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Abstract
The objective of this paper is to define a type of product semi sym-

metric non-metric connection in a locally decomposable Riemannian
manifold and to study some of its curvature properties. Among others,
it has been proved that Ricci tensor of the connection is symmetric if
its curvature tensor satisfies Bianchi’s first identity.
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1 Introduction

In 1924, Friedmann and Schouten [1] defined semi-symmetric connection in
a differentiable manifold. In 1932, Hayden[2] considered metric connections
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with torsion in Riemannian manifolds. Yano [3] initiated systematic study of
semi-symmetric metric connection and later on it was followed by several other
geometrs [7,8,9,10]. In 1975, Golab [8] defined and studied quarter symmetric
connection in manifolds with affine connection. Yano and Imai[4] studied semi-
symmetric metric connection in complex manifolds.

Pravanovic [5,6] extended the idea of semi-symmetric connection to product
semi-symmetric connection in a locally decomposable Riemannian manifold
and studied topics analogous to Yano and Imai [4]. In the present paper,
we have defined product semi-symmetric non-metric connection in a locally
decomposable Riemannian manifold and studied some properties of such a
connection.

Consider an n-dimensional manifold Mn, equipped with a tensor field F �=
I of type (1,1) and a positive definite Riemannian metric g, satisfying the
conditions

¯̄X = X, (1)

where

X̄ = F (X), (2)

g(X̄, Ȳ ) = g(X, Y ) (3)

and

(∇XF )Y = 0, (4)

where ∇ is the Levi-Civita connection. Such a manifold is called as locally
decomposable Riemannian manifold [5].
If we put

F̀ (X, Y ) = g(X̄, Y ), (5)

then from (1),(3) and (4), it follows very easily that

F̀ (X, Y ) = F̀ (Y,X) (6)

and

(∇XF̀ )(Y, Z) = 0. (7)
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A linear connection ∇̃ on Mn is termed as product semi-symmetric connection
if its torsion tensor S̃ has the form [5]

S̃(X, Y ) = π(Y )X − π(X)Y + π(Ȳ )X̄ − π(X̄)Ȳ , (8)

where p is a non-zero 1-form associated with a vector field ρ given by

π(X) = g(X, ρ); (9)

and non-metric connection if

(∇̃Xg)(Y, Z) = 0. (10)

2 A Product Semi-Symmetric Non-metric Con-

nection

Consider a connection S̃ in a locally decomposable Riemannian manifold Mn

given by

∇̃XY = ∇XY + π(Ȳ )X̄ + π(Y )X − g(X, Y )ρ, (11)

where π is a non-zero 1-form associated with vector field ρ defined by (9) and
F is a tensor field of type (1,1) given by (1).

From the equation (11), it can be deduced that the torsion tensor

S̃(X, Y ) = ∇̃XY − ∇̃YX − [X, Y ]

of the connection ∇̃ has the form

S̃(X, Y ) = π(Y )X − π(X)Y + π(Ȳ )X̄ − π(X̄)Ȳ , (12)

which shows that the connection given by (11) is a product semi-symmetric
connection. Further, we have

(∇̃Xg)(Y, Z) = X(g(Y, Z))− g(∇̃XY, Z) − g(Y, ∇̃XZ),

which on using (5) and (11), gives

(∇̃Xg)(Y, Z) = −π(Ȳ )F̀ (X,Z) − π(Z̄)F̀ (X, Y ). (13)

This proves that the connection under consideration is a non-metric one. Con-
versely, it can be shown that a connection ∇̃ satisfying (12) and (13) has the
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form given by the equation (11).

