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Abstract

The aim of this paper is to generalize the results of A. Ehrenfeucht
et al concerning subgroups of the full transformation monoid on a non-
empty finite set. In this paper we prove that two permutable transitive
subgroups of the endomorphism monoid of an independence algebra
with finite rank are simply transitive subgroups of automorphisms and
centralizers of each other.
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1 Introduction and Preliminaries

The authors in [3] studied the permutable transformation semigroups of T (X),
where T (X) is the full transformation monoid on a non-empty finite set X.
The aim of this paper is to generalize the results of [3] on the subgroups of
T (X) and we shall study subgroups of endomorphisms of an independence
algebra with finite rank. We assume the reader to have a basic knowledge of
both the theory of independence algebras and the theory of semigroups. As
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references for independence algebras we recommend [4] or the survey paper
[1]. For undefined notions and notations we refer to [2] and [5].

Throughout this paper A stands for an universal algebra with universe
A. By End(A) and Aut(A) we will denote, respectively, the endomorphism
monoid and the automorphism group of A. As usual, if X is a subset of A,
then the subalgebra generated by X is denoted by 〈X〉. A subset X of an
algebra is said to be independent if X = ∅ or if for every element x ∈ X,
we have x /∈ 〈X\{x}〉; a set is dependent if is not independent. The algebra
A is said to satisfy the exchange property if it satisfies the condition in the
following: for every subset X of an algebra A and all elements u, v of A if
u ∈ 〈X∪{v}〉 and u /∈ 〈X〉, then v ∈ 〈X∪{u}〉. Any algebra A which satisfies
the exchange property has an independent generating set B, called a basis,
every such set has the same cardinality and is both a minimum cardinality
generating set and a maximum cardinality independent set. Additionally, if
every mapping α from B to A can be extended to an endomorphism α̂ of A
with α̂|B = α, then A is called an independence algebra. If X is a subset of A,
then the rank of X is the maximum cardinality of an independent set in 〈X〉;
denoted by ρ(X). If the set in question forms the image of an endomorphism
α, then, for brevity, the rank of the image of α is denoted by ρ(α).

In the following A will be an independence algebra with finite rank (0 <
ρ(A) < ℵ0). Now we give some results which will be used later.

Proposition 1.1 ([4, Proposition 3.12]) Let B, C be subalgebras of A with
ρ(B) = ρ(C) = n < ℵ0. Let α : B → C be a homomorphism. Then the
following conditions are equivalent:

(i) ρ(Im α) = n;
(ii) α is surjective;
(iii) α is one-one;
(iv) α is an isomorphism.

Corollary 1.2 Let α be a surjective endomorphism of an independence al-
gebra A. Then it is an automorphism of A.

2 The Main Results

In this section we shall prove that if S and R are two permutable transitive
subgroups of End(A), i.e., they commute elementwise,

αβ = βα, for all α ∈ S, β ∈ R,

then they are simply transitive subgroups of automorphisms and centralizers
of each other.
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A subsemigroup S of End(A) is called a group of End(A), if S is a subgroup
of End(A). A subsemigroup S of End(A) is said to be transitive if for all
a, b ∈ A there exists an α ∈ S such that α(a) = b. Let

C(S) = {β ∈ End(A) | αβ = βα for all α ∈ S}

be the centralizer of the semigroup S. It is immediate that C(S) is a submonoid
of End(A) and the identity of C(S) is the identity mapping which is denoted
by ι. If α belongs to some group S of End(A), then α−1 will denotes the
inverse of α in S.

Lemma 2.1 Let S be a transitive subsemigroup of End(A). An element
β ∈ C(S) has a fixed point if and only if β = ι.

Proof. The proof is similar to [3, Lemma 1]. Here we omit the proof. �
In general if S is a group of End(A), it does not follow that S is a group

of Aut(A). Actually, a group S of End(A) is a group of Aut(A) if and only
if ρ(α) = ρ(A) for any element α of S by Proposition 1.1. Moreover, if S is a
group of Aut(A), then the centralizer C(S) of S in End(A) need not coincide
with the group centralizer of S in Aut(A). Indeed, the centralizer of the trivial
subgroup 〈ι〉 is the whole of End(A). For a subgroup S of End(A), let ε be
the identity element of group S. Obviously ε ∈ C(S) and ε is an idempotent
of End(A). Thus ε(a) = ε2(a) = ε(ε(a)) for any a ∈ A and ε = ι holds if S is
transitive by Lemma 2.1. It is immediate that S is an an automorphism group.
Therefor we may come to the conclusion that a transitive group of End(A) is
an automorphism group and the two centralizers of it are equal.

Lemma 2.2 Let S be a transitive group of End(A). Then S is a group of
Aut(A) and C(S) coincides with the group centralizer of S in Aut(A).

