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On λ-Commuting Operators
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Abstract

For a scalar λ, two operators A and B are said to λ-commute if
AB = λBA. In this note we study properties of operators that λ-
commute with a paranormal operator A and others.
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1 Introduction

Operators A and B in B(H) are said to λ-commute if AB = λBA, non trivially
provided AB �= 0, and it is of interest to determine, for various classes of oper-
ators A, B, what restriction this places on λ ∈ C. This property is important
for the interpretation of quantum mechanical observables and the analysis of
their spectra. In [1] and [10], it has been studied operator equation AB = λBA
of bounded linear operators A, B on a complex Hilbert space. In [7], [2] and
[3], when operators A and B are positive or normal in Banach space, the value
of λ has been studied. Conway and Prǎjiturǎ [4], Lauric [6] have studied about
the invariant subspace problem for operators with a normal operator A and
a compact operator B. In this paper, about results of [4] and [6], we extend
from a normal operator to more weak operator.

Let H be a complex Hilbert space and B(H) be the set of all bounded linear
operators on H. An operator T ∈ B(H) is said to be normal and hyponormal
if T ∗T = TT ∗ and T ∗T ≥ TT ∗, respectively.

An operator T ∈ B(H) is said to be paranormal if, for all x ∈ H,

‖Tx‖2 ≤ ‖T 2x‖ · ‖x‖.
An operator T ∈ B(H) is said to be a class A operator if |T |2 ≤ |T 2|,

where |T | = (T ∗T )
1
2 . It is known that if Y ⊆ H is an invariant subspace for a

paranormal and class A operator T , then the restriction T|Y is also paranormal
and class A, respectively. See [8] and [9].

Then it is well known that

normal =⇒ hyponormal =⇒ class A =⇒ paranormal.

We denote the range and the kernel of T by R(T ) and N(T ), respectively.

2 Result

First we study the following result.

Theorem A ([4]). If A is a normal operator with scalar-valued spectral mea-
sure μ and λ �= 0, then the following statements are equivalent:
(1) There exists a finite rank operator B �= 0 such that AB = λBA.
(2) There exists a compact operator B �= 0 such that AB = λBA.
(3) μ has an atom at some a such that λ−1a is also an atom.

We show the following.
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Theorem 1. Let A be paranormal and λ �= 0. If there exists a finite rank
operator B such that AB = λBA �= 0, then there exist a non-zero scalar a and
non-zero vectors x and y such that Ax = aλx and Ay = ay.

Proof. Since λ �= 0, R(B) is an invariant subspace of A. Since R(B) is an
invariant subspace of A and B, let A1 = A∣∣R(B)

and B1 = B∣∣R(B)
. Then

A1B1 = λB1A1 and the operator A1 is a paranormal operator on R(B). Since
dimR(B) < ∞, A1 is a compact operator. Hence by [5] the operator A1 is
normal. Since A1 �= 0 and normal, there exist a non-zero scalar a and non-
zero vector x ∈ R(B) such that A1x = aλx, i.e., Ax = aλx. Since x is a
non-zero vector of R(B), there exists a non-zero vector y ∈ N(B1)

⊥ such that
B1y = x. Hence, A1B1y = λB1A1y, and λax = λB1A1y. Since λ �= 0, we have
aB1y = B1A1y and B1(A1y − ay) = 0. Therefore, A1y − ay ∈ N(B1). By
Fuglede-Putnam Theorem, it holds A∗

1B1 = λB1A
∗
1. So N(B1)

⊥ is invariant
for A∗

1, and A1y−ay ∈ N(B1)
⊥. Hence, A1y−ay ∈ N(B1)∩N(B1)

⊥, we have
A1y = ay and Ay = ay.

Hence, we have the following result. For the proof. we need the following.

Lemma ([9]). Let T be class A and λ �= 0. If Tx = λx, then T ∗x = λx.

Theorem 2. Let A be a class A operator and λ �= 0. Then there exists a finite
rank operator B such that AB = λBA �= 0 if and only if there exist non-zero
vectors x and y such that A(x ⊗ y) = λ(x ⊗ y)A.