Let R̃(X, Y, Z) be the curvature tensor of the locally decomposable Rie-
mannian manifold with respect to the product semi-symmetric non-metric
connection ∇̃. Then, we have

R̃(X, Y, Z) = ∇̃X∇̃Y Z − ∇̃Y ∇̃XZ − ∇̃[X,Y ]Z. (14)

Using (1),(4),(5),(6) and (11) in the above equation, we obtain

R̃(X, Y, Z) = R(X, Y, Z) + α(X,Z)Y − α(Y, Z)X + α(X, Z̄)Ȳ − α(Y, Z̄)X̄

+ g(X,Z)LY − g(Y, Z)LX +
(
π(X)g(Y, Z)− π(Y )g(X,Z)

)
ρ

+ π(ρ)
(
g(X,Z)Y − g(Y, Z)X

)
+ π(Z̄)

(
π(Ȳ )X − π(X̄)Y

)

+ π(Z)
(
π(Ȳ )X̄ − π(X̄)Ȳ

)
,

(15)

where α is a tensor field of type (0,2), given by

α(X, Y ) = (∇Xπ)Y − π(X)π(Y ) (16)

and L is a tensor field of type (1,1), given by

LY = ∇Xρ+ π(ρ̄)X̄. (17)

If, we put

`̃
R(X, Y, Z,W ) = g(R̃(X, Y, Z),W ), (18)

then using(15) in it, we get

`̃
R(X, Y, Z,W ) = R̀(X, Y, Z,W ) + α(X,Z)g(Y,W )− α(Y, Z)g(X,W )

+ α(X, Z̄)F̀ (Y,W ) − α(Y, Z̄)F̀ (X,W ) + g(X,Z)β(Y,W )

− g(Y, Z)β(X,W ) + π(W )
(
π(X)g(Y, Z)− π(Y )g(X,Z)

)

+ π(ρ)
(
g(X,Z)g(Y,W )− g(Y, Z)g(X,W )

)

+ π(Z̄)
(
π(Ȳ )g(X,W ) − π(X̄)g(Y,W )

)

+ π(Z)
(
π(Ȳ )F̀ (X,W ) − π(X̄)F̀ (Y,W )

)
,

(19)
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where

R̀(X, Y, Z,W ) = g(R(X, Y, Z),W ) (20)

and β(Y, Z) is a tensor of type (0,2), given by

β(Y, Z) = g(LY, Z) = (∇Xπ)Y − π(ρ̄)F̀ (Y, Z). (21)

Now, putting X = W = ei, where {ei} ia an orthonormal basis and taking
summation over i, 1 ≤ i ≤ n, we get

R̃ic(Y, Z) = Ric(Y, Z) − (n− 1)α(Y, Z) + α(Ȳ , Z̄) − α(Ȳ , Z̄)ψ

+ β(Y, Z) − δg(Y, Z) + (n− 1)π(Ȳ )π(Z̄)

+ ψπ(Ȳ )π(Z) − 2π(Y )π(Z),

(22)

where

δ = b+ (n− 2)π(ρ). (23)

Also, b and ψ are traces of tensors β and F̀ respectively, i.e.,

b =

n∑
i=1

β(ei, ei) and ψ =

n∑
i=1

F̀ (ei, ei).

3 A Type of Product Semi-Symmetric Non-

Metric Connection

In this and next section, we shall consider a product semi-symmetric non-
metric connection whose associated vector field ρ is recurrent with respect to
the Levi-Civita connection ∇ with π as 1-form of recurrence,i.e.,

∇Xρ = π(X)ρ (24)

and prove some results concerning such connection. Now, differentiating (9)
and using (24), we obtain

(∇Xπ)(Y ) = π(X)π(Y ), (25)

which, on using in (16), gives

α = 0. (26)

Also, in this case tensors L and β reduces to following forms

LY = π(Y )ρ+ π(ρ̄)Ȳ (27)
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and

β(Y, Z) = π(Y )π(Z) + π(ρ̄)F̀ (Y, Z). (28)

As a consequence of such assumption, the equations (15), (19), and (22) assume
the simpler forms given as follows:

R̃(X, Y, Z) = R(X, Y, Z) + π(ρ̄)
(
g(X,Z)Ȳ − g(Y, Z)X̄ +

+ π(ρ)
(
g(X,Z)Y − g(Y, Z)X

)
+ π(Z̄)

(
π(Ȳ )X − π(X̄)Y

)

+ π(Z)
(
π(Ȳ )X̄ − π(X̄)Ȳ

)
,

(29)

`̃
R(X, Y, Z,W ) = R̀(X, Y, Z,W ) + π(ρ̄)

(
g(X,Z)F̀ (Y,W ) − g(Y, Z)F̀ (X,W )

