then A , the complement of A in Xn, is defined as an mset
in Xn such that mA(x) = n − mA(x). Here, the regular mset of height n can
be viewed as the working universe.

Note that, fort Xn to be closed with respect to (+), the definition of the
arithmetic sum (+) needs to be modified as follows:

mA+B(x) = min{n,mA(x) + mB(x)}.
It follows that Xn is closed with respect to union, intersection, sum and

complementation. However, similar to other explications discussed above, not
all the properties of complementation hold, for example, α∧α 	= ∅ in general.
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4 Concluding Remarks

It has been demonstrated that the technique of introducing a cardinality–
bounded multiset space proves advantageous in many ways especially in Database
systems (see [10]and [1], for details). However, as investigated above none of
the existing approaches succeeds if the goal is to augment the theory of multiset
endowed with a boolean algebraic structure without assuming some contrived
situations.

In fact, the obvious alternatives seem to be exhausted. However, some
further adept explications cannot be ruled out.
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