Proof. We assume that there exists a finite rank operator B such that AB =
λBA �= 0. Then from Theorem 1, we choose a non-zero scalar a and vectors x
and y such that Ax = aλx and Ay = ay. Since A is class A, we have A∗y = ay
by Lemma. Therefore, for z ∈ H,

(A(x ⊗ y))z = A(z, y)x = (z, y)Ax = aλ(z, y)x

and
((x ⊗ y)A)z = (Az, y)x = (z, A∗y)x = (z, ay)x = a(z, y)x.

Hence, we have A(x ⊗ y) = λ(x ⊗ y)A.
Since x ⊗ y is a rank one operator, it is clear only if part.

Next Lauric proved the following.

Theorem B ([6]). If A is a normal operator with empty point spectrum and
B is a compact operator such that AB = λBA, then B = 0.
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We show the following.

Theorem 3. Let A be a paranormal operator with empty point spectrum,
σp(A) = ∅, and B is a finite rank operator such that AB = λBA, then B = 0.

Proof. Assume that B �= 0. By σp(A) = ∅, AB �= 0 and λ �= 0. Since
R(B) is an invariant subspace of A and B, let A1 = A∣∣R(B)

and B1 = B∣∣R(B)
.

Then A1B1 = λB1A1 and the operator A1 is a paranormal operator on R(B).
Since dimR(B) < ∞, A1 is a compact operator. Hence by [5] the operator
A1 is normal. By Fuglede-Putnam Theorem, it holds A∗

1B1 = λB1A
∗
1 and

B∗
1A1 = λA1B

∗
1 . Therefore,

A1(B
∗
1B1) = λ−1B∗

1A1B1 = B∗
1B1A1.

Hence A1 commutes with B∗
1B1. By B∗

1B1 �= 0, there exist a > 0 and a non-
zero vector x such that B∗

1B1x = ax. Since N(B∗
1B1 − a) is invariant for A1,

σp(A1) �= ∅. it’s a contradiction to σp(A) = ∅.

It is difficult to generalize Theorem 3 by the following example.

Example. Let a Hilbert space H be �2 = {x = (x1, x2, x3, ...) :
∞∑

n=1

|xn|2 <

∞}. Let A be the unilateral shift on �2. For |λ| > 1, B is defined as follows

Bx = (
1

λ
x1,

1

λ2
x2,

1

λ3
x3, ...) (x = (x1, x2, ...) ∈ �2).

Then A is a quasinormal operator and B is a compact normal operator. It
is easy to see that AB = λBA �= 0.

Finally, we show two results of the operator T = AB such that AB = λBA.

Theorem 4. Let A be a hyponormal operator and B be a normal operator
such that AB = λBA �= 0. Then the following statements are eqivalent:

(1) AB is hyponormal. (2) σ(AB) �= {0}. (3) |λ| = 1.

Proof. It is clear (1) =⇒ (2) =⇒ (3). So we show (3) =⇒ (1). Since B is
normal, by Fuglede-Putnam Theorem it holds AB∗ = λB∗A and BA∗ = λA∗B.
Hence

(AB)∗(AB) = B∗A∗AB ≥ B∗AA∗B ( by the hyponormality of A)
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and

(AB)(AB)∗ = ABB∗A = ABB∗A∗ = |λ|2B∗AA∗B = B∗AA∗B,

since |λ| = 1 and B is normal. Therefore, the operator AB is hyponormal.

Theorem 5. Let A be a paranormal operator and B be an isometry such that
AB = λBA �= 0. Then the following statements are eqivalent:

(1) AB is paranormal. (2) σ(AB) �= {0}. (3) |λ| = 1.

Proof. It is clear (1) =⇒ (2) =⇒ (3). So we show (3) =⇒ (1). Let
T = AB. For any unit vector x ∈ H, since A is paranormal and B is isometry,

‖Tx‖2 = ‖ABx‖2 ≤ ‖A2Bx‖ · ‖Bx‖ = ‖A2Bx‖ · ‖x‖ = ‖A2Bx‖.

Since |λ| = 1 and B is isometry,

‖T 2x‖ = ‖ABABx‖ = |λ|‖BA2Bx‖ = ‖A2Bx‖.

Therefore, it holds ‖Tx‖2 ≤ ‖T 2x‖ for any unit vector x and the operator
T = AB is paranormal.

Note. Since Theorem 5 needs only the norm, it holds for Banach space oper-
ators.
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