+ π(ρ)
(
g(X,Z)g(Y,W )− g(Y, Z)g(X,W )

)

+ π(Z̄)
(
π(Ȳ )g(X,W ) − π(X̄)g(Y,W )

)

+ π(Z)
(
π(Ȳ )F̀ (X,W ) − π(X̄)F̀ (Y,W )

)
,

(30)

and

R̃ic(Y, Z) = Ric(Y, Z) + π(ρ̄)F̀ (Y, Z) − γg(Y, Z)

+ (n− 1)π(Ȳ )π(Z̄) + ψπ(Ȳ )π(Z) − π(Y )π(Z),
(31)

where

γ = ψπ(ρ) + (n− 1)π(ρ) (32)

Further, putting Y = Z = ei in (31) and taking summation over i, 1 ≤ i ≤ n,
we obtain

r̃ = r − (n− 2)ψπ(ρ̄) −
(
n(n− 1) − (n− 2)

)
π(ρ), (33)

where r̃ and r are the scalars curvatures of the locally decomposable Rieman-
nian manifold relative to the connection ∇̃ and ∇.

Theorem 3.1. In a locally decomposable Riemannian manifold, torsion
tensor of the product semi-symmetric non-metric connection is recurrent with
respect to the Levi-Civita connection.

Proof: Differentiating (12) with respect to the Levi-Civita connection ∇
and using (25), we obtain

(∇XS̃)(Y, Z) = π(X)S̃(Y, Z),

which proves the result.
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Theorem 3.2. In a locally decomposable Riemannian manifold, the curva-
ture tensor of the product semi-symmetric non-metric connection satisfies

`̃
R(X, Y, Z,W ) +

`̃
R(Y,X, Z,W ) = 0.

Proof: Interchanging X and Y in the equation (30) and adding the equa-
tion thus obtained to (30), we get the required result.

Theorem 3.3. In a locally decomposable Riemannian manifold, the Ricci
tensor of the product semi-symmetric non-metric connection is symmetric if
and only if the curvature tensor R̃ satisfies first Bianchi’s identity i.e.,

R̃(X, Y, Z) + R̃(Y, Z,X) + R̃(Z,X, Y ) = 0.

Proof: Writing two more equations by cyclic permutations of X, Y and
Z from the equation (29) and adding them to (29), we get

R̃(X, Y, Z) + R̃(Y, Z,X) + R̃(Z,X, Y ) = π(X)[π(Z̄)Ȳ − π(Ȳ )Z̄]

+ π(Y )[π(X̄)Z̄ − π(Z̄)X̄]

+ π(Z)[π(Ȳ )X̄ − π(X̄)Ȳ ].

(34)

Also, from (31), we get

R̃ic(Y, Z) − R̃ic(Z, Y ) = ψ[π(Ȳ )π(Z) − π(Y )π(Z̄)]. (35)

If R̃ic(Y, Z) is symmetric, then (35) gives

π(Ȳ )π(Z) = π(Y )π(Z̄),

which on using in (34), gives

R̃(X, Y, Z) + R̃(Y, Z,X) + R̃(Z,X, Y ) = 0. (36)

Conversely, if (36) is satisfied then (34) gives

π(X)[π(Z̄)F̀ (Y,W ) − π(Ȳ )F̀ (Z,W )]

+ π(Y )[π(X̄)F̀ (Z,W ) − π(Z̄)F̀ (X,W )]

+ π(Z)[π(Ȳ )F̀ (X,W ) − π(X̄)F̀ (Y,W )] = 0.

Putting X = W = ei in (31) and taking summation over i, 1 ≤ i ≤ n, we get

π(Ȳ )π(Z) = π(Y )π(Z̄),

which, on using in (35), gives

R̃ic(Y, Z) = R̃ic(Z, Y ).
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Theorem 3.4. In a locally decomposable Riemannian manifold with prod-
uct semi-symmetric non-metric connection ∇̃, we have

(∇W R̃)(X, Y, Z) = (∇WR)(X, Y, Z) + 2π(W )[R̃(Y, Z,X) −R(X, Y, Z)].
(37)

Proof: Differentiating (29) covariantly with respect to the Levi-Civita
connection ∇, we easily obtain the result.