Proof. For any a, b ∈ A and α ∈ S, since S is transitive, there exists
a γ ∈ S such that a = γ(b). Then we have a = αα−1γ(b) = α(α−1γ(b))
and thus α is surjective. Hence α ∈ Aut(A) by Corollary 1.2 and S is an an
automorphism group.

Let β ∈ C(S). For any a ∈ A there exists an α ∈ S such that α(β(a)) = a,
since S is transitive. Hence β(α(a)) = a, which shows that β is surjective.
Then again by Corollary 1.2, β ∈ Aut(A) and it follows that C(S) is the
submonoid of Aut(A). For the given α ∈ S, β ∈ C(S), we have α−1 ∈ S and
thus βα−1 = α−1β. It follows that (βα−1)−1 = (α−1β)−1and αβ−1 = β−1α,
β−1 ∈ C(S). Therefor C(S) is a subgroup of Aut(A). �

It is stressed that in Lemma 2.2, the conditions is not necessary. How-
ever assumed that A is an independence algebra without constants, equiv-
alently 〈∅〉 = ∅, we may come to a conclusion that Aut(A) is transitive.
Indeed for any a, b ∈ A, {a}, {b} is independent and extend a, b to bases
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X = {a, x2, . . . , xn}, Y = {b, y1, . . . , yn} of A, respectively, where |X | = |Y | =
ρ(A) = n. Define a mapping α of the basis X onto Y such that

α(a) = b, α(xi) = yi, i = 2, . . . , n.

So α can be extended to an element α̂ of Aut(A) such that α̂(a) = b. Thus
Aut(A) is transitive.

Let S be a semigroup of End(A). For some a ∈ A let

Sa = {α ∈ S|α(a) = a}

be the stabilizer of a in S. A group S of Aut(A) is said to be semiregular if Sa

is the trivial group 〈ι〉 for any a ∈ A. Further, the group S is simply transitive
if it is a transitive semiregular group. From the definition it follows easily that
an automorphism group S is simply transitive if and only if for all a, b ∈ A
there exists a unique α ∈ S such that α(a) = b.

Lemma 2.3 If S is a semigroup of End(A) with a transitive centralizer
C(S), then S is a semigroup of Aut(A) .

Proof. Let α ∈ S. To show that α is surjective, let a ∈ A. By transitivity
of C(S) there exists a β ∈ C(S) such that β(α(a)) = a. Since βα = αβ, we
have α(β(a)) = a as required. Just like in the previous proof it follows that
α ∈ Aut(A) and our assertion follows. �

Theorem 2.4 If S is a group of End(A) with a transitive centralizer C(S),
then S is a semiregular group.

Proof. Together with Lemma 2.3, it is a routine matter to to verify that
S is an automorphism group. For a ∈ A, let α ∈ S and α(a) = a, since
C(S) is transitive, for any b ∈ A there exists a β ∈ C(S) such that b = β(a).
Consequently

α(b) = α(β(a)) = β(α(a)) = β(a) = b,

so that α = ι. This implies that Sa = 〈ι〉 for all a ∈ A and it shows that S is
a semiregular group. �

Theorem 2.5 If S is a transitive group of End(A) such that C(S) is tran-
sitive, then S is a simply transitive group of order |A|.

Proof. In view of Thoerem 2.4, S is a simply transitive group on A and
fix an element a ∈ A. Let

T = {αb ∈ S | b ∈ A, αb(a) = b},
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where αb 	= αc for all distinct b, c ∈ A. By the form of T obviously we have
T ⊆ S. For any α ∈ S, denotes α(a) = b. Since an automorphism group S
is simply transitive if and only if for all a, b ∈ A there exists a unique α ∈ S
such that α(a) = b. Then we can write α in the form α = αb, where αb 	= αc

for all distinct b, c ∈ A. It follows that S ⊆ T and thus S = {αb ∈ S | b ∈
A, αb(a) = b}. Hence the mapping

x �→ αx, (x ∈ A)

which maps A onto S, is well defined. On the other hand, for any b, c ∈ A, let
αb = αc and thus b = αb(a) = αc(a) = c. Then we conclude the mapping is
injective and thus is bijective. Therefor |S| = |A|. �

It is easy to verify that if S is a transitive group of Aut(A) of order |A|,
then C(S) is also transitive and isomorphic with S. Indeed, if S = {αb|b ∈ A}
and C(S) = {βb|b ∈ A} are simply transitive, where αb(a) = b = βb(a) for a
fixed a ∈ A, then the mapping ϕ : S → C(S) defined by ϕ(αb) = β−1

b is a
desired isomorphism.

Theorem 2.6 Two transitive endomorphism group S and R on A are per-
mutable if and only if they are isomorphic simply transitive groups and cen-
tralizers of each other.

Proof. If S and R are transitive and αβ = βα for all α ∈ S and β ∈
R, then R ⊆ C(S) and C(S) is thus transitive. From Theorem 2.5, R is a
simply transitive group of order |A|. The remaining proof is is analogous to
[3, Theorem 3]. �

References
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