Corollary 3.5. In a locally decomposable Riemannian manifold, the Ricci
tensor of the product semi-symmetric non-metric connection is symmetric if
and only if

σ(X,Y,Z)(∇W R̃)(X, Y, Z) = 0,

where σ(X,Y,Z) denotes the cyclic sum with respect to X, Y and Z.

Proof: Writing two more equations by cyclic permutation of X, Y and Z
from the equation (37) and adding them to (37), we get

(∇W R̃)(X, Y, Z) + (∇W R̃)(Y, Z,X) + (∇W R̃)(Z, Y,X)

= (∇WR)(X, Y, Z) + (∇WR)(Y, Z,X) + (∇WR)(Z, Y,X)

+ 2π(W )[R̃(X, Y, Z) + R̃(Y, Z,X) + R̃(Z,X, Y )]

− 2π(W )[R(X, Y, Z) +R(Y, Z,X) +R(Z, Y,X)],

which, due to Bianchi’s first and second identities for the curvature tensor of
the Levi-Civita connection, reduces to

(∇W R̃)(X, Y, Z) + (∇W R̃)(Y, Z,X) + (∇W R̃)(Z, Y,X)

= 2π(W )[R̃(X, Y, Z) + R̃(Y, Z,X) + R̃(Z,X, Y )].

Now, using the theorem (3.3), we obtain the result.

Corollary 3.6. If, in a locally decomposable Riemannian manifold Mn, the
curvature tensor of the product semi-symmetric non-metric connection van-
ishes, then manifold Mn is a recurrent manifold.

Proof: Proof of this corollary follows from the equation (37).

Corollary 3.7. In a locally decomposable Riemannian manifold, the cur-
vature tensors of the product semi-symmetric non-metric connection and the
Levi-Civita connection are equal if and only if

(∇W R̃)(X, Y, Z) = (∇WR)(X, Y, Z).
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Proof: Proof of this corollary also follows from the equation (37).

Theorem 3.8. In a locally decomposable Riemannian manifold with prod-
uct semi-symmetric non-metric connection, we have

σ(X,Y,Z)(∇XS̃)(Y, Z) = σ(X,Y,Z)R̃(X, Y, Z).

Proof: From the theorem (3.1), we obtain

σ(X,Y,Z)(∇XS̃)(Y, Z) = π(X)S̃(Y, Z) + π(Y )S̃(Z,X) + π(Z)S̃(X, Y ), (38)

which, on using (12) and (34), gives required result.

Corollary 3.9. In a locally decomposable Riemannian manifold, the Ricci
tensor of the product semi-symmetric non-metric connection is symmetric equal
if and only if

σ(X,Y,Z)(∇XS̃)(Y, Z) = 0.

Proof: Proof of this corollary follows from the theorem (3.3) and (3.5).

Theorem 3.10. In a locally decomposable Riemannian manifold with prod-
uct semi-symmetric non-metric connection, we have

σ(X,Y,Z)S̃(S̃(X, Y ), Z) = −2σ(X,Y,Z)R̃(X, Y, Z). (39)

Proof: From (25), we obtain

S̃(S̃(X, Y ), Z) = π(Y )S̃(X,Z) − π(X)S̃(Y, Z)

+ π(Ȳ )S̃(X̄, Z) − π(X̄)S̃(Ȳ , Z).
(40)

Now, writing two more equations by cyclic permutations of X, Y and Z from
(39)and adding them to (39), we obtain

σ(X,Y,Z)S̃(S̃(X, Y ), Z) = −2[π(X)S̃(Y, Z) + π(Y )S̃(Z,X) + π(Z)S̃(X, Y )],

which in view of equation (38) and the theorem (3.5), gives desired result.

Corollary 3.11. In a locally decomposable Riemannian manifold, the Ricci
tensor of the product semi-symmetric non-metric connection is symmetric if
and only if

σ(X,Y,Z)S̃(S̃(X, Y ), Z) = 0. (41)

Proof: Proof of this corollary follows from the theorems(3.3) and (3.6).
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